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a b s t r a c t 

The 13-node quadrilateral and 39-node hexahedral cubic serendipity elements produce nodally integrated 

positive-definite lumped heat capacity matrices in higher-order finite element analysis. However, these elements 

display severe convergence deterioration in explicit transient heat conduction analysis with lumped heat ca- 

pacity matrices. This convergence decay is due to the violation of variational integration consistency by the 

standard Galerkin formulation with lumped heat capacity matrices. This issue is resolved by introducing the 

boundary-enhanced Galerkin weak form that incorporates the elemental boundary contribution in the discrete 

finite element formulation. Subsequently, it is theoretically proven that a direct nodal integration identically 

fulfills the variational integration consistency in the context of the boundary-enhanced Galerkin weak form. The 

proposed variationally consistent nodal integration therefore enables optimal convergence for explicit transient 

heat conduction analysis with lumped heat capacity matrices. The efficacy of the proposed variationally con- 

sistent nodal integration formulation for the 13-node quadrilateral and 39-node hexahedral cubic elements is 

thoroughly demonstrated via numerical examples. 
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. Introduction 

The serendipity finite elements [ 1–5 ] are designed to minimize the

umber of internal nodes and thus are popular for higher-order element

ormulation since they have fewer nodes than the same-order tensor-

roduct Lagrangian elements, for instance, the quadrilateral and hexa-

edral cubic serendipity elements considered in this study. Moreover,

n transient finite element analysis [ 6–9 ], diagonal lumped mass ma-

rices are usually employed with explicit time steps because of their

rivial inversion cost in contrast to non-diagonal consistent mass ma-

rices. However, particular attention is required for the mass lumping

f serendipity elements because typical mass lumping schemes such as

he row-sum method [ 1–3 , 10–12 ] and the nodal integration technique

 13–16 ] often generate negative diagonal entries for these elements,

endering them unsuitable for transient analysis [ 17–19 ]. Although the

idely used diagonal scaling HRZ (Hinton-Rock-Zienkiewicz) method

 20 ] guarantees the positive definiteness of lumped mass matrices, HRZ

iagonal lumped mass matrices actually do not exhibit optimal conver-

ence [ 21 , 22 ]. On the other hand, the nodal quadrature approach takes

he element nodes as the integration sample points and can yield opti-

ally convergent transient analysis results if the integration precision of

he nodal quadrature is sufficient [ 14 , 15 ]. Therefore, a special arrange-
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ent of non-uniform nodal locations is usually required for higher-order

erendipity elements to improve the integration accuracy [ 15 ]. How-

ver, this process is often accompanied by negative lumped mass com-

onents. Although the heat capacity and conductivity matrices are the

ormal terms used in heat conduction analysis, for convenience of devel-

pment, the mass and stiffness matrices are interchangeably used herein

ithout confusion. Moreover, for conciseness, the capacity and conduc-

ivity matrices are also utilized in the subsequent discussion to replace

he heat capacity and conductivity matrices. 

The focus of this study is to develop optimally convergent quadri-

ateral and hexahedral cubic serendipity elements for explicit tran-

ient heat conduction analysis. The quadrilateral and hexahedral cu-

ic serendipity elements originally consisted of 12 nodes for the two-

imensional (2D) case and 32 nodes for the three-dimensional (3D) case.

evertheless, these two elements cannot yield desirable positive-definite

umped heat capacity matrices via the nodal integration technique. This

bstacle can be removed by introducing a few auxiliary internal or

urface nodes, as has often been used in triangular elements [ 23–26 ],

etrahedral elements [ 27 , 28 ], and pyramid elements [ 29 ] to construct

ositive-definite lumped mass or capacity matrices. For the 2D 12-node

uadrilateral element, one centroid node was inserted to formulate a

3-node quadrilateral element [ 1 , 30 ]. In this work, a 3D 39-node hex-
tember 2025 
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∫

hedral element is further proposed by adding one body centroid node

nd six surface centroid nodes to the 32-node hexahedral element. The

se of the nodal quadrature rules for these 13-node and 39-node cubic

erendipity elements naturally yields positive-definite lumped capacity

atrices. However, a numerical implementation of the 2D 13-node and

D 39-node elements with lumped capacity matrices in the standard

alerkin setting still fails to attain the optimal convergence rates in ex-

licit transient heat conduction analysis, which are 4 and 3 regarding L2 

nd H1 errors for cubic elements. As shown in this study, the fundamen-

al reason behind these numerical observations is that the combination

f the nodally integrated lumped capacity matrices with the standard

alerkin formulation does not meet the variational integration consis-

ency, which implies that it cannot pass the corresponding higher-order

atch tests. 

To fulfill the variational integration consistency by the nodal quadra-

ure, the finite element discrete Galerkin weak form is reformulated

erein by incorporating the element boundary contribution into the con-

uctivity matrix, which is referred to as the boundary-enhanced weak

orm for convenience. This weak form was adopted in [ 31 ] to con-

truct lumped mass matrices in structural dynamics for tensor-product

agrangian elements via the Gauss–Lobatto quadrature. One important

act is that the Gauss–Lobatto quadrature can actually yield optimal con-

ergence in the standard Galerkin formulation; thus, linking the Gauss–

obatto quadrature with the boundary-enhanced weak form does not

ppear necessary for the tensor-product Lagrangian elements. In con-

rast, in this work, the nodal quadrature is inherently merged with the

oundary-enhanced weak form to realize variationally consistent nodal

ntegration (VCNI) for cubic serendipity finite elements. More impor-

antly, it is theoretically proven that the proposed VCNI identically sat-

sfies the variational integration consistency and consequently ensures

he pass of third-order patch tests and optimal convergence in explicit

ransient heat conduction analysis. 

The rest of this paper is outlined as follows. In Section 2 , the cubic

erendipity elements, standard Galerkin formulation and temporal dis-

retization are briefly summarized. Moreover, the variational integra-

ion consistency for both transient and steady analyses is particularly

laborated. In Section 3 , the violation of variational integration con-

istency by the standard Galerkin formulation with a nodally integrated

umped capacity matrix is disclosed. In Section 4 , a VCNI is subsequently

roposed on the basis of boundary-enhanced weak form, and it is proven

hat VCNI identically meets the variational integration consistency cri-

erion and exactly passes third-order patch tests. The effectiveness of

CNI is demonstrated in Section 5 through numerical results. Finally,

onclusions are given in Section 6 . 

. Cubic serendipity elements and standard Galerkin formulation 

.1. Basics of cubic serendipity elements 

Cubic serendipity elements are often used in higher-order finite ele-

ent analysis. As shown in Figs. 1 (a) and 2 (a), the conventional quadri-

ateral and hexahedral cubic serendipity elements have 12 and 32 nodes,

here the element parametric domain is Ω𝑒 
𝝃
= [−1 , 1] 𝑛sd and 𝑛sd is the

umber of spatial dimensions. However, their lumped capacity matri-

es encompass negative entries for the corner nodes, which are marked

y the blue solid dots in Figs. 1 and 2 . To remove these negative lumped

apacity components, 2D 13-node quadrilateral and 3D 39-node hexa-

edral serendipity elements with uniform nodal distributions are con-

tructed by adding one centroid node to the 12-node element [ 30 ], and

ne body centroid node plus six surface centroid nodes to the 32-node

lements. As described in Figs. 1 (b) and 2 (b), the 2D 13-node quadrilat-

ral and 3D 39-node hexahedral serendipity elements produce positive-

efinite lumped capacity matrices via the nodal integration approach,

hich are subsequently utilized for transient heat conduction analysis

n this study. 
2

As shown in Fig. 1 (b), the 2D 13-node quadrilateral element has four

orner nodes, eight mid-side nodes and one internal node, whose shape

unctions are given by: 

