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This study presents a novel methodology to obtain an approximate analytical solution for an isotropic homo- 

geneous elastic medium with displacement and traction boundary conditions. The solution is derived through 

solving a specific numerical problem under the scope of the linear finite element method (LFEM), so the method 

is termed computational method for analytical solutions with finite elements (CMAS-FE). The primary objective 

of the CMAS-FE is to construct analytical expressions for displacements and reaction forces at nodes, as well as 

for strains and stresses at elemental quadrature points, all of which are formulated as infinite series solutions of 

various orders of Poisson’s ratios. Like the conventional LFEM, the CMAS-FE forms global sparse linear equations, 

but the Young’s modulus and Poisson’s ratio remain variables (or symbols). By employing a direct inverse method 

to solve these symbolic linear systems, an analytical expression of the displacement field can be constructed. The 

CMAS-FE is validated via patch and bending tests, which demonstrate convergence with mesh and term refine- 

ment. Furthermore, the CMAS-FE is applied to obtain the bending stiffness of a beam structure and to estimate 

an approximate stress intensity factor for a straight crack within a square-shaped plate. 
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. Introduction 

Linear elastic problems play an important role in the history of solid

echanics. The equilibrium equation, the geometry equation, and the

eneral Hooke’s law form the governing equations. One may then ob-

ain various mechanical fields by solving the governing equations over

ne domain with proper displacement and traction boundary conditions.

hen the geometry of the domain is simple, we may obtain analytical

olutions. Compared with numerical approaches, the computational cost

f the evaluation of the mechanical quantity through the analytical so-

ution is negligible. Moreover, analytical solutions play a vital role as

enchmarks for validating numerical methods, providing a deeper com-

rehension of the underlying mechanical principles. 

However, it may not be easy to find an analytical solution even for

he linear elastic problem over one arbitrary domain. To overcome the

nherent constraints of analytical solutions, various numerical methods

ave been developed. One of the most widely used numerical methods

s the finite element method (FEM) because of its versatility in complex

eometries and nonlinearities. The FEM discretizes the domain into fi-

ite elements and approximates the mechanical field with a proper in-

erpolation scheme, which may have a significant computational cost
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epending on the number of degrees-of-freedom. The FEM struggles

ith computational efficiencies near singularities (e.g., crack tips) and

ay require remeshing for evolving discontinuities. Until now, seeking

nalytical solution is still important in theoretical and computational

olid mechanics. Lü et al. [1] derived semi-analytical 3D elasticity so-

utions for orthotropic multi-directional functionally graded plates. Ko-

elc [2] proposed finite element solution in terms of selected parameters

f the problem, and thus gives a dual symbolic-numeric finite element

nvironment and produces a solution in terms of multivariate power

eries expansion. Zhao et al. [3] derived analytical solutions in a 3D

nisotropic magnetoelectroelastic bimaterial space subject to uniform

xtended dislocations and tractions within a horizontal circular area. 

The analytical Green’s function solution is important in microme-

hanics. Pouya [4] put forward an accurate definition for ellipsoidal

nisotropy and provide an explicit nondegenerate Green’s function so-

ution. Yuan and Yin [5] proposed the elastic Green’s function for a

unctional graded material. Franciosi et al. [6] proposed an analyti-

al solution for the mean and axial Green operators of circular cylin-

rical inclusions with finite length in 3D isotropic materials. Franciosi

7] proposed a generic Green operator-based analytical solution form

or all the effective generalized elastic-like moduli of n-phase lami-
eptember 2025 
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ates. Shang et al. [8] derived an analytical solution of multilayered

tructures with Green’s function. The reduced-order-homogenization

9–11] is constructed via numerical Green’s function or so-called in-

uence functions, which can be derived analytically as well [12] . 

In linear elastic fracture mechanics, analytical solutions of the lin-

ar elastic boundary value problem can be used to derive stress inten-

ity factors (SIFs); thus, various mathematical models are introduced

n deriving closed-form solutions for a domain with a crack tip. Thube

nd Gotkhindi [13] proposed a hybrid FE-analytical method based on

he Williams series to obtain the SIF and higher-order coefficients. Sun

nd Xiang [14] proposed a semianalytical SIF around an elliptical notch.

ing et al. [15] provide an analytical model to calculate the stress fields

round sharp V-shaped notches in plates so that the SIF can be derived

nalytically. Pistorio et al. [16] proposed a closed-form expression for

he SIF around the cracks in lithium ion batteries. 

The linear homogenization problem aims to derive macro-scopic ef-

ective properties with given unit cell geometry and phase material

roperties. Usually, the homogenized properties are obtained by solv-

ng a unit cell problem numerically. For some specific unit cells, an

nalytical solution can be found with proper assumptions. For exam-

le, Li et al. [17,18] presented an analytical homogenization method in

erms of trigonometric function series and obtain effective properties of

oneycomb sandwiches plates with skin and height effects. Bartolozzi

t al. [19] perform an experimental campaign to validate analytical ho-

ogenization models for corrugated core sandwich panels. Kalisch and

lüge [20] obtained analytical expressions for the effective stiffness of

aminate with various types of elastic models. Shakiba et al. [21] pre-

ented an analytic differentiation method to obtain the sensitivity of the

ransverse failure response of carbon fiber composite laminates to the

istribution parameters of the fiber/matrix interface properties. Heide-

orgensen [22] studied the through-the-thickness diffusivity problem

or plain-woven composite and proposed an analytical homogenization

cheme. Huang et al. [23] derived an analytical homogenization scheme

or equivalent in-plane elastic moduli of multimaterial honeycombs.

uo et al. [24] derived the equivalent in-plane elastic moduli of pre-

tressed lattices based on the micropolar elasticity model analytically.

uang et al. [25] adopted the Eshelby tensor to evaluate the maximum

ffective stress at the interface. 

Analytical elastic solutions are essential for the boundary element

ethod (BEM). Salvadori [26] proposed a closed-form of the integrals

rom both the standard (collocation) BEM and the symmetric Galerkin

EM. Shiah [27] proposed an analytical method to transform the vol-

me integral to surface ones for the body-force effect in 3D anisotropic

lasticity. Krome and Gravenkamp [28] proposed a semianalytical for-

ulation for the simulation and modeling of curved structures based on

he scaled boundary finite element method. 

Marmo and Rosati [29] presented an analytical integration of elasto-

lastic uniaxial constitutive laws polygonal sections of arbitrary sec-

ions. Hospital-Bravo et al. [30] constructed a semi-analytical scheme

or highly oscillatory integrals over the tetrahedron domain. Analyti-

al solutions can also be used to verify numerical methods. Miled et al.

