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This study evaluates the accuracy of large-eddy simulation (LES) analyses using a commonly used subgrid-scale
(SGS) model based on the eddy viscosity hypothesis. The evaluation is performed by examining the Reynolds
number dependence of turbulence maintained by anisotropic and isotropic forcing techniques derived from Tay-
lor analytical solutions. The Smagorinsky model, the Vreman model, and the coherent structure model are used
as SGS models. LES outcomes were evaluated against those produced by direct numerical simulation (DNS). In
contrast to the results with isotropic forcing, the turbulent kinetic energy of anisotropic forcing-induced tur-
bulence, as calculated by DNS, exhibits a minimum in the intermediate Reynolds number range. However, all
three LES analyses fail to reproduce this minimum and instead show overestimated values. This discrepancy is
attributed to reduced spatial inhomogeneity of the turbulent diffusion, pressure diffusion, and pressure-strain
correlation terms in the transport equations of the velocity fluctuation intensities in this Reynolds number range.
Visualization results for the LES and DNS analyses further show that within this range, LES analyses reproduce
two-dimensional tubular flow structures that are not observed in DNS results.

1. Introduction

Incompressible turbulence plays a critical role in improving the accu-
racy and efficiency of design and development processes by enabling the
accurate analysis and prediction of internal flows, such as those found
in flowmeters and other fluid measurement devices, as well as external
flows around anemometers. Large-eddy simulation (LES) is a practical
computational method for reproducing such turbulence at realistic en-
gineering computational costs [1]. LES reduces computational costs by
modeling small-scale turbulence, often based on local isotropy, while di-
rectly resolving large-scale, potentially unsteady flows through the gov-
erning equations. Although LES has a higher computational cost than
Reynolds-averaged Navier-Stokes simulations [2], it offers superior fi-
delity in capturing flow phenomena influenced by flow unsteadiness and
static pressure fluctuations. Commonly used subgrid-scale (SGS) models
in LES include the Smagorinsky model [1], the Vreman model [3], and
the coherent structure model [4,5]. These SGS models are constructed
based on the concept of eddy viscosity and are widely implemented in
various fluid simulation software [6]. In this context, the present study
considers it a significant challenge to evaluate the accuracy of LES based
on such SGS models.
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In LES analysis, commonly used SGS models include eddy viscos-
ity models [1] and scale similarity models [7-10]. The eddy viscosity
model is considered to be the most widely used in the engineering con-
text. Research on eddy viscosity continues to be actively conducted in
recent years (e.g., [11]). The eddy viscosity coefficient used in the eddy
viscosity model is isotropic, and LES analyses based on this model have
been validated using isotropic turbulent fields. For isotropic turbulence,
a recommended set of model constants for the Smagorinsky model has
been established [12,13]. However, for non-isotropic turbulence, such
as wall-bounded turbulence, different constant values may be appropri-
ate. Wall-bounded turbulence exhibits strong anisotropy near the wall,
and when using the Smagorinsky model for LES of wall-bounded turbu-
lence, a damping function is often applied to reduce the model constant
value to zero at the wall surface [1]. For LES of wall-bounded turbu-
lence, the dynamic model is also often used [14-20]. There is a pre-
vious study reveals that minimizing the Germano-identity error along
the principal strain-rate directions, rather than all components, retains
the accuracy of dynamic SGS models, suggesting these directions are
key to their effectiveness [21]. The dynamic model determines the zero
asymptotic distribution of the model constant near the wall based on
the flow field to be analyzed. Subsequently, other SGS models based on
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the eddy viscosity hypothesis, such as the Vreman model and the coher-
ent structure model, are often used [22-24]. These SGS models assume
that the model constant characterizes the overall properties of the flow
field. In contrast to the Smagorinsky model, these models do not require
the model constant to approach zero at the wall surface. Instead, they
reproduce the zero asymptotic behavior of the SGS eddy viscosity near
the wall under a globally defined model constant.

In recent years, forcing methods [25,27,28] based on analytical solu-
tions [29,30] have been used to maintain steady state turbulence. These
methods introduce a forcing term into the governing equations that is
proportional to the velocity field of the analytical solution with a scal-
ing coefficient. In this context, linear forcing [31-34] uses a method
that defines the forcing term based on quantities with the dimension
of velocity. In the linear forcing, the forcing term is not determined by
the velocity field of an analytical solution, rather by the instantaneous
velocity field. When a forcing method based on Taylor’s analytical so-
lution [29,30] is used, flow structures have been reported to exist in
the large-scale flow field. Furthermore, despite the steady configuration
of the flow field, the turbulent energy exhibits unsteady fluctuations
[25,26], which may contribute to turbulence non-equilibrium. Our re-
search group has constructed not only anisotropic forcing fields based
on Taylor’s analytical solution, but also isotropic forcing fields obtained
by combining these methods [27,28]. These forcing fields have been
used for validation in numerical simulations in terms of conservation
laws [27].

