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We employ the unified heat capacity model to predict thermal expansion in the temperature range from several
Kelvin to melting temperature. A generic method is first established to get thermal expansion only by the
experimental heat capacity in a series of materials, which is well in agreement with the experimental results of
thermal expansion. The method is important to predict the temperature-dependent thermal expansion, and is

helpful for further understanding the physical nature of thermal properties in solids.

1. Introduction

The temperature (T) dependent volumetric thermal expansion f (or
volume V) is an important property of materials in applications, and is
also of interest theoretically and experimentally [1-6]. In solid state
physics, thermal expansion originates from the anharmonic energy,
which results in a greater average separation between atoms when the
temperature increases [3]. The coefficient of volumetric thermal expan-
sion g of materials is very low, usually in the order of 10™> K1 at room
temperature. Thus, accurate data of thermal expansion in wide temper-
ature range is often scarce because of experimental difficulties. The un-
certainty of experimental thermal expansion f at high temperatures
(above 1000 K) is especially large.

Due to the difficulty of accurate thermal expansion’ measurement,
reliable semiempirical or theoretical models are developed to evaluate or
predict thermal expansion, especially at high temperatures [7]. Corre-
lations between different properties of materials has always been of
practical interest, and also is an important method to predict thermal
expansion by other physical properties. For example, Garai calculated the
thermal expansion in metals by the linear correlation between thermal
expansion and heat capacity [8]. Wang et al. predicted the high tem-
perature thermal expansion of NaCl by the feature of fKV (K: isothermal
bulk modulus) [9]. Digilov evaluated the temperature-dependent ther-
mal expansion in some solids by lambert function [10]. Inaba estimated
the thermal expansion in fluorite-type compounds using the Morse po-
tential and Debye model [11]. Lu et al. evaluated the thermal expansion
in transition cubic metals by Calphad method which is based on the
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Debye-Gruneisen model [12]. Drebushchak et al. calculated the thermal
expansion by Lennard-Jones potential and thermodynamic equation
[13]. The theoretical models play a central role in describing the high
temperature thermal expansion in solids. The empirical models or
methods reported so far are complex and are inadequate for predicting
thermal expansion of general materials in a wide temperature range.
Therefore, theoretical prediction of temperature-dependent thermal
expansion in general materials is still of challenge.

Recently, the studies show that there is universal correlation between
thermal expansion and heat capacity C, in a series of reference materials
[14,15]. A new heat capacity model was developed, and it well explained
the behavior of heat capacity in temperature range from 0 K to melting
temperature [16]. In the new model, heat capacity below melting tem-
perature can be expressed as [17].

Cp, =1.5Rfp + Ep, (@9)

where R is the gas constant, E is the volume-energy constant, and fp is
Debye function. The total heat capacity C,, includes two parts: the kinetic
heat capacity 1.5Rfp and potential heat capacity Ef. There are only two
parameters: constant E and Debye temperature 6 in Eq. (1). The param-
eters E and ¢ are dependent on the compositions of a matter, and can
remain unchanged at different temperatures, even at different states (for
example, solid state, liquid state, supercooled liquid state, and disordered
glass state) [18].

When the temperature-independent parameters E and 6 in materials
are known, thermal expansion can be directly obtained by the
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experimental heat capacity in Eq. (1). So thermal expansion can be
directly predicted only by heat capacity. Debye temperature is studied
widely, and can be determined by different experimental methods. The
parameter E in the model is difficultly determined by other experimental
results. If the value of thermal expansion at room temperature is known,
the temperature-independent parameter E can be approximately deter-
mined by the heat capacity and thermal expansion at room temperature.

In this work, we calculate thermal expansion of a series of solid ma-
terials only by experimental heat capacity in a wide temperature range
from 0 K to melting temperature. The calculated thermal expansions by
Eq. (1) are well consistent with the experimental data in the reference
solid materials and other solid materials. The method is important to get
thermal expansion for general materials in applications and helpful to
further understand the volume effect on heat capacity.

2. Collating and analyzing experimental data

The experimental data in a series of solid materials are surveyed. The
investigated materials contain metals (W, Ta, Mo, Pt, Be, Cu, Al, Ag, and
Au), chemical compounds (Aly03, MgO, and KCl). The heat capacity data
of Ag are from Ref. [19], Au from Ref. [20], and KCI from Ref. [21]. The
heat capacity data of other materials are from Ref. [14].

Fig. 1 shows the temperature-dependent heat capacity below melting
temperature in the reference solid material Cu. The experimental results
of heat capacity are exhibited by blue half-filled dots. Debye tempera-
tures 0 is determined with two methods. First, when the experimental
heat capacity is equal to 1.5R, the corresponding temperature is equal to
0.24886. Thus, Debye temperature of Cu is about 313.2 K at C;, = 1.5R.
Secondly, the experimental data of heat capacity below 3R and thermal
expansion can also determine the parameters E and 6 (303.7 K for Cu) by
Eq. (1). The calculated heat capacity below melting temperature by 3Rfp
with different Debye temperatures 6 is also shown in Fig. 1 (black solid
line for & = 313.2 K, and red solid line for § = 303.7 K). The values of
Debye temperature by different methods are similar. Hence the calcu-
lated heat capacities with the different 0 are similar (the black solid line is
close to the red solid line). Below about 200 K, the calculated heat ca-
pacity is well close to the experimental heat capacity. At high tempera-
tures, the calculated heat capacity 3Rfp deviates from the experimental
heat capacity. The higher the temperature is, the larger the difference
between the experimental and calculated heat capacity 3Rfp is.