31] provides analytical integration for the verification problem (uni-

xial tension and simple shear) of viscoelastic-viscoplastic constitutive

odel. Cervera et al. [32] proposed the strain localization analysis of

ill’s orthotropic plasticity and the method is verified analytically. 

In this manuscript, we propose a novel methodology to obtain an

pproximate analytical solution for an isotropic homogeneous elastic

edium. The elastic domain can be arbitrary but needs to be discretized

ith finite element mesh. The approximate analytical solution is given

y solving a special linear finite element problem and finally expressed

nto a series in terms of Poisson’s ratio. We name this method com-

utational method for analytical solutions with finite element (CMAS-

E). CMAS-FE provides an offline problem-handling technique. With the

ame finite element mesh, when material parameters are modified on-

ine, the mechanical quantities can be obtained at a certain degree of

reedom or a certain integration point with a time complexity of 𝑂(1) . 
2

This manuscript is organized as follows. Section 2 first reviews the

overning equations of linear elasticity and numerical method with the

inear finite element method, and introduces detailed derivations of the

MAS-FE method. Next, Section 3 introduces two numerical examples to

erify the CMAS-FE method, especially the convergence of the method.

ection 4 provides two extra applications of the CMAS-FE method. Fi-

ally, conclusions are given in Section 5 . 

. Methodology 

In this section, we first briefly review the governing equations for

he linear elastic problem as well as the linear finite element method

LFEM) in Section 2.1 . Next, we introduce a special decomposition of

sotropic elastic stiffness tensor and apply it to the LFEM in Section 2.2 .

t last, we introduce a procedure to obtain an approximate analytical

olution by solving a special system of linear equations assembled by

he LFEM in Section 2.3 . 

.1. Brief review of linear elastic problem with linear finite element method 

LFEM) 

Assume Ω ⊂ (ℝ ) 3 is a homogeneous elastic domain with a uniform

oung’s modulus 𝐸 and Poisson’s ratio 𝜈. The governing equations for

his linear elastic problem are written as the following: 

 

 

 

 

 

 

 

𝜎ij ,𝑗 + 𝑏𝑖 = 0 , for 𝒙 ∈ Ω, 
𝜎ij = 𝜆𝜀kk 𝛿ij + 2 𝜇𝜀ij , for 𝒙 ∈ Ω, 
𝜀ij =

(
𝑢𝑖,𝑗 + 𝑢𝑗,𝑖 

)
∕2 , for 𝒙 ∈ Ω, 

𝑢𝑖 = 𝑢 𝑖 , for 𝒙 ∈ 𝛤c , 

𝜎ij 𝑛𝑗 = 𝑡 𝑖 , for 𝒙 ∈ 𝛤t , 

(1) 

ith 𝑢𝑖 represents the displacements, 𝜀𝑖𝑗 denotes the strains, 𝜎𝑖𝑗 repre-

ents the stresses, 𝑏𝑖 represents the body forces, 𝑢̄𝑖 the prescribed dis-

lacement, 𝑡𝑖 represents the prescribed traction force, 𝛤c the boundary

omain for the essential boundary condition, 𝛤t the boundary domain

or the nature boundary condition, where 𝛤t ∩ 𝛤c = ∅, 𝛤t ∪ 𝛤c = 𝛤 ≡ 𝜕Ω.

and 𝜇 are Lamé constants with 

= 𝐸 𝜈

(1 − 2 𝜈)(1 + 𝜈) 
, 𝜇 = 𝐸 

2(1 + 𝜈) 
. (2) 

here are numerous closed-form analytical solutions in terms of elemen-

ary functions in history. Nonetheless, when the domain Ω is complex,

btaining an analytical solution becomes challenging. The linear finite

lement method (LFEM) has been proven to be an effective and accurate

ethod for obtaining an approximate solution for the equations Eq. (1) .

n the LFEM, the domain Ω is discretized into subdomains named “el-

ments ” where Ω = ∪𝑒 Ω𝑒 , Ω𝑒 denotes the domain for 𝑒 th element. No-

ably, in this manuscript, “element ” refers to a solid or continuum ele-

ent, rather than a structural element such as a beam or shell. Within

ne solid element, one can evaluate the so-called element stiffness ma-

rix 𝑲 

𝑒 such that 

 

𝑒 =
∑
I 
𝑩 

T 
I { 𝕃} 𝑩 I ||𝑱 I ||𝑤I , (3) 

here subscription “I ” denotes the index of the quadrature point, 𝑩 I 
epresents the strain-displacement matrix which interpolates strain by

he elemental displacement vector, 𝑱 I is the Jacobian matrix defined

s 𝑱 ≡ 𝜕𝒙 ∕𝜕𝝃 , and 𝝃 represents the isoparametric coordinates. The pa-

ameter 𝑤I represents the quadrature weight, and 

 𝕃} =

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝜆 + 2 𝜇 𝜆 𝜆

𝜆 𝜆 + 2 𝜇 𝜆

𝜆 𝜆 𝜆 + 2 𝜇
𝜇

𝜇

𝜇

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(4) 

s the elastic stiffness tensor in Voigt notation { ⋅} . 
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With given nodal connectivity of all the elements, we can assemble

he global stiffness matrix 𝑲 , and we may solve the following sparse

inear equation systems to obtain displacements that 
 

𝑲 uu 𝑲 uc 
𝑲 

T 
uc 𝑲 cc 

] [ 
𝒅 

𝒖 

] 
=
[ 

𝒇 

𝒓 + 𝒇 

] 
, (5) 

here 𝒅 is the displacements to solve; 𝒖̄ denotes the constraint displace-

ents; 𝒇 and 𝒇̄ are the prescribed nodal forces at unknown and con-

traint displacement degrees-of-freedom, respectively; and 𝒓 are the re-

ction forces at the constraint displacements. Thus, one can construct

he linear equations respect to 𝒅 that 

 uu 𝒅 = 𝒇 −𝑲 uc ̄𝒖 , ⇒ 𝒅 = 𝑲 

−1 
uu 

(
𝒇 −𝑲 uc ̄𝒖 

)
. (6)

nce rigid-body motions and rotations are constrained by proper essen-

ial boundary conditions, there will be a unique solution for 𝒅 . 