𝑒 
𝑎 ( 𝝃) =

1 
32 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

(
1 + 𝜉𝑎 𝜉

)(
1 + 𝜂𝑎 𝜂

)
×[

9
(
𝜉2 + 𝜂2 

)
+ 10

(
𝜉𝑎 𝜂𝑎 𝜉𝜂 − 𝜉𝑎 𝜉 − 𝜂𝑎 𝜂

)]
, 

𝑎 = 1 , 2 , 3 , 4 , 

9
(
1 − 𝜉2 

)(
1 + 𝜂𝑎 𝜂

)(
9 𝜉𝑎 𝜉 + 𝜂𝑎 𝜂

)
, 𝑎 = 5 , 6 , 9 , 10 , 

9
(
1 − 𝜂2 

)(
1 + 𝜉𝑎 𝜉

)(
9 𝜂𝑎 𝜂 + 𝜉𝑎 𝜉

)
, 𝑎 = 7 , 8 , 11 , 12 , (

1 − 𝜉2 
)(
1 − 𝜂2 

)
, 𝑎 = 13 , 

(1) 

here 𝝃 = ( 𝜉, 𝜂) represents the 2D parametric coordinate system. 

The 3D 39-node hexahedral element depicted in Fig. 2 (b) consists

f 8 corner nodes, 24 mid-side nodes, 6 surface centroid nodes and one

ody centroid node. The shape functions of the 8 corner nodes are as

ollows: 

𝑒 
𝑎 ( 𝝃) = 

1 
64 
(
1 + 𝜉𝑎 𝜉

)(
1 + 𝜂𝑎 𝜂

)(
1 + 𝜁𝑎 𝜁

)
×[9

(
𝜉2 + 𝜂2 + 𝜁2 

)
− 9

(
𝜉𝑎 𝜉 + 𝜂𝑎 𝜂 + 𝜁𝑎 𝜁

)
−
(
𝜉𝑎 𝜂𝑎 𝜉𝜂 + 𝜉𝑎 𝜁𝑎 𝜉𝜁 + 𝜂𝑎 𝜁𝑎 𝜂𝜁

)
+ 11 𝜉𝑎 𝜂𝑎 𝜁𝑎 𝜉𝜂𝜁 ] , 𝑎 = 1 , 2 , ..., 8 , (2) 

here 𝝃 = ( 𝜉, 𝜂, 𝜁 ) denotes the 3D parametric coordinate system. For the

4 mid-side nodes, the shape functions read: 

𝑒 
𝑎 ( 𝝃) =

9 
64 

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ 

(
1 − 𝜉2 

)(
1 + 𝜂𝑎 𝜂

)
×(

1 + 𝜁𝑎 𝜁
)(
9 𝜉𝑎 𝜉 + 𝜂𝑎 𝜁𝑎 𝜂𝜁

)
, 𝑎 = 9 , 10 , ..., 16 , (

1 − 𝜁2 
)(
1 + 𝜉𝑎 𝜉

)
×(

1 + 𝜂𝑎 𝜂
)(
9 𝜁𝑎 𝜁 + 𝜉𝑎 𝜂𝑎 𝜉𝜂

)
, 𝑎 = 17 , 18 , ..., 24 , (

1 − 𝜂2 
)(
1 + 𝜉𝑎 𝜉

)
×(

1 + 𝜁𝑎 𝜁
)(
9 𝜂𝑎 𝜂 + 𝜉𝑎 𝜁𝑎 𝜉𝜁

)
, 𝑎 = 25 , 26 , ..., 32 . 

(3) 

Besides, the shape functions of the 6 surface centroid nodes as well

s the body centroid node have the following expressions: 

𝑒 
𝑎 ( 𝝃) =

1 
2 

⎧ ⎪ ⎨ ⎪ ⎩ 
(
1 − 𝜉2 

)(
1 − 𝜂2 

)
𝜁
(
𝜁 + 𝜁𝑎 

)
, 𝑎 = 33 , 35 , (

1 − 𝜂2 
)(
1 − 𝜁2 

)
𝜉
(
𝜉 + 𝜉𝑎 

)
, 𝑎 = 34 , 36 , (

1 − 𝜉2 
)(
1 − 𝜁2 

)
𝜂
(
𝜂 + 𝜂𝑎 

)
, 𝑎 = 37 , 38 , 

(4) 

𝑒 
39 ( 𝝃) =

(
1 − 𝜉2 

)(
1 − 𝜂2 

)(
1 − 𝜁2 

)
. (5) 

.2. Standard Galerkin formulation with cubic serendipity elements 

In this study, transient heat conduction analysis is considered a

odel problem. For a multidimensional temperature field variable

 (𝒙 , 𝑡 ) with spatial domain Ω, boundary Γ and time interval [0 ,  ] , the

trong form of transient heat conduction analysis can be expressed as: 

 

 

 

 

 

 

 

𝜅Δ𝑇 + 𝑠 = 𝜌𝑐 𝑇 , in Ω × ( 0 ,  ) , 
𝑇 = 𝑇̃ , on Γ𝐷 ×

[
0 ,  ], 

− 𝜅∇ 𝑇 ⋅ 𝒏 = 𝑞 , on Γ𝑁 

×
[
0 ,  ], 

𝑇 |𝑡 =0 = 𝑇0 , in Ω, 

(6) 

here Δ = ∇ ⋅ ∇ , ∇ represents the gradient operator, 𝑐 is the specific

eat capacity, 𝜌 denotes the material density, 𝜅 is the thermal conduc-

ivity coefficient, and 𝑠 is the heat supply rate. 𝑞 and 𝑇̃ stand for the

rescribed heat flux and temperature values on the natural boundary

N and essential boundary ΓD , respectively. 𝒏 represents the outward

ormal vector of ΓN . The overhead dot denotes the time derivative, and

0 symbolizes the initial temperature. 

The strong form in Eq. (6) can be transformed into the following

eak form: 

Ω

𝜅( ∇ 𝛿𝑇 ) ⋅ ( ∇ 𝑇 ) dΩ + ∫
Ω

𝛿𝑇 𝜌𝑐𝑇̇ dΩ = ∫
Ω

𝛿Ts dΩ − ∫
ΓN 

𝛿𝑇 𝑞 dΓ. (7) 
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Fig. 1. 2D quadrilateral cubic serendipity elements and nodally integrated lumped capacity components: (a) 12-node element; (b) 13-node element. 