When Debye temperature is determined at C, = 1.5R (¢ = 313.2 K for
Cu, 940.1 K for Al03), the kinetic heat capacity 1.5Rfp below melting
temperature can be calculated. Heat capacity and thermal expansion can
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Fig. 1. Temperature-dependent heat capacity below melting temperature in the
reference solid material of Cu. Blue half-filled dot: the experimental results;
black and red solid lines: calculated heat capacity below melting temperature by
3Rfp with different Debye temperatures 6.
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be accurately measured at room temperature (300 K). Therefore, by Eq.
(1), the parameter E in potential heat capacity Ef can be calculated by the
experimental thermal expansion and heat capacity at room temperature
[Cp(300 K) = 25.17 J/mol/K for Cu, 17.14 J/mol/K for AlyOs3;
1.5Rfp(300 K) = 11.83 J/mol/K for Cu, 8.08 J/mol/K for Al,03; (300
K) = 50.1 K! for Cu, 16.94 K for Aly03; mol: g-atom]. Because the
parameter E in a material is a constant, the E in Eq. (1) can be approxi-
mately obtained by the experimental results at room temperature. If the
thermal expansion at low temperatures is known, we can also fit the
experimental thermal expansion and heat capacity at low temperatures
by Eq. (1), and get the parameters 6 and E (6 = 303.7 K for Cu, 870.6 K for
Aly,O3; E = 0.2504 MJ/mol for Cu, 0.4211 MJ/mol for AlyO3). The
temperature-dependent thermal expansion below melting temperature in
the reference solid materials of Cu and Al,Oj3 are exhibited in Fig. 2. The
experimental results of thermal expansion are shown by black dots. The
calculated thermal expansion with different parameters is shown by solid
lines. The calculated thermal expansion by the parameter at C, = 1.5R is
close to the experimental thermal expansion of both of the reference
materials in the temperature range from 0 K to melting temperature. In
Aly03, calculated heat capacity by low temperature thermal expansion
and heat capacity slightly deviates from the experimental values at high
temperatures. As a whole, the calculated thermal expansions in the
reference materials Cu and Al;O3 are consistent with the experimental
values, especially below 300 K.

In the same way, Debye temperature is determined at C, = 1.5R and
the temperature-independent parameter E is determined by the experi-
mental values at room temperature in the materials (W, Ta, Mo, Pt, MgO,
Be, and Al). Fig. 3 shows the experimental and calculated thermal
expansion below melting temperature in the solid materials (half-filled
dots: the experimental results; solid lines: calculated thermal expansion g
below melting temperature through heat capacity C,). Below about 2000
K, the calculated thermal expansion is well consistent with the experi-
mental thermal expansion in the investigated materials (except Be),
especially below 300 K. Above 2000 K, the calculated thermal expansion
is larger than the experimental thermal expansion in the materials W, Ta,
and Mo, which may be due to the large uncertainty of both the thermal
expansion and heat capacity at high temperatures. As a whole, the
calculated thermal expansions in the reference materials are well
consistent with the experimental data.

The thermal expansion and heat capacity of KCl are obtained by
statistical average and smoothing the many experimental data [21]. The
recommended values exhibit trilinear behavior, which is different from
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Fig. 2. Temperature-dependent thermal expansion below melting temperature
in the reference solid materials Cu and Al,0O3. Half-filled dots: the experimental
results; solid lines: calculated thermal expansion # below melting temperature
through heat capacity Cj,.



M. Tang et al.

100 > experiment calculated

) m W
o ——Ta

0 . PR S [T N S T [N S S S T S T T S A S S S S [ T S S PRI
0 500 1000 1500 2000 2500 3000 3500
T (K)

Fig. 3. Temperature-dependent thermal expansion below melting temperature
in a series of reference solid materials. Half-filled dots: the experimental results;
solid lines: calculated thermal expansion f below melting temperature through
heat capacity Cp.

that in the reference materials (Cu, Al,O3, W, etc.). The thermal expan-
sion versus heat capacity in KCl weakly deviates the linear behavior at
low temperatures. We calculated thermal expansion with the same
method in Fig. 3 by the recommended heat capacity of KCl. Fig. 4 exhibits
the temperature-dependent thermal expansion below melting tempera-
ture in ionic solid KCl (half-filled dots: the experimental results; solid
line: calculated thermal expansion). The calculated thermal expansion in
KCl is slightly larger than the experimental values below 300 K, and is
somewhat smaller than the experimental value above 300 K. Overall, the
calculated thermal expansion of KCl in the wide temperature range is also
close to the experimental data.