In turbulence maintained in a steady state by a forcing field based
on analytical solutions, large-scale flow structures remain stationary
at high Reynolds numbers. This property of stationary flow structures
in such forcing fields is not observed in other forcing methods, such
as the linear forcing or the random forcing. In wall-bounded turbu-
lence, a concept of minimal flow units [35] has been used to show
that flow structures can largely determine the distribution of turbulent
statistics. Therefore, the stationary flow structures induced by the forc-
ing field are expected to directly influence the fundamental turbulent
statistics, such as the magnitude of the turbulent kinetic energy and
the degree of anisotropy in the turbulence. On the other hand, widely
used SGS models, such as the Smagorinsky model, are often based on
the eddy viscosity hypothesis [1]. When applying the model, eddy vis-
cosity is commonly assumed to be isotropic, implying that the unre-
solved, small-scale eddies should ideally be isotropic. Such small-scale
isotropy can coexist with anisotropic large-scale turbulence only if the
turbulence Reynolds number is high enough. Thus, when the turbulence
Reynolds number is low to moderate and the small-scale turbulence is
not isotropic, it is necessary to evaluate whether LES analysis using SGS
models based on eddy viscosity can provide sufficient fidelity under such
conditions.

Based on the above, the aim of this study is to evaluate the accuracy
of LES analysis based on eddy viscosity SGS models for turbulence main-
tained by an anisotropic forcing field, which has been reported to induce
stationary flow structures at high Reynolds numbers in a previous study
[36], with a focus on cases at low to moderate Reynolds numbers in
this study. Differences in turbulent kinetic energy, anisotropy, and co-
herent structures are analysed over a spectrum of Reynolds numbers,
highlighting the mismatch in flow prediction between LES and DNS.
The study employs an anisotropic forcing field defined by Taylor’s an-
alytical framework. This forcing field is globally anisotropic, and for
comparison, the turbulence maintained by a globally isotropic forcing
field constructed by combining the analytical solution is also analyzed.
This study assumes that LES analysis prioritizes the characterization of
large-scale turbulent statistics over that of small-scale turbulence. Con-
sequently, the evaluation focuses on the turbulent kinetic energy as a
key statistical quantity characterizing the large-scale turbulence. For the
SGS models, the widely used Smagorinsky model, the Vreman model,
and the coherent structure model are employed. The accuracy of LES
results obtained with these models is systematically evaluated. The pri-
mary objective of this study is to systematically evaluate the fidelity
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of LES using eddy-viscosity-type SGS models, by comparing their pre-
dictions with DNS results under isotropic and anisotropic forcing con-
ditions. Particular emphasis is placed on identifying discrepancies be-
tween LES and DNS in terms of turbulent kinetic energy, anisotropy, and
coherent structures, and on elucidating the physical causes behind these
differences.

2. Methods

The subject of the present analysis is a steady turbulent flow repro-
duced in a periodic cubic domain with a side length of 2x. The govern-
ing equations are the continuity equation and the Navier-Stokes equa-
tions nondimensionalized by the bulk Reynolds number Re for instan-
taneous velocity components u; with x; directions, where i = 1,2,3 and
(u, v, w) = (u;,u,,u3). Both DNSand LES analyses are performed in this
study. For the LES analysis, the filtered governing equations are used,
introducing terms that include the shear stress z;;, which is the target
of the SGS model application. The Navier-Stokes equations include a
forcing term to stabilize the turbulence, F; for x; directions. This forcing
term is provided based on the concept of linear forcing, F; = Cuf and
is configured as follows [27,28] for the anisotropic forcing field using
Taylor’s analytical solution [25,29,30]:

uf = —cos(x))sin(x,), uh = sin(x;)cos(x,), uf =0, 1)

where C is a constant that determines the amplitude of the forcing field,
and in this study, C = 1 and C = 2 are used. Similarly, the isotropic forc-
ing field is constructed based on the Taylor’s analytical solution shown
above and is expressed as follows

ull: =2/ ﬁ)[—cos(xl ) sin(x,) + sin(x3) cos(xy)],
ug =2/ \/5)[—c0s(x2) sin(x3) + sin(x;) cos(x,)],
u§ =2/ \/5)[—cos(x3) sin(x) + sin(x,) cos(x3)], 2)

where C =1 for the isotropic forcing. As shown above, both the
anisotropic and isotropic forcing fields are defined as spatially dis-
tributed fields with stationary structures. In particular, when C = 2, the
intensity of the spatial variation in the fields coincides between the two
forcing types.