Fig. 2. 3D hexahedral cubic serendipity elements and nodally integrated lumped capacity components: (a) 32-node element; (b) 39-node element. 
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Following the standard finite element discretization procedure, the

patial domain Ω is partitioned into a set of 13-node or 39-node cubic

erendipity elements, i.e., Ω = ∪𝑛el 

𝑒 =1 Ω
𝑒 , where Ω𝑒 is the element domain,

el is the total number of elements. After the finite element discretiza-

ion, Eq. (7) can be recast as: 

𝑛el 

𝑒 =1 

⎡ ⎢ ⎢ ⎣ ∫Ω𝑒 

𝜅( ∇ 𝛿𝑇 ) ⋅ ( ∇ 𝑇 ) dΩ + ∫
Ω𝑒 

𝛿𝑇 𝜌𝑐𝑇̇ dΩ
⎤ ⎥ ⎥ ⎦ =

𝑛el ∑
𝑒 =1 

∫
Ω𝑒 

𝛿Ts dΩ −
𝑛̃el ∑
𝑒 =1 

∫
Γ𝑒 N 

𝛿𝑇 𝑞 dΓ, (8) 

here 𝑛̃el denotes the total number of elements pertaining to the natural

oundary. By using the shape functions in Section 2.1 , the finite element

pproximants of 𝑇 , 𝛿𝑇 , and 𝑇 in a generic element of Ω𝑒 read: 

 

 

 

 

 

𝑇 ℎ ( 𝒙 , 𝑡) =
∑𝑛en 

𝑎 =1 𝑁
𝑒 
𝑎 ( 𝝃) 𝑑

𝑒 
𝑎 ( 𝑡) , 

𝛿𝑇 ℎ ( 𝒙 , 𝑡) =
∑𝑛en 

𝑎 =1 𝑁
𝑒 
𝑎 ( 𝝃) 𝛿𝑑

𝑒 
𝑎 ( 𝑡) , 

𝑇̇ ℎ ( 𝒙 , 𝑡) =
∑𝑛en 

𝑎 =1 𝑁
𝑒 
𝑎 ( 𝝃) 𝑣

𝑒 
𝑎 ( 𝑡) , 𝑣

𝑒 
𝑎 ( 𝑡) = 𝑑̇𝑒 𝑎 ( 𝑡) , 

(9) 

here 𝑛en is the number of nodes per element, 𝑑𝑒 𝑎 denotes the approx-

mate nodal temperature. Moreover, Eq. (9) is supplemented by the

soparametric geometry mapping: 

 =
𝑛en ∑
𝑎 =1 

𝑁𝑒 
𝑎 ( 𝝃) 𝒙 

𝑒 
𝑎 . (10) 

Substituting Eq. (9) into Eq. (7) yields: 

 𝒗 +𝑲 𝒅 = 𝒇 , (11) 

ith 

 

 

 

 

 

 

 

𝑴 = 𝐴
𝑛el 
𝑒 =1 

[
𝑴 

𝑒 
]
, 

𝑲 = 𝐴
𝑛el 
𝑒 =1 

[
𝑲 

𝑒 
]
, 

𝒅 = 𝐴
𝑛el 
𝑒 =1 

[
𝒅 𝑒 
]
, 

𝒇 = 𝐴
𝑛el 
𝑒 =1 

[
𝒇 𝑒 𝑠 

]
+ 𝐴

𝑛̃el 
𝑒 =1 

[
𝒇 𝑒 𝑞 

]
, 

(12) 
3

here 𝑴 , 𝑲 are the global heat capacity and conductivity matrices,

espectively; 𝒗 = 𝒅̇ , 𝒅 , and 𝒇 are the global temperature and heat supply

ectors; 𝐴 is the local-global assembly operator; the elemental quantities

 

𝑒 , 𝑲 

𝑒 , 𝒇 𝑒 𝑠 , and 𝒇 𝑒 𝑞 are given by: 

 

 

 

 

 

 

 

 

 

𝑲 

𝑒 = ∫
Ω𝑒 
𝜅𝑩 

𝑒 T 𝑩 

𝑒 dΩ, 

𝑴 

𝑒 = ∫
Ω𝑒 
𝜌𝑐𝑵 

𝑒 T 𝑵 dΩ, 

𝒇 𝑒 𝑠 = ∫
Ω𝑒 
𝑵 

𝑒 T 𝑠 dΩ, 

𝒇 𝑒 𝑞 = −∫
Γ𝑒 N 

𝑵 

ẽ T 𝑞 dΓ, 

(13) 

ith 

 

𝑒 =
{ 

∇ 𝑁𝑒 
1 , ∇ 𝑁𝑒 

2 , …, ∇ 𝑁𝑒 
𝑛en 

} 

, 𝑵 

𝑒 =
{ 

𝑁𝑒 
1 , 𝑁

𝑒 
2 , …, 𝑁𝑒 

𝑛en 

} 

. (14) 

When the time effect is omitted, Eq. (11) reduces to the steady case:

 𝒅 = 𝒇 . (15) 

In computer implementation, the quantities in Eq. (13) are usually

valuated via numerical integration: 

 

 

 

 

 

 

 

𝐾𝑒 
ab 

=
∑𝑛Ω

𝑘 =1 𝜅
(
𝝃Ω𝑘 
)
𝐽
(
𝝃Ω𝑘 
)
𝐵𝑒 
𝑎 

(
𝝃Ω𝑘 
)
𝐵𝑒 
𝑏 

(
𝝃Ω𝑘 
)
𝑤Ω
𝑘 
, 

𝑀𝑒 
ab 

=
∑𝑛Ω

𝑘 =1 𝜌
(
𝝃Ω𝑘 
)
𝑐
(
𝝃Ω𝑘 
)
𝐽
(
𝝃Ω𝑘 
)
𝑁𝑒 

𝑎 

(
𝝃Ω𝑘 
)
𝑁𝑒 

𝑏 

(
𝝃Ω𝑘 
)
𝑤Ω
𝑘 
, 

𝑓𝑒 
sa =

∑𝑛Ω
𝑘 =1 𝐽

(
𝝃Ω𝑘 
)
𝑁𝑒 

𝑎 

(
𝝃Ω𝑘 
)
𝑠
(
𝝃Ω𝑘 
)
𝑤Ω
𝑘 
, 

𝑓𝑒 
𝑞 𝑎 = −

∑𝑛Γ
𝑘 =1 𝐽

𝑆 
(
𝝃Γ𝑘 
)
𝑁𝑒 

𝑎 

(
𝝃Γ𝑘 
)
𝑞 
(
𝝃Γ𝑘 
)
𝑤Γ
𝑘 
, 

(16) 

here 𝐽 = det (𝑱 ) , 𝑱 is the Jacobian matrix; 𝐽𝑆 is the boundary Jaco-

ian; 𝝃Ω𝑘 and 𝑤Ω
𝑘 

refer to the k th integration sample point and the re-

ated weight; 𝝃Γ𝑘 and 𝑤Γ
𝑘 

denote the boundary integration sample point

nd weight; 𝑛Ω and 𝑛Γ are the total numbers of domain and boundary

ntegration points, respectively. 
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.3. Temporal discretization with Heun’s method 

Since the nodal integration and lumped heat capacity matrices are

mphasized in this study, it is natural to employ an explicit time-

tepping method. The inversion of these nodally integrated lumped heat

apacity matrices is computationally trivial, which enables fully explicit

nd efficient time stepping. Among various explicit schemes, the second-

rder accurate Heun’s method [ 7 ] effectively balances computational

fficiency and accuracy and is thus used herein for temporal discretiza-

ion. Along this path, the time domain [0 ,  ] is subdivided into 𝑛𝑡 time

ntervals, i.e., [ 𝑡𝑛 , 𝑡𝑛 +1 ] , 𝑛 = 0 , 1 , … , 𝑛𝑡 − 1 , and the time increment is de-

oted as Δ𝑡 = 𝑡𝑛 +1 − 𝑡𝑛 . The governing equation in Eq. (11) at tn can be

xpressed as follows: 

 𝒗 𝑛 +𝑲 𝒅 𝑛 = 𝒇 𝑛 , (17) 

here 𝒅 𝑛 , 𝒗 𝑛 , and 𝒇 𝑛 denote the nodal temperature, temperature rate,

nd heat supply vectors at 𝑡𝑛 , respectively. 