.2. Decomposition of the isotropic elastic stiffness tensor 

Under the framework of the LFEM, we aim to derive the element

tiffness and then the global stiffness matrix in terms of material param-

ters. We first rewrite the isotropic elastic stiffness tensor Eq. (4) into 

 𝕃} = 𝐸 

( 1−2 𝜈) ( 1+ 𝜈) 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 − 𝜈 𝜈 𝜈

𝜈 1 − 𝜈 𝜈

𝜈 𝜈 1 − 𝜈

0 . 5 − 𝜈

0 . 5 − 𝜈

0 . 5 − 𝜈

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
= 𝐸 

( 1−2 𝜈) ( 1+ 𝜈) 

[
𝑯 0 −

(
𝜈 + 1 

4 

)
𝑯 1 

]
, 

(7) 

here 

 0 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

5∕4 −1∕4 −1∕4 
−1∕4 5∕4 −1∕4 
−1∕4 −1∕4 5∕4 

3∕4 
3∕4 

3∕4 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
, 

 1 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 −1 −1 
−1 1 −1 
−1 −1 1 

1 
1 

1 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
. (8) 

learly, 𝑯 0 is symmetric and positive-definite, whereas 𝑯 1 is symmetric

nly. We also have 

𝑯 

−1 
0 𝑯 1 

)2 = 16 
9 
𝑰 . (9) 

n addition, we can evaluate the spectral radius that [(
𝜈 + 1 

4 

)
𝑯 

−1 
0 𝑯 1 

]
=
||||𝜈 + 1 

4 
||||𝜌(𝑯 

−1 
0 𝑯 1 

)
=
||||𝜈 + 1 

4 
|||| ⋅ 4 3 < 1 , (10) 

ince the Poisson’s ratio 𝜈 ∈ (−1 , 0 . 5) , where 𝜌(𝑨 ) denotes the spectral

adius of a matrix 𝑨 . Here we define a so-called shifted Poisson ’s ratio

such that 

 ≡ 𝜈 + 1 
4 
∈ ( −3∕4 , +3∕4) , ⇒ ( 1 − 2 𝜈) ( 1 + 𝜈) = 9 

8 
− 2 𝜛2 ∈ ( 0 , 9∕8

]
(11) 

o simplify the expression. Thus, we have 

 𝕃} −1 =
9∕8 − 2 𝜛2 

𝐸 

[ 
𝑰 − 𝜛𝑯 

−1 
0 𝑯 1 

] 
−1 𝑯 

−1 
0 

=
9∕8 − 2 𝜛2 

𝐸 

[ 
𝑰 +

∑∞
𝑘 =1 𝜛

𝑘 
(
𝑯 

−1 
0 𝑯 1 

)
𝑘 

] 
𝑯 

−1 
0 

=
9∕8 − 2 𝜛2 

𝐸 

𝜛𝑯 

−1 
0 𝑯 1 + 𝑰 

1 − 𝜛2 ⋅ 16∕9 
𝑯 

−1 
0 = { 𝕄} , 

(12) 
3

here 𝕄 denotes the linear elastic compliance tensor. Then the element

tiffness matrix is written as 

 

𝑒 = 𝐸 

9∕8 − 2 𝜛2 

∑
I 
𝑩 

T 
I 

[
𝑯 0 − 𝜛𝑯 1 

]
𝑩 I |𝑱 I |𝑤I =

𝐸 

9∕8 − 2 𝜛2 

[
𝑹 

𝑒 
0 − 𝜛𝑹 

𝑒 
1 

]
, 

(13) 

ith 

 

𝑒 
0 ≡

∑
I 
𝑩 

T 
I 𝑯 0 𝑩 I |𝑱 I |𝑤I ,𝑹 

𝑒 
1 ≡

∑
I 
𝑩 

T 
I 𝑯 1 𝑩 I |𝑱 I |𝑤I . (14) 

oth 𝑹 

𝑒 
0 and 𝑹 

𝑒 
1 depend only on the nodal coordinates of this element

ut irrelevant to elastic parameters. In addition, both 𝑹 

𝑒 
0 and 𝑹 

𝑒 
1 have

he same matrix dimension as 𝑲 

𝑒 , and the dimensions of both 𝑹 

𝑒 
0 and

 

𝑒 
1 are length [L] . 

.3. Deriving an approximate analytical solution through the LFEM 

One can assemble the corresponding global matrix Eq. (5) with 𝑹 0 
nd 𝑹 1 such that 

𝐸 

9∕8 − 2 𝜛2 

[ 
𝑹 0 ,uu − 𝜛𝑹 1 ,uu 𝑹 0 ,uc − 𝜛𝑹 1 ,uc 
𝑹 

T 
0 ,uc − 𝜛𝑹 

T 
1 ,uc 𝑹 0 ,cc − 𝜛𝑹 1 ,cc 

] [ 
𝒅 

𝒖 

] 
=
[ 

𝒇 

𝒓 + 𝒇 

] 
. (15) 

hus, Eq. (6) can be rewritten with respect to 𝑹 0 and 𝑹 1 such that 

𝐸 

9∕8 − 2 𝜛2 

[
𝑹 0 ,uu − 𝜛𝑹 1 ,uu 

]
𝒅 = 𝒇 − 𝐸 

9∕8 − 2 𝜛2 

[
𝑹 0 ,uc − 𝜛𝑹 1 ,uc 

]
𝒖̄ , (16)

r 

𝑹 0 ,uu − 𝜛𝑹 1 ,uu 

]
𝒅 =

9∕8 − 2 𝜛2 

𝐸 

𝒇 −
[
𝑹 0 ,uc − 𝜛𝑹 1 ,uc 

]
𝒖̄ . (17)

gain that 𝑹 0 ,uu , 𝑹 1 ,uu , 𝑹 0 ,uc , and 𝑹 1 ,uc are matrices that depends on the

nite element mesh only and irrelevant to the material parameters. In

ther words, one can evaluate these matrices with a given finite element

esh and essential boundary 𝛤c . In addition, if 𝑲 uu is invertible, we also

ave 𝑹 0 ,uu as invertible. 

Similarly, we have 

𝑹 0 ,uu − 𝜛𝑹 1 ,uu 

]
−1 =

[ 
𝑰 +

∞∑
𝑘 =1 

𝜛𝑘 
(
𝑹 

−1 
0 ,uu 𝑹 1 ,uu 

)
𝑘 

] 
𝑹 

−1 
0 ,uu . (18) 

he displacement solution is then given as 

 =

[ 
𝑰 +

∞∑
𝑘 =1 

𝜛𝑘 
(
𝑹 

−1 
0 ,uu 𝑹 1 ,uu 

)
𝑘 

] 
𝑹 

−1 
0 ,uu 

[ 
9∕8 − 2 𝜛2 

𝐸 

𝒇 −
(
𝑹 0 ,uc − 𝜛𝑹 1 ,uc 

)
𝒖̄ 

] 
. 