For the LES analysis, the Smagorinsky model [1], the Vreman model
[3] and the coherent structure model [4,5] are used to model the SGS
shear stress, 11.51.‘35 =1;; — (1/3)8;;74 in this study. These models are

based on the concept of isotropic eddy viscosity vSS as follows

—_  _ u.  ou;
SGS _ _~ SGS _ 1 ou ou;
0305 = 25085, 5, = 2<an + ax,.>’ @)

where u; denotes spatially filtered velocity components for i direction.
In the present analyisis, for the Smagorinsky model, the Vreman model
and the coherent structure model, the SGS stress is expressed as follows:

SGS _ 2A|S A00riNS
v = C;A|S;| for Smagorinsky model.

V368 = C\,\/W, a; = rﬁj/dxi, Bi; = Z2amiamj, and
By = 1 Boy + B3 + BrzBri — (B + Bay + B3)
for Vreman model.

V568 = CCSlFCS|3/2Z|§ij|v Fes =0O/E,
0 = —(1/2)(du; /0x;)(du; /0x;) and E = (1/2)(du; /0x,»)2

for coherent structure model, “4)

where A denotes spatial grid width. As shown in the above equation, the
coherent structure model is characterized by using the coherent struc-
ture function Fg to determine the model constant of the Smagorinsky
model.
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Table 1
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Summary of Reynolds numbers and grid resolutions used in the DNS and LES cases.

Parameters DNS cases

LES cases

Bulk Reynolds number (Re)
Grid resolution (N?)

10, 20, 30, 50, 100, 200, 300
64% (Re = 10-50)

323 (all Re)

1283 (Re = 100-300)

Subgrid-scale (SGS) models -

Smagorinsky model, Vreman model,
Coherent structure model

Table 2

Summary of subgrid-scale models and model constants used in the present study.

Parameters LES cases with SM LES cases with VM LES cases with CSM

SGS models Smagorinsky model ~ Vreman model Coherent structure model
Notation of the SGS model constants C, C, Ces

Model constant values (isotropic forcing) 5.73x 1072 9.38x 1073 4.81x 1073

Model constant values (anisotropic forcing) ~ 1.20 x 107! 5.02 x 1072 2.54x 1072

The fractional step approach is employed to integrate the govern-
ing equations. This method is based on a five-step, fourth-order Runge-
Kutta scheme [37]. The Poisson equation is solved in each fractional
step using a fast Fourier transform [38,39]. For the spatial discretiza-
tion of the governing equations, Morinishi’s conservative scheme based
on the staggered grid [40] is used. Here, the spatial accuracy of all terms
is fourth order. Table 1 provides a summary of the Reynolds numbers
and grid resolutions. Regarding the computational conditions, the bulk
Reynolds number Re is varied from Re = 10 to Re = 300. For DNS com-
putations, the number of spatial grid points is set to N = 64 for Re = 10
to Re = 50 and N = 128 for Re = 100 to Re = 300. For the LES analysis,
the number of spatial grid points is set to N = 32 [4]. Table 2 provides
a summary of the LES models and their associated model constants. For
the SGS models, it is necessary to determine the values of the model
constants. In this study, the calibration values for the constants are set
at Re = 300 so that the turbulent kinetic energy obtained from the LES
analysis using each SGS model matches the corresponding value from
DNS. The calibration results for the model constant of the coherent struc-
ture model are shown in Fig. 1. Here, in this study, C;, C,, and Cg de-
note model constants for Smagorinsky, Vreman and coherent structure
models, respeveively. As shown in the figure, for both the anisotropic
and isotropic forcing fields, the turbulent kinetic energy decreases with
increasing model constant values and the distribution intersects with
the DNS values. Similar calibration values for the model constants are
obtained for the other two SGS models. As shown in the table, The cal-
ibrated values of the model constants for the anisotropic forcing fields
are C, = 1.20x 1071, C, = 5.02 x 1072, and Cg = 2.54 x 1072, Similarly,
for the isotropic forcing fields, C, = 5.73 x 1072, C, = 9.38 x 1073, and
Ccs = 4.81 x 1073, respectively.

(a) . ) .
For the isotropic forcing
54
N | @ Results obtained by CSM
5.2 -.\
5 j \.\
4.8 \\\ \ Value obtained
| e by DNS
4.6} A e
[ | Fitted polinomial \‘.\\
4.4 function Y
4.2 I . L : L -
0 0.01 0.02 0.03

Ccs

3. Results and discussion

3.1. DNS-based analysis of the relationship between turbulent Reynolds
number and kinetic energy

First, the isotropy of small-scale fluctuations in the generated steady
turbulent field is examined. Figure 2(a) illustrates how the isotropy of
small-scale fluctuations varies with the bulk Reynolds number, using the
following definition:

I, = ((0w/9z2)*) /{(du/ox)?), Q)

where ( ) denotes ensemble average for both temporal and spatial di-
rections, and Isotropy in the small-scale eddies corresponds to I, = 1.
The figure confirms that, with isotropic forcing, this index stays fixed at
unity for all investigated Reynolds numbers. This indicates that when
the isotropic forcing field is applied, the small-scale fluctuations are
isotropic, validating the isotropic forcing field used in this study. When
the anisotropic forcing field is used, I, has smaller values at low bulk
Reynolds numbers. However, as the Reynolds number increases, I also
increases, reaching and maintaining values around I, = 1 for Re > 100.
This result is qualitatively consistent for the two different constant val-
ues C used in the anisotropic forcing field. These results suggest that
for bulk Reynolds numbers around Re > 100, local turbulence can be
considered isotropic. Conversely, for smaller Reynolds numbers, it is
confirmed that the anisotropy of the forcing field causes the small-scale
turbulence to also exhibit anisotropy.

The forthcoming results detail the turbulent Reynolds number for
the analyzed flow. The turbulent Reynolds number, based on the Taylor

(b)

For the anisotropic forcing

5
¢ | @ Results obtained by CSM
4.8
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M
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L : .
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Fig. 1. Calibration of the model constant values for the coherent structure model using turbulent kinetic energy K. The K obtained in the LES analysis depending
on the model constant value yields a constant value that matches that in the DNS results. (a) and (b) present the results for cases of isotropic and anisotropic forcing

fields, respectively.
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(b>0 3 Turbulent Reynolds number Re;
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O For the isotropic forcing
B For the anisotropic forcing (C= 1)
<> For the anisotropic forcing (C = 2)
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T
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Fig. 2. (a) Reynolds number dependence of small scale isotropy I;. (b) Reynolds number dependence of the turbulent Reynolds number Re,. These results are
obtained in the DNS analyses and for the cases of isotropic forcing and two anisotropic forcings.

microscale, Re,, is defined as follows:
Re; = qJ Re, where ¢ = \/2K /3 and A = (A, A,4,)'/, (6)

where K represents the turbulent kinetic energy; 4., 4,, and 4, denote
the Taylor microscale in the x, y, and z directions, respectively. As shown
in Fig. 2(b), for steady turbulence generated by isotropic forcing, the
turbulent Reynolds number can be approximated as a power function of
the bulk Reynolds number as follows:

Re; ~ Re™, (O]

where m is the exponent, which is determined from the figure to
be m=2/3. Figure 2 also includes results for turbulence gener-
ated by anisotropic forcing. As shown, the distribution of turbulent
Reynolds numbers for C =2 does not coincide with the distribution
for isotropic forcing, while the distribution for C =1 is observed to
coincide with the distribution for isotropic forcing. This finding in-
dicates that setting the anisotropic forcing coefficient C to C =1 en-
sures that the turbulent Reynolds numbers generated by anisotropic
and isotropic forcing fields are consistent. Therefore, in this study, sub-
sequent analyses of anisotropic forcing will use the results obtained
with C = 1.

Figure 3 presents the relationship between the bulk Reynolds number
and the turbulent kinetic energy K. Here, the turbulent kinetic energy

7
L | O Isotropic forcing
6 M Anisotropic forcing (C=1)
5+ o O
®)
x| O |
4+ o) o
L O g . m
|
31
2 PR | L L PR B | 1 L L
5 10 50 100 500

Re

Fig. 3. Reynolds number dependence of turbulent kinetic energy K obtained
by DNS analysis. The distributions presented are for isotropic and anisotropic
forcing fields with C = 1.

is a statistical quantity obtained as the spatially averaged value over the
entire computational domain, as follows K = (1/2)((u?) + (v*) + (w?)).
In the case of isotropic forcing, as shown in the figure, the turbulent ki-
netic energy increases with the bulk Reynolds number. In this analysis,
the magnitude of the forcing is predefined, and the spatial length scale
of the large-scale flow is also determined by the forcing field. Mean-
while, the dissipation coefficient is observed to decrease with increasing
Reynolds number in the low turbulence Reynolds number range. These
factors are considered to contribute to the monotonic increase in the
mean turbulent kinetic energy with the Reynolds number observed in
this study. Figure 3 also includes the turbulent kinetic energy of turbu-
lence maintained by an anisotropic forcing field with C = 1. As shown,
unlike the case of isotropic forcing, the turbulent kinetic energy of tur-
bulence under anisotropic forcing exhibits a minimum at intermediate
Reynolds numbers. For Reynolds numbers higher than this minimum,
the turbulent kinetic energy of turbulence driven by anisotropic forcing
increases with increasing Reynolds number.