According to Heun’s method [ 7 ], the solution at 𝑡𝑛 +1 is predicted by

he forward Euler formula: 

∼
 𝑛 +1 = 𝒅 𝑛 + Δ𝑡𝑴 

−1 (𝒇 𝑛 −𝑲 𝒅 𝑛 
)
. (18) 

Subsequently, the solution 𝒅 𝑛 +1 is corrected by the trapezoid rule: 

 𝑛 +1 = 𝒅 𝑛 +
1 
2 
Δ𝑡𝑴 

−1 
[ (
𝒇 𝑛 −𝑲 𝒅 𝑛 

)
+
( 

𝒇 𝑛 +1 −𝑲 

∼
𝐝 𝑛 +1 

) ] 
. (19) 

.4. Variational integration consistency 

The variational integration consistency has been extensively dis-

ussed in meshfree methods [ 32–38 ] because the rational meshfree

hape functions and overlapping support domains render numerical in-

egration nontrivial. The consistency of variational integration implies

hat any solution that can be spanned by the basis or shape functions

hould be exactly reproduced by the corresponding Galerkin numeri-

al solution, which can also be interpreted as the patch tests up to the

ighest degree of shape functions. Hence, for the time-dependent tran-

ient heat conduction analysis, to meet the variational integration con-

istency, the temperature 𝑇 (𝒙 , 𝑡 ) can be assumed to be the following

omplete p th degree polynomial: 

( 𝒙 , 𝑡) =
𝑝 ∑

𝑖 + 𝑗+ 𝑘 =0 
𝑐ijk 𝑥

𝑖 𝑦𝑗 𝑧𝑘 exp ( − 𝛼𝑡) , 𝑖, 𝑗, 𝑘 ∈ (ℕ ) , (20) 

here 𝛼 is a positive constant, ℕ denotes the set of nonnegative integers,

𝑖𝑗𝑘 refers to arbitrary constants, and 𝑝 represents the complete degree

f shape functions. 

In the discrete sense, the variational integration consistency associ-

ted with certain numerical quadrature rules can be straightforwardly

erified by setting the nodal values and source term consistent with the

iven polynomial solutions defined by Eq. (20) . Accordingly, the nodal

emperature and its time derivative become: 

𝑎 ( 𝑡) = 𝑇
(
𝒙 𝑎 , 𝑡

)
, 𝑣𝑎 ( 𝑡) = − 𝛼𝑇

(
𝒙 𝑎 , 𝑡

)
. (21) 

Meanwhile, Eq. (20) corresponds to the following source and bound-

ry flux terms: 

 

 

 

 

 

𝑠( 𝒙 , 𝑡) = 𝜌𝑐𝑇̇ − 𝜅Δ𝑇 = −exp ( − 𝛼𝑡) 
∑𝑝 

𝑖 + 𝑗+ 𝑘 =0 𝑐ijk 

[
𝛼𝜌𝑐𝑥𝑖 𝑦𝑗 𝑧𝑘 + 𝜅Δ

(
𝑥𝑖 𝑦𝑗 𝑧𝑘 

)]
, 

𝑞 ( 𝒙 , 𝑡) = − 𝜅∇ 𝑇 ⋅ 𝒏 = − 𝜅 exp ( − 𝛼𝑡) ∇
(∑𝑝 

𝑖 + 𝑗+ 𝑘 =0 𝑐ijk 𝑥
𝑖 𝑦𝑗 𝑧𝑘 

)
⋅ 𝒏 . 

(22) 

Through substituting Eq. (22) into Eq. (16) and employing a specific

umerical quadrature rule, 𝑴 , 𝑲 , and 𝒇 are then readily attained. Con-

equently, the variational integration consistency can be conveniently
4

xamined by checking the vanishing of the following residual vector 𝒓 ( 𝑡 ) :

 ( 𝑡) = 𝑴 𝒗 ( 𝑡) +𝑲 𝒅 ( 𝑡) − 𝒇 ( 𝑡) , (23) 

here it is noteworthy that all the quantities on the right-hand side are

onsistent with the assumed field given by Eq. (20) . In accordance with

q. (23) , a quadrature rule is said to satisfy the variational integration

onsistency in the case of 𝒓 ( 𝑡 ) = 𝟎 ; otherwise, it violates this condition.

oreover, the above procedure degenerates to the assessment of vari-

tional integration consistency associated with steady problems by set-

ing 𝛼 = 0 [ 36 , 37 ]. 

. Violation of variational integration consistency in standard 

alerkin formulation with nodally integrated lumped capacity 

atrix 

In this Section, the impact of the nodally integrated lumped capacity

atrix on the consistency of variational integration is theoretically elu-

idated. The elemental heat capacity matrix 𝑴 

𝑒 in Eq. (13) is typically

on-diagonal when it is integrated exactly. On the other hand, when

odal integration is employed, 𝑴 

𝑒 reduces to a lumped matrix due to

he Kronecker delta property of shape functions: 

𝑒 
ab 
= 

∑𝑛en 

𝑘 =1 𝜌
(
𝝃𝑘 
)
𝑐
(
𝝃𝑘 
)
𝐽
(
𝝃𝑘 
)
𝑁𝑒 

𝑎 

(
𝝃𝑘 
)
𝑁𝑒 

𝑏 

(
𝝃𝑘 
)
𝑤𝑘 

= 

∑𝑛en 

𝑘 =1 𝜌
(
𝝃𝑘 
)
𝑐
(
𝝃𝑘 
)
𝐽
(
𝝃𝑘 
)
𝛿ak 𝛿bk 𝑤𝑘 

= 

{ 

𝜌
(
𝝃𝑎 
)
𝑐
(
𝝃𝑎 
)
𝐽
(
𝝃𝑎 
)
𝑤𝑎 , 𝑎 = 𝑏, 

0 , 𝑎 ≠ 𝑏, 

(24) 

here 𝝃𝑎 is parametric coordinate of the a th shape function. 𝑤𝑎 denotes

he corresponding integration weight, which can be readily determined

y exactly integrating the a th shape function over the parametric ele-

ent domain: 

𝑎 = ∫
Ω𝝃

𝑁𝑒 
𝑎 ( 𝝃) dΩ𝝃 . (25) 

Substituting Eq. (1) into Eq. (25) yields the following integration

eights for the 13-node quadrilateral serendipity element: 

𝑎 =
⎧ ⎪ ⎨ ⎪ ⎩ 
1∕18 , 𝑎 = 1 , 2 , ..., 4 , 
1∕4 , 𝑎 = 5 , 6 , ..., 12 , 
16∕9 , 𝑎 = 13 . 

(26) 

Similarly, introducing Eqs. (2) –(5) into Eq. (25) gives the following

eights for the 39-node hexahedral serendipity element: 

𝑎 =

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

1∕108 , 𝑎 = 1 , 2 , ..., 8 , 
1∕12 , 𝑎 = 9 , 10 , ..., 32 , 
16∕27 , 𝑎 = 33 , 34 , ..., 38 , 
64∕27 , 𝑎 = 39 . 