(19) 

e can rearrange the solution into the following series form: 

 =
∞∑
𝑘 =0 

𝜛𝑘 

( 

𝒂 𝑘 +
𝒃 𝑘 

𝐸 

) 

, or 𝑑𝐼 =
∞∑
𝑘 =0 

𝜛𝑘 

( 

𝑎𝐼,𝑘 +
𝑏𝐼,𝑘 

𝐸 

) 

, (20) 

ith 

𝒂 0 = 𝑹 

−1 
0 ,uu (−𝑹 0 ,uc ̄𝒖 ) , 

𝒂 1 = 𝑹 

−1 
0 ,uu 

(
𝑹 1 ,uu 𝒂 0 +𝑹 1 ,uc ̄𝒖 

)
, 

𝒂 𝑘 = 𝑹 

−1 
0 ,uu (𝑹 1 ,uu 𝒂 𝑘 −1 ) , 𝑘 = 2 , 3 , …

(21) 

nd 

𝒃 0 = 𝑹 

−1 
0 ,uu 

(9 
8 
𝒇 
)
, 

𝒃 1 = 𝑹 

−1 
0 ,uu 

(
𝑹 1 ,uu 𝒃 0 

)
, 

𝒃 2 = 𝑹 

−1 
0 ,uu 

(
𝑹 1 ,uu 𝒃 1 − 2𝒇 

)
, 

𝒃 𝑘 = 𝑹 

−1 
0 ,uu (𝑹 1 ,uu 𝒃 𝑘 −1 ) , 𝑘 = 3 , 4 , …

(22) 

he dimensions of 𝒂 𝑘 and 𝒃 𝑘 are length [L] and force per length [F∕L ] , re-

pectively. In the numerical implementation, it is recommended to solve

 0 , 𝒂 1 , … sequentially as well as 𝒃 0 , 𝒃 1 , … . All the coefficient vectors

 𝑘 and 𝒃 𝑘 are solved by the same coefficient matrix 𝑹 0 ,uu . During the

umerical implementation, one may store a proper matrix factorization

f 𝑹 0 ,uu in memory to avoid repetitive matrix factorization. 
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We may continue to evaluate strain and stress tensors at one quadra-

ure point such that 

𝜺 𝑒 I 
}
= 𝑩 I 𝒅 

𝑒 =
∞∑
𝑘 =0 

𝜛𝑘 
(
𝑩 I 𝒂 

𝑒 
𝑘 +

𝑩 I 𝒃 
𝑒 
𝑘 

𝐸 

)
, (23) 

here 𝒅 𝑒 is the element displacement vector. Alternatively, we can

ewrite Eq. (23) in matrix form such that 

𝜺 𝑒 I 
}
= 𝑩 I 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝑎𝑒 1 , 0 𝑎𝑒 1 , 1 𝑎𝑒 1 , 2 ⋯ 

𝑎𝑒 2 , 0 𝑎𝑒 2 , 1 𝑎𝑒 2 , 2 ⋯ 

⋮ ⋮ ⋮ ⋱ 

𝑎𝑒 
𝑛, 0 𝑎𝑒 

𝑛, 1 𝑎𝑒 
𝑛, 2 ⋯ 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
+ 1 

𝐸 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝑏𝑒 1 , 0 𝑏𝑒 1 , 1 𝑏𝑒 1 , 2 ⋯ 

𝑏𝑒 2 , 0 𝑏𝑒 2 , 1 𝑏𝑒 2 , 2 ⋯ 

⋮ ⋮ ⋮ ⋱ 

𝑏𝑒 
𝑛, 0 𝑏𝑒 

𝑛, 1 𝑏𝑒 
𝑛, 2 ⋯ 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
1 
𝜛 

𝜛2 

⋮ 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
, (24) 

here 𝑛 denotes the number of elemental degrees-of-freedom. The stress

ensor is then evaluated by 

𝝈𝑒 
I 
}

= 𝐸 

9∕8 − 2 𝜛2 

[
𝑯 0 − 𝜛𝑯 1 

]{
𝜺 𝑒 I 
}

= 𝐸 

9∕8 − 2 𝜛2 

[
𝑯 0 − 𝜛𝑯 1 

]∑∞
𝑘 =0 𝜛

𝑘 
(
𝑩 I 𝒂 

𝑒 
𝑘 
+

𝑩 I 𝒃 
𝑒 
𝑘 

𝐸 

)
. 

(25) 

e may also obtain the reaction force at constraint degrees-of-freedom

y 

 = 𝐸 

9∕8 − 2 𝜛2 

[
𝑹 

T 
0 ,uc − 𝜛𝑹 

T 
1 ,uc 

]
𝒅 + 𝐸 

9∕8 − 2 𝜛2 

[
𝑹 0 ,cc − 𝜛𝑹 1 ,cc 

]
𝒖̄ − 𝒇̄ 

= 𝐸 

9∕8 − 2 𝜛2 

{ [
𝑹 

T 
0 ,uc − 𝜛𝑹 

T 
1 ,uc 

]∑∞
𝑘 =0 𝜛

𝑘 
(
𝒂 𝑘 +

𝒃 𝑘 

𝐸 

)
+
[
𝑹 0 ,cc − 𝜛𝑹 1 ,cc 

]
𝒖̄ 

} 

− 𝒇̄ . 

(26) 

onsequently, the strains and stresses at the quadrature points as well

s the reaction force at constraint degrees-of-freedom can be interpreted

ith series with different orders of 𝜛 such as Eq. (20) . 

The shifted Poisson’s ratio may not be straightforward enough to

xpress the various types of solutions. Thus, we can finally rewrite

q. (20) into a series solution on the basis of various orders of Poisson’s

atio such that: 

 =
∞∑
𝑘 =0 

𝜈𝑘 

( 

𝒂̃ 𝑘 +
𝒃̃ 𝑘 

𝐸 

) 

, or 𝑑𝐼 =
∞∑
𝑘 =0 

𝜈𝑘 

( 

𝑎̃𝐼,𝑘 +
𝑏̃𝐼,𝑘 

𝐸 

) 

. (27) 

imilarly, the strains at the quadrature point are 

𝜺 𝑒 I 
}
= 𝑩 I 𝒅 

𝑒 =
∞∑
𝑘 =0 

𝜈𝑘 
(
𝑩 I ̃𝒂 

𝑒 
𝑘 +

𝑩 I ̃𝒃 
𝑒 
𝑘 

𝐸 

)
, (28) 

hile the stresses are rearranged into 

𝝈𝑒 
I 
}
= 𝐸 

(1 − 2 𝜈)(1 + 𝜈) 