3.2. Evaluation of large-scale anisotropy using the Lumley triangle
representation

Figure 4 (a) illustrates the variation of large-scale isotropy with the
bulk Reynolds number, defined as follows:

I = (W) /(u?), (8)

where I} = 1 corresponds to the case where the turbulence is isotropic.
When an anisotropic forcing field is applied, the nature of the field en-
sures that (v?) = (u?). As shown in the figure, in the case of turbulence
maintained by isotropic forcing, the large-scale isotropy remains at
I =1 regardless of the bulk Reynolds number. This result validates the
turbulence generated by the isotropic forcing field used in this study.
The figure also shows the large-scale isotropy results for turbulence
driven by an anisotropic forcing field. As shown, in this case the isotropy
I, increases with Reynolds number at lower bulk Reynolds numbers.
For Re > 100, the I} becomes approximately constant, independent of
further increases in Reynolds number. The minimum Reynolds number
at which the I; reaches constant isotropy corresponds to the minimum
Re at which the small-scale turbulence becomes isotropic, as shown in
the figure.

To investigate the degree of anisotropy in large-scale turbulence, the
anisotropy tensor [1] is used. The anisotropy tensor b;; is given as fol-
lows:

byj = (uuy) [(wu) — (1/3)6;5, )
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(®) Lumley triangle plots for DNS
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Fig. 4. (a) Reynolds number dependence of large scale isotropic I; . (b) Reynolds number dependence of large scale isotropy expressed using Lumley triangles. Here,

these results are obtained by DNS analysis.

where i = 1 — -3, j = 1 — -3, and the summation is taken over k. Using
the parameters # and &, defined as follows:
6n* = b7, and 6£° = b7 . (10)
The characteristics of the turbulence anisotropy can be classified us-
ing the above parameters. Specifically: if n = & =0, the turbulence is
isotropic. When ¢ = —1/6 and 7 = 1/6, the turbulence is two-component
anisotropic. If ¢ =1/3 and n = 1/3, the turbulence is one-component
anisotropic. When 7 = ¢, the turbulence has axisymmetric anisotropy
with a large eigenvalue. When 5 = —¢, the turbulence has axisymmet-
ric anisotropy with a small eigenvalue. When 5 = 1/1/27 + 283, the tur-
bulence has two-component anisotropy. These relationships are orga-
nized using the Lumley triangle [1] shown in Fig. 4(b). In the figure,
the triangle is represented by dashed lines. The turbulence values gen-
erated by isotropic and anisotropic forcing fields are plotted on this tri-
angle. As shown in the figure, in the case of turbulence generated by
isotropic forcing, the plots consistently lie at n = ¢ = 0, regardless of the
bulk Reynolds number. This again confirms that the turbulence gen-
erated by isotropic forcing is isotropic. Figure 4(b) similarly presents
the Reynolds-number trend for turbulence produced under anisotropic
forcing. As shown, the plots lie along the line n = —¢ regardless of
the Reynolds number. This indicates that the anisotropic turbulence
has an axisymmetric anisotropy with a small eigenvalue. As shown in
the figure, for Re = 10, the plot is closest to the point ¢ = —1/6 and
n = 1/6. As the Reynolds number increases, the plots move further away
from this point and approach a convergence point. This behavior corre-
sponds to the earlier results for large-scale turbulence isotropy, where
I = (w?)/(u?) increases with the Reynolds number and eventually con-
verges to a certain value.

Figure 5 presents a comparison of the plots of turbulence generated
by anisotropic forcing obtained from LES with those from DNS using the
Lumley triangle. In addition to the results from the three SGS models,
the results from implicit LES are also included. As demonstrated in the
figure, the result observed in DNS, where the plots lie along the line
n = —¢, is similarly observed in all LES results. For the range of Reynolds
numbers from Re = 10 to 50, the LES plots generally align with the DNS
results. This range corresponds to the region where local turbulence is
not isotropic, as indicated in the earlier figure showing the anisotropy of
small-scale turbulence. Conversely, for Reynolds numbers ranging from
100 to 300, the LES plots appear to deviate from those of DNS. This
discrepancy is observed not only in the results from the three LESs using
SGS models but also in the results from implicit LES without SGS models.
As indicated in the preceding figure, the range of Reynolds numbers

(a) DNS (b) SM (c) VM (d) CSM
0.24
L ’,/ I,/ ’,/ /,/
{ Iﬁ ( (
L O O (|
\ \ \ \
\ \ \ \
= 0121 @
BEIRIRIN
\ \ \
\ \ \ \
\ \ \ \
r \ \ \ \
\ \ \ \
\ \ \ \
\ \ \ \
L \ \ \ \
\ \ \ \
\ \ \ \
0...|...‘...|...‘...|...‘...|...‘
-0.24 -0.12 -0.24 —0.12 -0.24 -0.12 —0.24 -0.12 0
¢
For the isotropic forcing
O Re=10 X Re=50 -+ Re =300
B Re=20 WM Re=100
M Re=30<> Re=200

Fig. 5. Reynolds number dependence of the large-scale isotropy obtained in the
LES analysis compared to the DNS results shown in (a) using Lumley triangle.
Here, (b), (c) and (d) show the results for the Smagorinsky model, the Vreman
model and the coherent structure model, respectively.

exhibiting this discrepancy matches the interval in which the small-scale
motions are effectively isotropic.