(27) 

In subsequent development, the nodal integration rules described by

qs. (24) –(27) are used to generate the lumped heat capacity matri-

es for the 13-node quadrilateral and 39-node hexahedral elements. For

revity, “GFI ” and “GNI ” are adopted to represent the standard Galerkin

ormulations using full Gauss and nodal quadrature rules for the nu-

erical integration of the conductivity matrix 𝑲 

𝑒 and the heat supply

ector 𝒇 𝑒 , where the lumped capacity matrix is employed for both cir-

umstances. Notably, regarding the boundary integration in Eq. (13) for

 

𝑒 
𝑞 , GFI and GNI signify the use of 4-point Gauss and 4-point Newton–

otes quadrature rules [ 14 ]. To examine whether GFI and GNI satisfy

he variational integration consistency, a parallelogram element in Fig. 3

s considered. The reason for choosing such a generic parallelogram el-

ment is that it gives a constant Jacobian matrix, which is also the basis

or higher-order elements to pass the patch tests exactly [ 39 , 40 ]. 
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Fig. 3. Isoparametric mapping of a 13-node serendipity quadrilateral element. 
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For 2D transient heat conduction analysis, 𝑇 (𝒙 , 𝑡 ) in Eq. (20) is the

omplete cubic polynomial: 

( 𝒙 , 𝑡) =
3 ∑

𝑖 + 𝑗=0 
𝑐ij 𝑥

𝑖 𝑦𝑗 exp ( − 𝛼𝑡) , 𝑖, 𝑗 ∈ (ℕ ) . (28) 

Without loss of generality and for clarity, the term of 𝑐30 𝑥
3 exp (− 𝛼𝑡 )

n Eq. (28) is taken as an example, and it corresponds to the following

lement nodal temperature and its time derivative: 

 ( 𝑡) =
𝑐30 
216 

exp ( − 𝛼𝑡) 
{ 

0 , 216 ℎ3 1 , 216
[
ℎ1 + ℎ2 cot ( 𝜃) 

]3 
, 216 ℎ3 2 co t3 ( 𝜃) , 8 ℎ3 1 , 

64 ℎ3 1 , 8
[
3 ℎ1 + ℎ2 cot ( 𝜃) 

]3 
, 8
[
3ℎ1 + 2ℎ2 cot ( 𝜃) 

]3 
, 8
[
2ℎ1 + 3ℎ2 cot ( 𝜃) 

]3 
, 

8
[
ℎ1 + 3ℎ2 cot ( 𝜃) 

]3 
, 64 ℎ3 2 co t

3 ( 𝜃) , 

8 ℎ3 2 co t
3 ( 𝜃) , 27

[
ℎ1 + ℎ2 cot ( 𝜃) 

]3 } 𝑇 
, (29) 

 ( 𝑡) = − 𝛼𝒅 ( 𝑡) . (30) 

Moreover, from Eqs. (22) and (28) , 𝑞 (𝒙 , 𝑡 ) and 𝑠 (𝒙 , 𝑡 ) are obtained as:

 

𝑠( 𝒙 , 𝑡) = 𝜌𝑐𝑇̇ − 𝜅Δ𝑇 = − 𝑐30 exp ( − 𝛼𝑡) 
[
𝛼𝜌𝑐𝑥3 + 6 𝜅𝑥

]
, 

𝑞 ( 𝒙 , 𝑡) = − 𝜅∇ 𝑇 ⋅ 𝒏 = −3 𝜅𝑐30 𝑥2 𝑛1 exp ( − 𝛼𝑡) . 
(31) 

To evaluate the residual in Eq. (23) , 𝑴 , 𝑲 , and 𝒇 of this parallelo-

ram element need to be explicitly quantified. From Eq. (10) , the Jaco-

ian matrix of the 13-node element in Fig. 3 can be easily obtained as:

 = 𝜕𝒙 

𝜕𝝃
=

13 ∑
𝑎 =1 

⎡ ⎢ ⎢ ⎣ 
𝜕𝑁𝑒 

𝑎 

𝜕𝜉
𝑥𝑒 𝑎 

𝜕𝑁𝑒 
𝑎 

𝜕𝜂
𝑥𝑒 𝑎 

𝜕𝑁𝑒 
𝑎 

𝜕𝜉
𝑦𝑒 𝑎 

𝜕𝑁𝑒 
𝑎 

𝜕𝜂
𝑦𝑒 𝑎 

⎤ ⎥ ⎥ ⎦ =
1 
2 

[ 
ℎ1 ℎ2 cot ( 𝜃) 
0 ℎ2 

] 
. (32) 

By substituting Eqs. (26) and (32) into Eq. (24) , the nodally inte-

rated lumped capacity matrix 𝑴 of the parallelogram domain is ob-

ained as: 

 =
ℎ1 ℎ2 
144 

𝜌𝑐 × diag 

⎧ ⎪ ⎨ ⎪ ⎩ 
2 , 2 , … , 2 
⏟⏞⏞⏟⏞⏞⏟
4 times 

, 9 , 9 , … , 9 
⏟⏞⏞⏟⏞⏞⏟
8 times 

, 64
⎫ ⎪ ⎬ ⎪ ⎭ 
. (33) 

Moreover, the conductivity matrix 𝑲 and heat supply vector 𝒇 will

e elucidated next on the basis of different integration schemes. 

.1. Violation of variational integration consistency for GFI 

In accordance with Eqs. (16) and (32) , the corresponding 𝑲 and 𝒇 

an be computed via the full Gauss quadrature rule, which refers to

he 4-point Gauss integration in each spatial direction. For brevity, the

esulting components of the first row for 𝑲 are listed as follows: 

 1 =
𝜅

10080 ℎ ℎ

{
𝐾̃1 , 1 , 𝐾̃1 , 2 , … , 𝐾̃1 , 13 

}
, (34) 
1 2 

5

ith 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐾̃1 , 1 = 6340 ℎ2 1 + 6340 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) − 10150 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 2 = 1150 ℎ2 1 − 2000 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) , 

𝐾̃1 , 3 = −2480 ℎ2 1 − 2480 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) + 2954 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 4 = −2000 ℎ2 1 + 1150 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) , 

𝐾̃1 , 5 = 909 ℎ2 1 − 12411 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) + 6363 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 6 = 99 ℎ2 1 + 8001 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) − 1197 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 7 = −4473 ℎ2 1 − 279 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) + 315 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 8 = 5733 ℎ2 1 + 531 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) − 2331 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 9 = 531 ℎ2 1 + 5733 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) − 2331 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 10 = −279 ℎ2 1 − 4473 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) + 315 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 11 = 8001 ℎ2 1 + 99 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) − 1197 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 12 = −12411 ℎ2 1 + 909 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) + 6363 ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 13 = −1120 ℎ2 1 − 1120 ℎ2 2 𝑐𝑠𝑐 
2 ( 𝜃) + 896 ℎ1 ℎ2 cot ( 𝜃) . 

(35) 

Similarly, introducing Eq. (31) into Eq. (16) together with the full

auss integration scheme yields the first component 𝑓1 ( 𝑡 ) of 𝒇 ( 𝑡 ) : 

1 ( 𝑡) = − 1 
40 

𝑐30 ℎ
3 
2 𝜅cot 

2 ( 𝜃) exp (− 𝛼𝑡 ) − 1 
10080 

𝑐30 
[
ℎ2 1 ℎ2 + ℎ1 ℎ

2 
2 cot ( 𝜃) 

]
×{ 𝛼𝜌𝑐

[
127 ℎ2 1 + 167ℎ1 ℎ2 cot ( 𝜃) + 127 ℎ2 2 cot 

2 ( 𝜃
)
] + 924 𝜅} exp (− 𝛼𝑡 ) . (36) 

Based upon Eqs. (29) , (30) , and (33) –(36) , the first component 𝑟1 ( 𝑡 )
f the residual vector 𝒓 ( 𝑡 ) becomes 

1 ( 𝑡 ) = 𝑴 1 𝒗 ( 𝑡 ) +𝑲 1 𝒅 ( 𝑡 ) − 𝑓1 ( 𝑡 ) 

= 

1 
10080 

𝛼c30 ℎ1 ℎ2 𝜌𝑐{127[ ℎ3 1 + ℎ3 2 cot 
3 ( 𝜃)] 

+294[ ℎ2 1 ℎ2 cot ( 𝜃) + ℎ1 ℎ
2 
2 cot 

2 ( 𝜃)]} exp (− 𝛼𝑡 ) , (37) 

here 𝑀1 denotes the first row of the lumped capacity matrix 𝑴 . Since

1 ( 𝑡 ) in Eq. (37) already fails to vanish, it can be concluded that GFI

oes not meet the variational integration consistency for transient heat

onduction analysis. Consequently, GFI cannot achieve optimal conver-

ence in explicit transient heat conduction analysis. 