[
(𝑯 0 −𝑯 1 ∕4) − 𝜈𝑯 1 

]∑∞
𝑘 =0 𝜈

𝑘 
(
𝑩 I ̃𝒂 

𝑒 
𝑘 
+

𝑩 I ̃𝒃 
𝑒 
𝑘 

𝐸 

)
= 𝐸 

(1 − 2 𝜈)(1 + 𝜈) 
∑∞

𝑘 =0 𝜈
𝑘 
[
(𝑯 0 −𝑯 1 ∕4)𝑩 I ̃𝒂 

𝑒 
𝑘 
−𝑯 1 𝑩 I ̃𝒂 

𝑒 
𝑘 −1 

]
+ 1 
(1 − 2 𝜈)(1 + 𝜈) 

∑∞
𝑘 =0 𝜈

𝑘 
[
(𝑯 0 −𝑯 1 ∕4)𝑩 I ̃𝒃 

𝑒 
𝑘 −𝑯 1 𝑩 I ̃𝒃 

𝑒 
𝑘 −1 

]
, 

(29) 

ith 𝒂̃ 𝑒 −1 = 𝟎 , 𝒃̃ 𝑒 −1 = 𝟎 . The reaction forces as follows: 

 = 𝐸 

(1 − 2 𝜈)(1 + 𝜈) 

[(
𝑹 

T 
0 ,uc −𝑹 

T 
1 ,uc ∕4

)
− 𝜈𝑹 

T 
1 ,uc 

]∑∞
𝑘 =0 𝜈

𝑘 
(
𝒂̃ 𝑘 +

𝒃̃ 𝑘 

𝐸 

)
+ 𝐸 

(1 − 2 𝜈)(1 + 𝜈) 

[(
𝑹 0 ,cc −𝑹 1 ,cc ∕4

)
− 𝜈𝑹 1 ,cc 

]
𝒖̄ − 𝒇̄ 

= 𝐸 

(1 − 2 𝜈)(1 + 𝜈) 
∑∞

𝑘 =0 𝜈
𝑘 
[(
𝑹 

T 
0 ,uc −𝑹 

T 
1 ,uc ∕4

)
𝒂̃ 𝑘 −𝑹 

T 
1 ,uc ̃𝒂 𝑘 −1 

]
+ 𝐸 

(1 − 2 𝜈)(1 + 𝜈) 

[(
𝑹 0 ,cc −𝑹 1 ,cc ∕4

)
− 𝜈𝑹 1 ,cc 

]
𝒖̄ 

+ 1 
(1 − 2 𝜈)(1 + 𝜈) 

∑∞
𝑘 =0 𝜈

𝑘 
[(
𝑹 

T 
0 ,uc −𝑹 

T 
1 ,uc ∕4

)
𝒃̃ 𝑘 −𝑹 

T 
1 ,uc 𝒃̃ 𝑘 −1 

]
− 𝒇̄ . 

(30) 

In practice, we may prefer a truncated solution with a finite number

f terms of different orders of the Poisson’s ratio. We define 

 𝑁 

=
𝑁 ∑
𝑘 =0 

𝜈𝑘 
(
𝒂̃ 𝑘 +

𝒃̃ 𝑘 

𝐸 

)
, (31) 

nd the truncated strains, stresses, and reaction forces can be defined in

he same manner. 
4

. Numerical verification 

In this section, four groups of numerical examples are conducted to

alidate the method through comparison of the approximated analytical

olution with respect to the numerical results of the LFEM. 

.1. Patch test 

We start with a patch test to verify whether an exact analytical so-

ution can be derived. We use 8-node hexahedron element with full in-

egration scheme to mesh the plate as depicted in Fig. 1 . We define the

ength (along the 𝑥 axis), width (along the 𝑦 axis), and height (along the

 axis) as 𝑎 = 2 , 𝑏 = 1 , and ℎ = 0 . 2 , respectively. We assign 𝑢 = 0 at the

urface 𝑥 = 0 ; 𝑣 = 0 at the surface 𝑦 = 0 ; 𝑤 = 0 at the surface 𝑧 = 0 ; and

 = 𝑢̄ = 0 . 01 at the surface 𝑥 = 𝑎 = 2 . 
The patch test gives uniform strains and stresses over the whole do-

ain 

11 =
𝑢̄ 

𝑎 
, 𝜀22 = 𝜀33 = − 𝜈

𝑢̄ 

𝑎 
, 𝜀𝑖𝑗 = 0 , for 𝑖𝑗 = 23 , 13 , 12 , 

11 = 𝐸
𝑢̄ 

𝑎 
, 𝜎𝑖𝑗 = 0 , for 𝑖𝑗 = 22 , 33 , 23 , 13 , 12 , 

(32) 

nd linearly distributed the displacement field such that 

( 𝑥, 𝑦, 𝑧) = 𝑢 

𝑎 
𝑥 

⏟⏟⏟

; 

𝒂̃ 0 term 

𝑣( 𝑥, 𝑦, 𝑧) = 𝜈

( 

− 𝑢 

𝑎 
𝑦

) 

⏟⏞⏞⏟⏞⏞⏟
𝒂̃ 1 term 

; 𝑤( 𝑥, 𝑦, 𝑧) = 𝜈

( 

− 𝑢 

𝑎 
𝑧

) 

⏟⏞⏞⏟⏞⏞⏟
𝒂̃ 1 term 

. (33)

onsequently, there are only two nonzero terms 𝒂̃ 0 and 𝒂̃ 1 for the ap-

roximated analytical solution 𝒅 , and match the numerical results. We

ay plot the values of 𝒂̃ 0 and 𝒂̃ 1 for displacement 𝑢 , 𝑣 , and 𝑤 with re-

pect to 𝑥 , 𝑦 , and 𝑧 , respectively, as depicted in Fig. 2 . 

.2. Pure-bending test 

We continue to derive an approximate analytical solution for a pure-

ending problem depicted in Fig. 3 . The length, width, and height of

he beam are 𝐿 , 𝑏 , and ℎ , respectively. The beam is meshed by 8-node

exahedron elements. 

We consider a beam with size 𝐿 = 4 , and ℎ = 2 . Thus, this beam actu-

lly is not a typical slender beam structure. Here we use cubic-shaped 8-

ode hexahedron element to mesh the beam with element size 𝑙el = 1∕4 ,
∕8 , and 1∕16 . We set the width as the element size 𝑏 = 2 𝑙el , and keep

𝑦 ∕𝑏 = 2 , where 𝑀𝑦 is the moment about the 𝑦 axis. The CMAS-FE is

hen able to evaluate the coefficients 𝒂̃ 𝑘 and 𝒃̃ 𝑘 , 𝑘 = 0 , 1 , … for each

roblem. 