3.3. Discrepancy in turbulent kinetic energy between LES and DNS at
intermediate Reynolds numbers

Figure 6 compares the Reynolds number dependence of turbulent
kinetic energy obtained using LES with that obtained from DNS. The re-
sults are presented for both anisotropic and isotropic forcing cases. The
DNS results presented in the figure are a reproduction of those shown
earlier. For turbulence generated by anisotropic forcing, as shown in
Fig. 6(a), the LES results generally align with the DNS results within the
range of Re = 10 to Re = 40. This observation is consistently observed
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(b)

For the isotropic forcing

||o fme DNS
3 Smagorinsky model
6H <& Vreman model
- - Coherent structure model
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&
o--®

2 M| s s P R | s s L
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Fig. 6. Reynolds number dependence of turbulent kinetic energy obtained by the LES analyses based on the three SGS models compared to that of the DNS. The
results for the anisotropic and isotropic forcing fields are shown in (a) and (b), respectively.

across all three SGS models. However, within the range of Re = 50 to
Re = 200, the LES results deviate from the DNS results, exhibiting higher
values. The Vreman model and coherent structure model, despite their
capacity to automatically reduce SGS eddy viscosity to zero in laminar
regions such as near wall surfaces, also fail to match the DNS results.
Their output is generally consistent with the plots from the Smagorin-
sky model. Figure 6(b) compares LES results with DNS results for turbu-
lence generated by isotropic forcing. As shown in the figure, in the case
of isotropic forcing, the LES results demonstrate a high degree of agree-
ment with the DNS results across all Reynolds numbers. This agreement
is consistently observed across all three SGS models. In sharp contrast
to the findings for isotropic forcing, discrepancies are observed in the
LES results for anisotropic forcing.

3.4. Enhanced spatial homogeneity at intermediate Reynolds numbers
indicated by the transport equation of velocity fluctuation intensities

Focusing on turbulence produced under anisotropic forcing, the
study assesses Reynolds-number effects on turbulent kinetic energy
through the transport equation for relevant statistical quantities
[1]. Specifically, the balance of the transport equation for velocity
fluctuation intensities, derived from the decomposition of turbulent
kinetic energy, is calculated. The transport equations for velocity
fluctuation (ul.z), intensities corresponds to the case where i =, in
the transport equations for Reynolds stress (u;u;),, where ( ), denotes
time-averaging operation. The transport equations for Reynolds stress
(u;u;), is expressed as follows:

ouu;),
ot

Ay + Pj —¢; +11; + D, + D}, + D}, + f,;, where

Aj; = =0 uu;),Up) [ 0x, Py = =(uu),(0U; /0x) = (ujay ), (0U; /9x,),
€; = %((0ui/axk)(6uj/axk)),,l'[,-j = (p(0u;/0x; + ou; /0x,)),,

D] = —0(uut;u), /9xy, DYy = =0(pu 81 + {pu; )53,

D!, = o((1/Re)o(uu;),/9xy), and f;; = (u; F}), + (u; F),,

an

where U; is temporal mean velocity for i direction. The transport equa-
tion consists of the following terms: the convection term, the production
term, the viscous dissipation term, the pressure-strain correlation term,
the turbulent diffusion term, the pressure diffusion term, the viscous
diffusion term, and a contribution term from forcing. It is expected that
energy is injected into the system per unit time via the contribution term

from forcing, considering the entire computational domain. The viscous
dissipation term quantifies the dissipation of velocity fluctuation inten-
sities as an energy quantity due to viscosity, while the pressure-strain
correlation term redistributes energy among the components of velocity
fluctuation intensities. The three diffusion terms mitigate spatial inho-
mogeneities in the distribution of velocity fluctuation intensities. In this
study, the analysis of the transport equation for Reynolds stress compo-
nents is conducted exclusively using DNS results. This decision is based
on the fundamental difference between DNS and LES formulations. In
LES, spatial filtering introduces additional SGS stress terms that are
modeled by eddy-viscosity-based assumptions, resulting in governing
equations that are structurally and physically distinct from those of DNS.
Due to these differences, the transport equation terms in LES, such as
SGS dissipation and modeled pressure-strain effects, cannot be directly
compared with their DNS counterparts. A term-wise comparison be-
tween DNS and LES would therefore be inconsistent and potentially mis-
leading. To ensure physical interpretability without the influence of SGS
model dependencies, the present analysis focuses solely on DNS-based
equations.