In the meantime, the time-dependent transient residual in

q. (37) reduces to a time-independent steady residual by setting 𝛼 = 0 :

1 = 𝑲 1 𝒅 |𝛼=0 − 𝑓1 |𝛼=0 = 0 . (38) 

A repeat of the above procedure further gives: 

𝑎 = 𝑲 𝑎 𝒅 − 𝑓𝑎 = 0 , 𝑎 = 2 , 3 , … , 13 . (39) 

Furthermore, Eqs. (38) and (39) hold for all the monomial terms in

q. (28) . Therefore, GFI does fulfill variational integration consistency

or steady analysis, although it violates this condition in transient anal-

sis when the nodally integrated lumped capacity matrix is used. 
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Fig. 4. Nodal integration rules for the 13-node quadrilateral serendipity element. 

Fig. 5. Nodal integration rules for the 39-node hexahedral serendipity element. 

Fig. 6. Meshes and boundary conditions for the 2D and 3D patch tests. 
6
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Fig. 7. Error comparison for the 2D steady patch test. 

Fig. 8. Error comparison for the 3D steady patch test. 
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.2. Violation of variational integration consistency for GNI 

Following an almost identical procedure as that in Section 3.1 , in the

ase of GNI where nodal integration is used to compute 𝑲 , the first row

f 𝑲 , namely, 𝑲 1 , is obtained as: 

 1 =
𝜅

5184 ℎ1 ℎ2 

{
𝐾̃1 , 1 , 𝐾̃1 , 2 , … , 𝐾̃1 , 13 

}
, (40) 

ith 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐾̃1 , 1 = 5560 ℎ2 1 + 5560 ℎ2 2 csc 
2 ( 𝜃) − 8352ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 2 = 2176 ℎ2 1 − 3008 ℎ2 2 csc 
2 ( 𝜃) , 

𝐾̃1 , 3 = −2540 ℎ2 1 − 2540 ℎ2 2 csc 
2 ( 𝜃) + 2664ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 4 = −3008 ℎ2 1 + 2176 ℎ2 2 csc 
2 ( 𝜃) , 

𝐾̃1 , 5 = 180 ℎ2 1 − 11970 ℎ2 2 csc 
2 ( 𝜃) + 6318ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 6 = −306 ℎ2 1 + 9414 ℎ2 2 csc 
2 ( 𝜃) − 2268ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 7 = −6624 ℎ2 1 − 144 ℎ2 2 csc 
2 ( 𝜃) + 648ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 8 = 6984 ℎ2 1 + 342 ℎ2 2 csc 
2 ( 𝜃) − 2430ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 9 = 342 ℎ2 1 + 6984 ℎ2 2 csc 
2 ( 𝜃) − 2430ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 10 = −144 ℎ2 1 − 6624 ℎ2 2 csc 
2 ( 𝜃) + 648ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 11 = 9414 ℎ2 1 − 306 ℎ2 2 csc 
2 ( 𝜃) − 2268ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 12 = −11970 ℎ2 1 + 180 ℎ2 2 csc 
2 ( 𝜃) + 6318ℎ1 ℎ2 cot ( 𝜃) , 

𝐾̃1 , 13 = −64 ℎ2 1 − 64 ℎ2 2 csc 
2 ( 𝜃) + 1152ℎ1 ℎ2 cot ( 𝜃) . 

(41) 

Introducing the nodal quadrature of Eq. (31) into Eq. (16) yields

1 ( 𝑡 ) = 0 . As a result, the transient residual of GNI becomes: 

1 ( 𝑡) = 𝑴 1 𝒗 ( 𝑡) +𝑲 1 𝒅 ( 𝑡) − 𝑓1 ( 𝑡) 
 − 𝑐30 ℎ2 𝜅

48 

[
11 ℎ2 1 − ℎ2 2 cot 

2 ( 𝜃) 
]
exp ( − 𝛼𝑡) . 

(42) 

When 𝛼 = 0 , Eq. (42) gives the steady residual of GNI: 

1 = 𝑲 1 𝒅 |𝛼=0 − 𝑓1 |𝛼=0 = −
𝑐30 ℎ2 𝜅

48 
[
11 ℎ2 1 − ℎ2 2 cot 

2 ( 𝜃) 
]
. (43)

Equations (42) and (43) immediately show that GNI for the 13-node

uadrilateral serendipity element is not variationally consistent in both

ransient and steady scenarios. Therefore, in the context of the stan-

ard Galerkin formulation with the 13-node quadrilateral serendipity
7

lement, neither GFI nor GNI meets the variational integration consis-

ency requirement for transient heat conduction analysis. In addition,

t is straightforward to verify that this conclusion is congruously appli-

able for the 3D 39-node serendipity element. A direct consequence of

he failure to satisfy the variational integration consistency is that the

ptimal convergence of numerical solutions is lost in the transient heat

onduction analysis. 

. Variationally consistent nodal integration for cubic 

erendipity elements 

.1. Boundary-enhanced weak form for cubic serendipity elements 

In the previous Section, it was shown that both GFI and GNI, which

re based on the standard Galerkin weak form, violate the variational

ntegration consistency for transient heat conduction analysis. To re-

olve this issue, the Galerkin weak form is reformulated to specifically

ncorporate the element boundary contribution in the case of nodal in-

egration. To this end, substituting Eq. (9) into Eq. (8) gives the finite

lement approximation of the standard Galerkin weak form: 

𝑛el 

𝑒 =1 

⎡ ⎢ ⎢ ⎣ ∫Ω𝑒 

𝜅
(
∇ 𝛿𝑇 ℎ 

)
⋅
(
∇ 𝑇 ℎ 

)
dΩ + ∫

Ω𝑒 

𝛿𝑇 ℎ 𝜌𝑐𝑇̇ ℎ dΩ
⎤ ⎥ ⎥ ⎦ =

𝑛el ∑
𝑒 =1 

∫
Ω𝑒 

𝛿𝑇 ℎ 𝑠 dΩ −
𝑛̃el ∑
𝑒 =1 

∫
Γ𝑒 N 

𝛿𝑇 ℎ 𝑞 d Γ. 