We first study how the truncated solution 𝒅 𝑁 

converges to the ref-

rence solution via the LFEM named the 𝒅 LFEM 

as 𝑁 increases, which

an be marked as series-convergence. Because the LFEM requires val-

es of Young’s modulus and Poisson’s ratio rather than symbols; we

ssign 𝐸 = 2 . 1 × 10 5 MPa and 𝜈 = 0 . 23 . Accordingly, we can obtain nu-

erical values of each 𝒅 𝑁 

and compare it with the 𝒅 LFEM 

. We take the

ase 𝑙 = 1∕8 as an example. Fig. 4 (b)–(d) depicts the errors between
el 
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Fig. 2. Verification of 𝒂̃ 0 and 𝒂̃ 1 for: (a) displacement 𝑢 ; (b) displacement 𝑣 ; (c) displacement 𝑤 at all nodes. 

Fig. 3. Sketch of the pure-bending problem. 
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 0 − 𝒅 LFEM 

, 𝒅 1 − 𝒅 LFEM 

, and 𝒅 2 − 𝒅 LFEM 

, respectively, while the refer-

nce solution 𝒅 LFEM 

is depicted in Fig. 4 (a). Clearly the error decreases

o a very small even 𝑁 only reaches 2 except around the corner regions.

imilar observations can be found for the truncated strain and stress

elds, which are depicted in Figs. 5 and 6 , respectively. 

The mesh convergence can also be observed in Fig. 7 , where the

rror between 𝒅 𝑁 

, 𝑁 = 0 , 1 , 2 and the reference solutions 𝒅 LFEM 

with el-

ment sizes of 𝑙el = 1∕4 , 1∕8 , and 1∕16 are depicted. We can see that the

agnitude of errors is reduced by the mesh refinement or the increasing

umber of truncated terms. Furthermore, the relative errors of the dis-

lacement, strain, and stress fields with increasing number of truncated

erms 𝑁 are plotted in Fig. 8 (a)–(c), respectively. 
ig. 4. Visualization of the displacement field for the pure-bending test with mesh

 0 − 𝒅 LFEM ; (b) error as 𝒅 1 − 𝒅 LFEM ; (d) error as 𝒅 2 − 𝒅 LFEM . 

5

Finally, there is an analytical solution for a pure-bending problem

ven when the beam is not a typical slender beam that 

 = −
𝑀𝑦 

2 𝐸𝐼𝑦 
[− 𝑧2 + 𝜈( 𝑦2 − 𝑥2 )] =

[𝑀𝑦 

2 𝐼𝑦 
𝑧2 − 𝜈 ⋅

𝑀𝑦 

2 𝐼𝑦 
( 𝑦2 − 𝑥2 )

]
⋅
1 
𝐸 

, 

 = 𝜈 ⋅
𝑀𝑦 

𝐼𝑦 
𝑥𝑦 ⋅

1 
𝐸 

, 𝑤 = −
𝑀𝑦 

𝐼𝑦 
𝑥𝑧 ⋅

1 
𝐸 

, 

(34) 

here 𝐼𝑦 = 𝑏ℎ3 ∕12 is the moment of inertia about the 𝑦 axis. Here the

eference analytical solution in Eq. (34) is organized as the same expres-

ion as Eq. (27) . 

We take the element size 𝑙el = 1∕16 as example. Eq. (34) actually

ives an analytical solution for 𝒃̃ 0 and 𝒃̃ 1 that 

̃
𝐼, 0 = 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

𝑀𝑦 

2 𝐼𝑦 
𝑧2 for degree of freedom 𝑢, 

0 for degree of freedom 𝑣, 

−𝑀𝑦 

𝐼𝑦 
xz for degree of freedom 𝑤 

𝑏̃𝐼, 1 

= 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
−𝑀𝑦 

2 𝐼𝑦 

(
𝑦2 − 𝑥2 

)
for degree of freedom 𝑢, 

𝑀𝑦 

𝐼𝑦 
xy for degree of freedom 𝑣, 

0 for degree of freedom 𝑤, 

(35) 
 size 𝑙el = 1∕8 : (a) LFEM results as the reference solution 𝒅 LFEM ; (b) error as 
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Fig. 5. Visualization of the strain field for the pure-bending test with mesh size 𝑙el = 1∕8 : (a) LFEM results as the reference solution 𝜺 LFEM ; (b) error as 𝜺 0 − 𝜺 LFEM ; 

(b) error as 𝜺 1 − 𝜺 LFEM ; (d) error as 𝜺 2 − 𝜺 LFEM . 

Fig. 6. Visualization of the stress field for the pure-bending test with mesh size 𝑙el = 1∕8 : (a) LFEM results as reference solution 𝝈LFEM ; (b) error as 𝝈0 − 𝝈LFEM ; (b) 

error as 𝝈1 − 𝝈LFEM ; (d) error as 𝝈2 − 𝝈LFEM . 
6
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Fig. 7. Visualization of the error of the displacement field against the LFEM reference results for the pure-bending test with various mesh sizes and numbers of 

truncated terms: (a) 𝑙el = 1∕4 , 𝑁 = 0 ; (b) 𝑙el = 1∕4 , 𝑁 = 1 ; (c) 𝑙el = 1∕4 , 𝑁 = 2 ; (d) 𝑙el = 1∕8 , 𝑁 = 0 ; (e) 𝑙el = 1∕8 , 𝑁 = 1 ; (f) 𝑙el = 1∕8 , 𝑁 = 2 ; (g) 𝑙el = 1∕16 , 𝑁 = 0 ; (h) 

𝑙el = 1∕16 , 𝑁 = 1 ; (i) 𝑙el = 1∕16 , 𝑁 = 2 ; . 

Fig. 8. Relative error under different element sizes with respect to the LFEM results: (a) displacements as ‖𝒅 𝑁 − 𝒅 LFEM ‖∕‖𝒅 LFEM ‖; (b) strains as ‖𝜺 𝑁 − 𝜺 LFEM ‖∕‖𝜺 LFEM ‖; 
(c) stresses as ‖𝝈𝑁 − 𝝈LFEM ‖∕‖𝝈LFEM ‖. 
T
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he comparisons of the four coefficient vectors 𝒃 𝐼, 0 for 𝑢 , 𝒃 𝐼, 1 for 𝑢 , 𝒃 𝐼, 1 
or 𝑣 , and 𝒃 𝐼, 0 for 𝑤 are depicted in Fig. 9 (a)–(d), respectively. In addi-

ion, all the other coefficient vectors are close to 𝟎 , which also matches

he analytical solution. 