As demonstrated in Fig. 7, the balance of velocity fluctuation
intensities is contingent upon the Reynolds number. In the context of
turbulence driven by anisotropic forcing, the results for both intensities
of the velocity fluctuations denoted as (u?) and (w?) are presented. Here,
the magnitude of each term shown is the spatially averaged value. As
demonstrated in Fig. 7(a), for turbulence driven by anisotropic forcing,
the energy introduced via the forcing term is balanced by the sum of the
redistribution of energy to the (w?) component through the pressure-
strain correlation terms and viscous dissipation. The magnitudes of the
other terms are spatially averaged to zero over the entire domain. The
energy budget for velocity-fluctuation intensities shows that contribu-
tions from the pressure-strain correlation terms to the componentwise
kinetic energy are exactly counteracted by viscous dissipation. In con-
trast, as shown in Fig. 7(b), for turbulence driven by isotropic forcing,
the energy input via the forcing term balances only with viscous dissipa-
tion. The spatially averaged values of each term remain approximately
constant with respect to Reynolds number, except for the low Reynolds
number condition. This result, where the spatially averaged values of
each term exhibit no significant Reynolds number dependence, can also
be observed in the case of turbulence driven by anisotropic forcing.
However, it differs in distribution shape from the Reynolds number
dependence of turbulent kinetic energy for anisotropic forcing, which
exhibits a minimum value, as shown in the earlier figure. This discrep-
ancy suggests that the spatially averaged balance of velocity fluctuation
intensities may not adequately explain the turbulent kinetic energy
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For the isotropic forcing
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Fig. 7. Mean values of each term in the transport equation for the velocity fluctuation intensities, shown as the Reynolds number dependence. Here, (al) and (a2)
present the results for (4*) and (w?) of turbulence due to the anisotropic forcing field, while (b) presents the results for (x?) in the case of the isotropic forcing.

distribution with a minimum value observed in the case of anisotropic
forcing.

The present study focuses on the spatial inhomogeneity of the terms
in the transport equations, in light of the preceding results. Given the
spatial variations of the forcing field defined in this study, the statistical
distributions of the turbulence stabilized by this field may be spatially
inhomogeneous. As shown in Fig. 8(a), the root-mean-square (RMS) de-
viations of the terms in the transport equation from their spatially aver-
aged values are presented for turbulence generated by the anisotropic
forcing. As the figure illustrates, the turbulent diffusion terms, pres-
sure diffusion terms, and pressure-strain correlation terms demonstrate

(a) For the anisotropic forcing
40

W
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T

20 O

Spatial variation RMS values
on the budget of <u*>
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higher spatial inhomogeneity compared to other terms. Furthermore,
this inhomogeneity is observed to depend on the bulk Reynolds num-
ber, with the spatial inhomogeneity of these three terms reaching a min-
imum around Re = 50. This observation is consistent with the findings
in Fig. 6(a), which depicts the bulk Reynolds number dependence of tur-
bulent kinetic energy for turbulence generated by anisotropic forcing,
also exhibiting a minimum around Re = 50. The distribution shapes of
the spatial inhomogeneity of these three terms, as indicated by this re-
sult, qualitatively resemble the distribution of turbulent kinetic energy.
Figure 8(b) presents the RMS deviations of the terms in the transport
equation for turbulence generated by isotropic forcing as a function of
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Fig. 8. Spatial variation RMS values for each term of the transport equation for the velocity fluctuation intensity («?), shown as a Reynolds number dependence. (a)
and (b) present the results for the turbulent version with the anisotropic and isotropic forcing fields.
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Fig. 9. Reynolds number dependence of the RMS of the spatial variation of the velocity fluctuation intensity. Here, (a) and (b) represent the results for RMS values

of (u? — (u?)) and (w? — (w?)).

Re. As demonstrated in the figure, even for turbulence generated by
isotropic forcing, the RMS deviations of the turbulent diffusion term,
pressure diffusion term, and pressure-strain correlation term are larger
than those of the other terms. However, the Reynolds number depen-
dence of the RMS deviations for these three terms is smaller in the case
of isotropic forcing than in the case of anisotropic forcing.