In our previously investigated materials, thermal expansion is known,
and it is usually obtained by smoothing experimental data. To study the
generality of Eq. (1), we select the materials only with sporadic data of
thermal expansion: Ag and Au. The data of heat capacity is taken from
Refs. [19,20]. Thermal expansion is calculated only by heat capacity (the
temperature-independent parameter E is still calculated by the heat ca-
pacity and thermal expansion data at room temperature). Fig. 5 shows
the calculated temperature-dependent thermal expansion below melting
temperature in metal solids Ag (a) and Au (b), respectively (solid lines).
The data of the experimental thermal expansion f below melting tem-
perature (half-filled dots) in Ag (or Au) is taken from Refs. [22-30], and
is not smoothed here. Like other materials, the calculated thermal
expansion in Ag and Au is well consistent with experimental thermal
expansion at low temperatures. The calculated thermal expansion lies
between different experimental thermal expansions at high tempera-
tures. The results further confirm that the calculated thermal expansion
by the new model is reasonable and is consistent with the experimental
results in the materials.

3. Discussion

There are two famous equations about both thermal expansion and
heat capacity in thermodynamics. A well-known relationship between
thermal expansion § and heat capacity is C, = Cy + KVTj 2, where Cpis
the constant-pressure heat capacity (or experimental heat capacity), Cy is
the constant-volume heat capacity, and K is the isothermal bulk modulus.
The relation is mainly used to explain the excess heat capacity due to
anharmonic effect. Another relationship is suggested by Gruneisen: Cy, =
KVp/y, where y is the Gruneisen constant. The Gruneisen equation pro-
vides a direct correlation between the heat capacity and thermal
expansion. Based on the two basic equations, some semiempirical or
theoretical models are developed to predict thermal expansion in
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Fig. 4. Temperature-dependent thermal expansion below melting temperature
in ionic solid KCl. Half-filled dots: the experimental results; solid line: calculated
thermal expansion $ below melting temperature through heat capacity C,,.
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Fig. 5. Temperature-dependent thermal expansion below melting temperature
in metal solids: (a) Ag and (b) Au. Half-filled dots: the experimental results; solid
lines: calculated thermal expansion f below melting temperature through heat
capacity Cp.

materials. There are two parameter K and y, which are temperature-
dependent. The models to explain the thermal expansion in special ma-
terials are extremely complex [10-12]. The empirical models or methods
are inadequate for predicting thermal expansion of general materials in
the entire temperature range.

According to the unified model based on many experimental results,
heat capacity in matters is dependent on both of the temperature and
thermal expansion (or volume). The correlation between thermal
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expansion and heat capacity is not dependent on the states of matters (for
example, crystalline state, glass state, or supercooled liquid, etc.). Thus,
the temperature and volume are two important dimension parameters in
the new model. Previous models are in single temperature dimension. At
the same time, the temperature-volume relation under constant pressure
is an important property to simply distinguish the phase transition kinds
[18]. Therefore, the temperature-dependent volume (or thermal expan-
sion) is a critical experimental data in the new model, and it affects the
heat capacity. Equation (1) also shows a general correlation between
thermal expansion and heat capacity in general materials. Only based on
the experimental heat capacity in the wide temperature range, thermal
expansion in the corresponding temperature range can be calculated by
Eq. (1). In the investigated materials, the calculated thermal expansion
by the new model in a wide temperature range is well consistent with the
experimental results, which also confirms that the new model is
reasonable in general materials. The experimental heat capacity can be
usually measured accurately. Thereafter, the thermal expansion in gen-
eral materials can be predicted accurately by the experimental heat
capacity.

There are two parameters 6 and E in Eq. (1), which affect the calcu-
lated results of thermal expansion. The physical meaning of parameters
was discussed in Ref. [19]. When the parameters are determined, thermal
expansion at any temperature can be obtained by heat capacity at the
corresponding temperature. Thermal expansion is difficult to be accu-
rately measured mainly at high temperatures. The experimental heat
capacity can be accurately measured relatively. Then, according to Eq.
(1), thermal expansion can be calculated simply and accurately. We have
shown how to calculate thermal expansion by heat capacity in a wide
temperature range. If there is the data of heat capacity only at high
temperatures (C, > 3R), we can set fp = 1 (due to fp ~ 1 when the
temperature is higher than the Debye temperature or C, > 3R), and
calculate Ef by Eq. (1). The parameter E in materials is constant and can
be gotten by other parameters (for example, cohesive energy) [17], or by
reference data of thermal expansion. Thermal expansion at correspond-
ing temperature range can be determined by Eq. (1). Therefore, Eq. (1)
has either scientific significance or engineering application importance.

4. Conclusion

In summary, based on the general correlation between thermal
expansion and heat capacity, the thermal expansion in a series of mate-
rials is calculated, and the results are well consistent with the experi-
mental data in a wide temperature range. When heat capacity in a
material is known, thermal expansion can be simply and accurately
predicted by Eq. (1). Thus, the new method of determining thermal
expansion of general materials in a wide temperature range has impor-
tant scientific and engineering significance.
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