. Applications 

.1. Approximate analytical solution with geometric parameters 

In CMAS-FE, geometric parameters such as the length of the structure

annot be considered directly, i.e., these parameters will not appear in

he approximate analytical solution. 

Next, we consider the cantilever-beam-bending test depicted in

ig. 10 . In this example, we aim to fit an approximate analytical so-

ution for bending stiffness with respect to geometric parameters 𝐿 , ℎ ,
7

nd 𝑏 . These geometric parameters may not directly appear in the trun-

ated solution 𝒅 𝑁 

. However, we will repeat various tests with different

 and ℎ values, while the width 𝑏 can be set as 1 all the time. For a beam

tructure, we assume ℎ ∕𝐿 < 0 . 6 . 
We define the deflection stiffness 𝐾 as 

 = 𝐹 

𝛿
= 𝑏

𝐸 

(1 − 𝜈)(1 + 2 𝜈) 

(
𝑐0 + 𝑐1 𝜈 + 𝑐2 𝜈

2 
)
, (36)

here 𝐹 is the total reaction force at the right edge of the beam. Di-

ensionless coefficients 𝑐𝑘 , 𝑘 = 0 , 1 , 2 depends on the geometric param-

ters ℎ and 𝐿 . We use the CMAS-FE for all the pairs of ( 𝐿, ℎ ) such that

 = 5 , 6 , … , 20 and ℎ = 2 , 3 , … , 6 , and obtain 𝐹 in series form. Next, we

se base function ( ℎ ∕𝐿 )3 and ( ℎ ∕𝐿 )4 to approximate the coefficients 𝑐 ,
𝑘 
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Fig. 9. Verification of the coefficient vector ̃𝑏𝐼,𝑘 with analytical solution: (a) verify ̃𝑏𝐼, 0 for 𝑢 ; (b) verify ̃𝑏𝐼, 1 for 𝑢 ; (b) verify ̃𝑏𝐼, 1 for 𝑣 ; (b) verify ̃𝑏𝐼, 0 for 𝑤 . 

Fig. 10. Sketch of cantilever-beam-bending test with zero-angle and unit- 

deflection at the end. 
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 = 0 , 1 , 2 and obtain 

 

 

 

 

𝑐0 
𝑐1 
𝑐2 

⎤ ⎥ ⎥ ⎦ =
⎡ ⎢ ⎢ ⎣ 
1 . 09273 −0 . 921761 
−1 . 17948 0 . 673446 
−2 . 01790 2 . 24214 

⎤ ⎥ ⎥ ⎦ 
[ 
( ℎ ∕𝐿) 3 

( ℎ ∕𝐿) 4 

] 
, (37) 

r 

 = 𝐸𝑏 

(1 − 𝜈)(1 + 2 𝜈) 

[(
1 . 09273 − 1 . 17948 𝜈 − 2 . 01790 𝜈2 

)(
ℎ 

𝐿 

)
3 

−
(
0 . 921761 − 0 . 673446 𝜈 − 2 . 24214 𝜈2 

)(
ℎ 

𝐿 

)
4 
]
. (38) 

ere the base function ( ℎ ∕𝐿 )𝑝 for arbitrary 𝑝 ∈ ℕ can be used to enrich

he interpolation function. However, the numerical optimization process
Fig. 11. Comparison of the coefficient between the CMAS-FE and the inte

8

hows that the terms ( ℎ ∕𝐿 )3 and ( ℎ ∕𝐿 )4 are dominant. From Fig. 11 , we

ay see that the interpolated coefficients in Eq. (37) are quite accurate

ompared with the results given by the CMAS-FE. 

.2. Stress intensity factor for a straight crack embedded in a square plate 

Next, we consider deriving an approximate analytical expression of

tress intensity factor (SIF) for the problem depicted in Fig. 12 , where a

rack with length 2 𝑤 is embedded in a square plate under remote stress

n the 𝑦 direction. From linear elastic fracture mechanics we know that

he SIF 

𝐼 =
√
π𝑤 𝜎𝑦 , (39) 

hen 𝐴 → ∞. Here we use the CMAS-FE to derive the SIF with finite

quare size 𝐴 . Finite element meshes with some selected square sizes

re depicted in Fig. 13 . We can obtain SIFs with 𝐴 as listed in Table 1 .

ere the CMAS-FE can determine the values for 𝑘̃0 and 𝑘̃1 defined as 

𝐼 ( 𝐴) ≈
√
π𝑤 𝜎𝑦 

[
𝑘̃0 + 𝑘̃1 𝜈

]
. (40) 
rpolated value: (a) coefficient 𝑐0 ; (b) coefficient 𝑐1 ; (c) coefficient 𝑐2 . 
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Table 1 

Data for 𝐾𝐼 ( 𝐴 ) ≈
√
π𝑤 𝜎𝑦 [𝑘̃0 + 𝑘̃1 𝜈] and 𝐾𝐼 ( 𝐴 ) ≈

√
π𝑤 𝜎𝑦 [𝑘̂0 + 𝑘̂1 𝜈] with various square sizes. 

𝐴 𝑘̃0 𝑘̃1 𝑘̂0 𝑘̂1 𝐴 𝑘̃0 𝑘̃1 𝑘̂0 𝑘̂1 

3 1 . 789100 0 . 019000 1 . 783678 0 . 019644 8 1 . 106200 0 . 022200 1 . 101595 0 . 023309 
4 1 . 422200 0 . 016900 1 . 433256 0 . 015413 9 1 . 082900 0 . 024300 1 . 079112 0 . 025242 
5 1 . 268800 0 . 017300 1 . 272660 0 . 016520 10 1 . 065200 0 . 026600 1 . 063195 0 . 026940 
6 1 . 187800 0 . 018500 1 . 186286 0 . 018778 11 1 . 051000 0 . 029000 1 . 051540 0 . 028430 
7 1 . 138800 0 . 020200 1 . 134724 0 . 021135 12 1 . 039300 0 . 031500 1 . 042767 0 . 029740 
∞ 1 0 1 . 0027 0 . 0483 

Fig. 12. Sketch of a straight crack embedded in a square plate under remote 

stress in 𝑦 direction. 
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Through the collected data with various square sizes, we can obtain

he following approximated SIF with dependence on A such that: 

𝐼 =
√
π𝑤 𝜎𝑦 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 
1 . 0027 − 0 . 1399𝑤 

𝐴 
+ 7 . 4485𝑤

2 

𝐴2 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≡𝑘̂0 

+ 𝜈

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
0 . 0483 − 0 . 2683𝑤 

𝐴 
+ 0 . 547𝑤

2 

𝐴2 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≡𝑘̂1 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
, 

(41) 

here the values of 𝑘̂0 and 𝑘̂1 are also listed in Table 1 for comparison

ith 𝑘̃ and 𝑘̃ , respectively. 
0 1 

Fig. 13. Selected structured quadrilateral mesh for straight cracks embedd
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Since the problem considers an embedded crack, the values of strain

nd stress may diverge near the crack tip. Here, we check the relative

rrors of the displacement, strain, and stress with various 𝑤 ∕𝐴 ratios, as

epicted in Fig. 14 . The comparison shows that the approximate CAMS-

E results can converge to the classic LFEM results when the number of

erms is sufficiently large. 