(44) 

The first term on the left-hand side of Eq. (44) can be subsequently

ephrased as follows: 

𝑛el 

𝑒 =1 
∫
Ω𝑒 

𝜅
(
∇ 𝛿𝑇 ℎ 

)
⋅
(
∇ 𝑇 ℎ 

)
dΩ

= −
𝑛el ∑
𝑒 =1 

⎡ ⎢ ⎢ ⎣ ∫Ω𝑒 

𝜅
(
𝛿𝑇 ℎ 

)(
Δ𝑇 ℎ 

)
dΩ + ∫

Γ𝑒 

𝜅
(
𝛿𝑇 ℎ 

)(
∇ 𝑇 ℎ ⋅ 𝒏 𝑒 

)
dΓ𝑒 

⎤ ⎥ ⎥ ⎦ , (45) 
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here 𝒏 𝑒 is the outward normal on the element boundary Γ𝑒 .
quation (45) indicates that each element introduces an additional flux

erm involving an integration over the element boundary Γ𝑒 , thus, this

ormulation is referred to as the boundary-enhanced weak form for con-

enience. Obviously, the boundary-enhanced weak form only changes

he conductivity matrix. By plugging Eq. (9) into Eq. (45) , the element

onductivity matrix 𝑲 

𝑒 now reads: 

 

𝑒 = −∫
Ω𝑒 

𝜅𝑵 

𝑒 T 𝐁̃𝑒 dΩ + ∫
Γ𝑒 

𝜅𝑵 

𝑒 T 𝐁 

𝑒 
dΓ𝑒 , (46)

ith 

 

 

 

 

 

𝐁̃𝑒 =
{ 

Δ𝑁𝑒 
1 , Δ𝑁

𝑒 
2 , … , Δ𝑁𝑒 

𝑛en 

} 

, 

𝐁 

𝑒 
=
{ (

∇ 𝑁𝑒 
1 
)
⋅ 𝒏 𝑒 ,

(
∇ 𝑁𝑒 

2 
)
⋅ 𝒏 𝑒 , … ,

(
∇ 𝑁𝑒 

𝑛en 

)
⋅ 𝒏 𝑒 

} 

. 
(47) 

It is noted that Eqs. (46) and (47) involve the second-order deriva-

ives of the shape functions. When an exact integration is used, the

onductivity matrix in Eq. (46) is symmetric and identical to that in

q. (13) arising from the standard Galerkin formulation. On the other

and, these two conductivity matrices are different when nodal integra-

ion is employed. In this case, the proposed VCNI yields a nonsymmetric

onductivity matrix. 

.2. VCNI 

The integration rules for the 2D 13-node quadrilateral and 3D 39-

ode hexahedral serendipity elements are illustrated in Figs. 4 and 5 ,

espectively. In the 2D case, the element domain quadrature adopts

he 13-node nodal integration in Section 3 , and the element boundary

dopts the 4-point Newton–Cotes integration rule [ 14 ]. Moreover, for

he 3D 39-node hexahedral element, domain integration employs the

lement nodes as sample points, and the corresponding weights are il-

ustrated in Fig. 5 . For the element boundary Γ𝑒 , the nodal integration

n Eq. (26) is utilized because these nodal locations exactly match the

urface boundary nodes of the 39-node hexahedral element. 

On the basis of the nodal integration rules in Fig. 4 and following

n identical procedure in Section 3 , the following quantities for the 2D

3-node quadrilateral element in Fig. 3 can be obtained: 

 1 =
𝜅

144 
{ 63 

(
ℎ1 ∕ℎ2 

)
+ 63

(
ℎ2 ∕ℎ1 

)
𝑐𝑠𝑐 2 ( 𝜃) − 138 cot ( 𝜃) , 

16 cot ( 𝜃) , 24 cot ( 𝜃) , 16 cot ( 𝜃) , −72
(
ℎ2 ∕ℎ1 

)
csc 2 ( 𝜃) + 108 cot ( 𝜃) , 

9
(
ℎ2 ∕ℎ1 

)
csc 2 ( 𝜃) − 81 cot ( 𝜃) , 18 cot ( 𝜃) , −36 cot ( 𝜃) , −36 cot ( 𝜃) , 

18 cot ( 𝜃) , 9
(
ℎ1 ∕ℎ2 

)
− 81 cot ( 𝜃) , −36

[
2 ℎ1 ∕ℎ2 − 3 cot ( 𝜃) 

]
, 64 cot ( 𝜃) } , 

(48) 

1 ( 𝑡) = 0 . (49)

A combination of Eqs. (29) , (30) , (33) , (48) , and (49) then gives: 

1 ( 𝑡) = 𝑴 1 𝒗 ( 𝑡) +𝑲 1 𝒅 ( 𝑡) − 𝑓1 ( 𝑡) = 0 . (50) 

Similarly, it is trivial to verify that Eq. (50) holds for all the residual

ntries with respect to every term in Eq. (28) : 

𝑎 ( 𝑡) = 𝑴 𝑎 𝒗 ( 𝑡) +𝑲 𝑎 𝒅 ( 𝑡) − 𝑓𝑎 ( 𝑡) = 0 , 𝑎 = 1 , 2 , … , 13 . (51) 

Meanwhile, it is readily confirmed that Eq. (51) is true for all the

onomial terms in Eq. (28) . In addition, because Eq. (51) is independent

f the parameter 𝛼, the relationship of 𝑟𝑎 = 0 still holds in the steady

nalysis that corresponds to 𝛼 = 0 . 
After a slightly lengthy but straightforward derivation, the vanishing

esidual in Eq. (51) is valid for the 39-node hexahedral serendipity ele-

ent via the nodal integration rules in Fig. 5 . Therefore, in the context

f the boundary-enhanced Galerkin weak form, the nodal integration

chemes in Figs. 4 and 5 guarantee the consistency of variational inte-

ration and ensure the passing of higher-order patch tests and optimal

olution convergence. Consequently, the nodal integration schemes in

igs. 4 and 5 are termed VCNI. 
8

. Numerical examples 

In the subsequent numerical discussions, consistent with the previ-

us nomenclature, VCNI signifies variationally consistent nodal integra-

ion in conjunction with the boundary-enhanced weak formulation, and

FI and GNI denote the standard Galerkin approaches that use the full

auss and nodal quadrature to compute the heat conductivity matrix

nd supply vector. In all the cases, nodal integration is employed to

valuate the heat capacity matrix. Moreover, the following L2 and H1 

rror norms are adopted to assess the convergence of these methods: 

2 𝐸𝑟𝑟𝑜𝑟 =
‖𝑇 − 𝑇 ℎ ‖0 ‖𝑇 ‖0 , 𝐻1 𝐸𝑟𝑟𝑜𝑟 =

‖𝑇 − 𝑇 ℎ ‖1 ‖𝑇 ‖1 . (52) 

Without loss of generality, dimensionless geometry and material pa-

ameters are used throughout the numerical examples. 

.1. Patch tests 

To examine whether GFI, GNI, and VCNI satisfy the variational inte-

ration consistency, as shown in Fig. 6 , the patch tests within the paral-

elogram (2D) and parallelepiped (3D) domains are considered, where

he geometry parameter 𝐿 and all material properties are set to unity

alues. In the steady-state analysis, the analytical temperature solutions

re assumed as follows: 

( 𝒙 ) = 1 
10 

{ 

( 3 𝑥 + 2 𝑦 + 1) 3 , 2D case , 

( 4 𝑥 + 3 𝑦 + 2 𝑧 + 1) 3 , 3D case . 
(53) 

The boundary conditions are imposed in accordance with the ana-

ytical solutions provided in Eq. (53) . For the 2D parallelogram problem

iscretized by four 13-node quadrilateral elements, the natural bound-

ry conditions are imposed on the left and right sides, whereas the es-

ential boundary conditions are prescribed on the bottom and top sides.

or the 3D parallelepiped problem meshed by eight 39-node hexahedral

lements, the natural boundary conditions are applied on the left and

ight surfaces, and the remaining surfaces are subjected to the essen-

ial boundary conditions. The steady patch test results are presented in

able 1 regarding L2 and H1 errors, and the temperature error contours

re presented in Figs. 7 and 8 , respectively. These results conclusively

emonstrate that both GFI and the proposed VCNI successfully pass the

D and 3D steady patch tests, whereas GNI fails the patch tests with

oticeable errors. 

Next, the transient patch tests are investigated by considering the

ollowing analytical solutions: 

( 𝒙 , 𝑡) = 1 
10 

exp ( − 𝑡) 
{ 

( 3 𝑥 + 2 𝑦 + 1) 3 , 2D case , 

( 4 𝑥 + 3 𝑦 + 2 𝑧 + 1) 3 , 3D case . 
(54) 

To exclude the errors introduced by the time integration, a suffi-

iently small time step Δ𝑡 = 1 × 10 −7 is adopted for both 2D and 3D

omputations. The corresponding transient analysis results at 𝑡 = 1 are

abulated in Table 2 , and the temperature error contours at 𝑡 = 1 are

imultaneously depicted in Figs. 9 and 10 , which reveal that among the

hree methods of GFI, GNI and VCNI, only the proposed VCNI can pass

he transient patch tests since it precisely fulfills the variational inte-

ration consistency requirement for explicit transient heat conduction

nalysis. 

.2. 2D l-shaped domain problem 

An l-shaped domain heat conduction problem is described in Fig. 11 ,

here the geometry parameter is 𝐿 = 2 . The related material parame-

ers are the material density 𝜌 = 2700 , specific heat capacity 𝑐 = 900 and

hermal conductivity coefficient 𝜅 = 205 . For this heat conduction prob-

em, the following manufactured analytical solution is considered: 

( 𝒙 , 𝑡) = 𝑥2 ( 𝑥 − 𝐿) ( 𝑥 − 2 𝐿) 𝑦2 ( 𝑦 − 𝐿) ( 𝑦 − 2 𝐿) exp 
(
−2 × 10 −2 𝑡

)
. (55) 
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Table 1 

Patch test results for the steady analysis. 

Error norm 

2D test 3D test 

GFI GNI VCNI GFI GNI VCNI 

L2 1.5368 ×10− 15 2.6598 ×10− 3 7.6400 ×10− 16 9.5645 ×10− 16 1.0663 ×10− 3 6.0211 ×10− 16 

H1 2.9934 ×10− 15 1.0911 ×10− 2 2.4827 ×10− 15 3.2703 ×10− 15 5.3374 ×10− 3 2.1454 ×10− 15 

Table 2 

Patch test results for the explicit transient analysis. 

Error norm 

2D test 3D test 

GFI GNI VCNI GFI GNI VCNI 

L2 2.0713 ×10− 3 2.7005 ×10− 3 7.0773 ×10− 15 1.6327 ×10− 3 1.0682 ×10− 3 8.9868 ×10− 15 

H1 9.6972 ×10− 3 1.0958 ×10− 2 4.5407 ×10− 14 8.7669 ×10− 3 5.3426 ×10− 3 3.1278 ×10− 14 

Fig. 9. Error comparison for the 2D transient patch test. 

Fig. 10. Error comparison for the 3D transient patch test. 

Fig. 11. Description of the 2D l-shaped domain problem. 

9
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Fig. 12. Meshes for the 2D l-shaped domain problem. 

Fig. 13. L2 and H1 error convergence comparison for the 2D l-shaped domain problem. 

Fig. 14. Temperature comparison for the 2D l-shaped domain problem using 108 elements. 

10
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Fig. 15. Description of the 3D quarter hollow-cylinder problem. 

Fig. 16. Meshes for the 3D quarter hollow-cylinder problem. 

Fig. 17. L2 and H1 error convergence comparison for the 3D quarter hollow-cylinder problem. 
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To assess the algorithmic convergence, three progressively refined

eshes with 13-node quadrilateral elements are illustrated in Fig. 12 ,

nd a time step of Δ𝑡 = 0 . 1 is employed for the time integration based

pon Eqs. (18) and (19) . The convergence results of GFI, GNI, and VCNI

t 𝑡 = 30 are plotted in Fig. 13 , in which suboptimal convergence rates of

 and 2 for GFI and GNI are observed for L2 and H1 errors, respectively.

n contrast, the optimal convergence rates of 4 and 3 in accordance

ith L2 and H1 errors are produced as expected by the proposed VCNI

wing to its satisfaction with the consistency of variational integration.

oreover, the temperature distributions at 𝑡 = 30 in Fig. 14 show that

CNI results agree very well with the analytical solutions in Fig. 11 , and

he corresponding solution errors are much smaller than those generated

y GFI and GNI. 

.3. 3D quarter hollow-cylinder problem 

The final example is heat conduction analysis in a 3D quarter hollow

ylinder. As shown in Fig. 15 , the dimensionless geometry and mate-

ial parameters are as follows: inner and outer radii 𝑟𝑖 = 1 and 𝑟𝑜 = 2 ,
eight 𝐻 = 1 , material density 𝜌 = 7870 , specific heat capacity 𝑐 = 455
11
nd thermal conductivity coefficient 𝜅 = 80 . In the explicit transient heat

onduction analysis, the following manufactured analytical solution is

mployed: 

( 𝒙 , 𝑡) =
(
𝑥2 + 𝑦2 − 1

)(
𝑥2 + 𝑦2 − 4

)
𝑧2 ( 𝑧 − 1) 2 exp 

(
−10 −2 𝑡

)
. (56) 

The finite element discretizations of this 3D problem using 39-node

exahedral elements are given in Fig. 16 . In the finite element compu-

ation, as illustrated in Fig. 15 , the essential boundary conditions are

nforced on the top and bottom faces, and the remaining boundary sur-

aces are imposed by the natural boundary conditions. All the prescribed

oundary conditions are evaluated based on the manufactured analyt-

cal solution in Eq. (56) . The time step used in Heun’s method for this

D transient problem is Δ𝑡 = 1 × 10 −2 . The corresponding convergence

esults produced by different methods at 𝑡 = 10 are plotted in Fig. 17 ,

hich testifies that the proposed VCNI guarantees optimal convergence

ates of 4 and 3 for L2 and H1 errors. In contrast, the results of both GFI

nd GNI display severe convergence as well as accuracy deterioration.

oreover, the temperature solutions and the related errors at 𝑡 = 10 in
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Fig. 18. Temperature comparison for the 3D quarter hollow-cylinder problem using 1024 elements. 
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ig. 18 further confirm the accuracy superiority of VCNI over GFI and

NI. 

. Conclusions 

A VCNI was developed to achieve optimal convergence in the ex-

licit transient heat conduction analysis via cubic serendipity finite el-

ments, where the variational integration consistency was particularly

laborated. The cubic serendipity elements here specifically refer to the

D 13-node quadrilateral element and the 3D 39-node hexahedral ele-

ent, which are constructed by inserting a small number of auxiliary

nternal or surface nodes into the conventional 12-node and 32-node

erendipity elements. Both 2D 13-node quadrilateral and 3D 39-node

exahedral elements yield desirable positive-definite lumped heat ca-

acity matrices via nodal integration, which are preferable for explicit

nite element computations, for example, Heun’s method. It was the-

retically found that the standard Galerkin formulation with nodally

ntegrated lumped capacity matrices loses the optimal solution conver-

ence rates of 4 and 3 for L2 and H1 errors, and the underlying rea-

on is the violation of variational integration consistency. Alternatively,

he nodal integration for cubic serendipity finite elements was specifi-

ally implemented in the boundary-enhanced weak form that takes into

ccount the element boundary contribution, as leads to the proposed

CNI. It was then proven that the proposed VCNI perfectly fulfills the

ariational integration consistency and then ensures optimally conver-

ent numerical solutions for explicit transient heat conduction analysis.

he optimal convergence and accuracy superiority of the proposed VCNI

ere consistently demonstrated by the numerical results. 
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