.3. Bending stiffness for a square plate with an ellipse hole 

Consider the square plate with an ellipse hole depicted in Fig. 15 .

he length along the 𝑥 and 𝑦 directions is 𝐿 = 1 , and the thickness is

 = 0 . 2 . The semi-major and semi-minor axes of the ellipse are 𝑎 = 0 . 3
nd 𝑏 = 0 . 1 , respectively. A rotation angle 𝜃 is introduced, as depicted

n Fig. 15 . We use the CMAS-FE to derive an approximated bending

tiffness as a function of 𝜃 only. 

To collect sufficient data, seven CMAS-FE simulations are tested

ith 𝜃 = {0 , π∕12 , π∕6 , … , π∕2} . Four selected hexahedron finite element

eshes are depicted in Fig. 16 . Here we only study the bending stiffness

s function of 𝜃, and the interpolation yields: 

 = 1 
1000 

𝐸 

(1 − 𝜈)(1 + 2 𝜈) 

{ [
1 . 771380 − 0 . 2481020 sin 2 𝜃 − 0 . 111461 sin 4 𝜃

]
−
[
1 . 843250 − 0 . 0446600 sin 2 𝜃 − 0 . 251424 sin 4 𝜃

]
𝜈

−
[
2 . 599070 − 0 . 7011710 sin 2 𝜃 + 0 . 133704 sin 4 𝜃

]
𝜈2 

−
[
0 . 810572 − 0 . 0698223 sin 2 𝜃 − 0 . 177138 sin 4 𝜃

]
𝜈3 

} 

. 

(42) 

n addition, we demonstrate the stress error distributions for various

alues of 𝜃, as depicted in Fig. 17 with 𝐸 = 2 . 1 × 10 5 MPa and 𝜈 = 0 . 23 .
e can see that the maximum error occurs at the edges, where stress

oncentration or a high stress gradient occurs. 
ed in a square plate with 𝑤 = 2 : (a) 𝐴 = 3 , (b) 𝐴 = 4 , and (c) 𝐴 = 7 . 
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Fig. 14. Relative error under different 𝑤 ∕𝐴 ratios with respect to the LFEM results: (a) displacements as ‖𝒅 𝑁 − 𝒅 LFEM ‖∕‖𝒅 LFEM ‖; (b) strains as ‖𝜺 𝑁 − 𝜺 LFEM ‖∕‖𝜺 LFEM ‖; 
(c) stresses as ‖𝝈𝑁 − 𝝈LFEM ‖∕‖𝝈LFEM ‖. 

Fig. 15. Sketch of a square plate with ellipse hole. 
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(  
Fig. 16. Selected hexahedron mesh for square plate ( 𝐿 = 1 , ℎ = 0 . 2 , 𝑎 = 0 . 3

ig. 17. Visualization of the stress field for plate-with-ellipse-hole bending test:

= 0 ; (c) LFEM results as reference solution 𝝈LFEM with 𝜃 = π∕6 ; (d) error as 𝝈3
rror as 𝝈3 − 𝝈LFEM with 𝜃 = π∕3 ; (g) LFEM results as reference solution 𝝈LFEM w

. Conclusion 

This study introduces a novel methodology that aims to obtain an

pproximate analytical solution for an isotropic homogeneous elastic

edium with displacement and traction boundary conditions. The an-
 t  

10
 . 1 ) with an ellipse hole: (a) 𝜃 = 0 , (b) 𝜃 = π∕6 , (c) 𝜃 = π∕3 , and (d) 𝜃 = π∕2 . 

FEM results as reference solution 𝝈LFEM with 𝜃 = 0 ; (b) error as 𝝈3 − 𝝈LFEM with

EM with 𝜃 = π∕6 ; (e) LFEM results as reference solution 𝝈LFEM with 𝜃 = π∕3 ; (f)
= π∕2 ; (h) error as 𝝈3 − 𝝈LFEM with 𝜃 = π∕2 ;. 

lytical solution is derived by solving a specific numerical problem de-

ned by linear finite element method (LFEM), and the method is named

he computational method for analytical solution with finite element

CMAS-FE). In CMAS-FE, we treat Young’s modulus 𝐸 and Poisson’s ra-

io 𝜈 as two symbols in the global system of linear equations in the LFEM.
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ne can then obtain the displacement at nodes as an infinite series in

erms of the Poisson’s ratio. Accordingly, CMAS-FE can yield displace-

ent and reaction forces at nodes, strain and stress at quadrature points

ithout physical values of 𝐸 or 𝜈. In this work, the CMAS-FE is veri-

ed by a patch test and pure-bending test. We study the convergence by

esh refinement and increasing number of truncated terms. 

One limitation of the CMAS-FE is that geometric parameters can-

ot be directly considered in the approximate analytical solution. We

ust first define a domain with a well-defined geometric parameters

nd mesh it into finite elements, and then obtain one approximate an-

lytical solution through the CMAS-FE with only 𝐸 and 𝜈. However,

e can repeat this process with various combination of the geometric

arameters, and obtain an approximate solution with geometric param-

ters with interpolation or even the deep neural network method. In this

ork, the CMAS-FE is applied to obtain an approximate bending stiffness

f a beam structure without requiring beam slenderness. In addition, the

MAS-FE is also used to estimate an approximate stress intensity factor

or a straight crack within a square-shaped plate. 

The restriction of the problem is another limitation of the CMAS-

E. Either geometric or material nonlinear problem requires Newton-

aphson iterative process, where the global stiffness matrix depends

n the displacement field as well as the intrinsic state variables. In this

ay, we cannot take inverse in a symbolic sense. However, extending

he CMAS-FE to a linear heterogeneous problem could be a focus of

uture work. 
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