Figure 9 illustrates the spatial RMS deviation of velocity fluctuation
intensities, (u*) and (w?), from their spatial averages as a function of the
bulk Reynolds number. In the context of spatially homogeneous velocity
fluctuation intensities, the spatial RMS deviation is equivalent to zero.
As demonstrated in Fig. 9, for turbulence driven by the anisotropic forc-
ing, the spatial RMS deviation of (u?) varies with the Reynolds number.
This deviation attains a minimum around Re = 100. At lower Reynolds
numbers, the RMS deviation decreases with increasing Re, approach-
ing this minimum. At higher Reynolds numbers, the RMS deviation in-
creases as Re rises beyond the minimum. The anisotropic forcing field
applied in this study remains constant across all Reynolds numbers. Con-
sequently, this result suggests that the spatial homogenity of the gen-
erated turbulence changes, reaching its highest level around Re = 100.
However, this Reynolds number dependence of the RMS deviation is
not observed for the second intensity (w?). In contrast, for turbulence
driven by isotropic forcing, the spatial RMS deviation remains approx-
imately constant across all Reynolds numbers and is smaller than that
observed in the case of anisotropic forcing. This indicates that the spa-
tial uniformity of turbulence statistics under isotropic forcing remains
nearly constant with respect to the Reynolds number and is higher than
that under the anisotropic forcing.

3.5. Flow structure analysis reflecting the increased spatial uniformity in
the intermediate Reynolds number regime

Figure 10 now offers a four-way comparison of flow visualizations
obtained from DNS and the three eddy-viscosity SGS models (Smagorin-
sky, Vreman, and the coherent-structure model). All frames display
green isosurfaces of negative static-pressure fluctuation because this
quantity remains robust even on the coarser LES grids and therefore
provides a scale-consistent indicator of the large-scale tube-like vortices
generated by the anisotropic forcing. Although the Q-criterion (the sec-
ond invariant of the velocity-gradient tensor) is also plotted as white
isosurfaces in the DNS panels, it is intentionally omitted from the LES
panels: the enhanced numerical and subgrid dissipation in LES, com-
bined with the larger grid spacing, suppresses the small-scale vortical
signal and yields sparsely distributed Q isosurfaces that obscure, rather
than clarify, the intended large-scale comparison. This unified visual-
ization therefore isolates the capability of each SGS model to reproduce
(or over-predict) the deterministic two-dimensional tubular structures
while avoiding artefacts introduced by under-resolved Q-criterion fields.
For the DNS cases shown in Fig. 10(al)-(c1), the white surfaces signify

the isosurfaces of the second invariant of the velocity gradient tensor,
thus emphasizing small-scale turbulence structures. The results are pre-
sented for Re = 10, 100, 300 based on the Reynolds-number-dependent
distribution of turbulent kinetic energy. As demonstrated in the figures,
for the DNS results at both Re = 10 and Re = 300, two-dimensional tubu-
lar flow structures, rendered by the green isosurfaces, are discernible.
Conversely, at Re = 100, such tubular structures are not observed, and
appear more fragmented. The stable presence of tubular flow structures
is considered to enhance the spatial inhomogeneity of the turbulence,
while the absence of such structures at a Reynolds number of 100 is
thought to reduce the spatial inhomogeneity of the turbulence. This ob-
servation is qualitatively consistent with the earlier findings of the three
terms in the transport equation and the low spatial inhomogeneity of ve-
locity fluctuations observed at a Reynolds number between 50 and 100.
Figure 10(a2)—(c2), (a3)-(c3), and (a4)-(c4) illustrate the visualization
outcomes of anisotropic turbulence, as predicted by the Smagorinsky
model, vreman model, and the coherent structure model, respectively, as
functions of the Reynolds number. As demonstrated, for specific values
of the Reynolds number, namely, 10 and 300, the flow fields obtained
from both LES analyses exhibit two-dimensional tubular structures that
are analogous to those observed in the DNS results.

Conversely, at Re = 100, such tubular structures are not clearly ob-
served and appear more fragmented. This result was confirmed to be ro-
bust across a range of negative pressure thresholds used for the visualiza-
tion, as well as at multiple time instances under statistically steady con-
ditions. It should be noted that the formation of the tubular structures
is induced by the anisotropic spatial structure of the forcing field, and
their appearance at high Reynolds numbers is a consequence of the pe-
riodicity and symmetry embedded in the forcing—thus, such structures
are expected to emerge deterministically. However, at Re = 100, the
breakdown of these tubular structures was found to occur intermittently
over time, suggesting that their absence is not static but rather tempo-
rally varying. This behavior is clearly illustrated in Fig. 11, where large-
scale vortex structures characterized by negative static pressure fluctu-
ations are visualized at several time instances. According to the figure,
well-defined tubular formations are less apparent in the DNS results for
Re =100 than for the higher Reynolds numbers. and the overall flow
field is dominated by fragmented and unstable patterns. Nevertheless,
temporal observations confirm that the disappearance of these struc-
tures occurs in an intermittent and transient manner. In other words, the
dynamics at Re = 100 suggest the existence of periodic or quasi-periodic
collapse and reconstruction of the tubular structures. Such breakdown
phenomena are not prominently observed in the LES results, where two-
dimensional vortex tubes are stably sustained at many time instances.
The mechanism of this intermittent disappearance and reappearance of
the tubular structures remains an open issue and is expected to be ad-
dressed in future studies through time-resolved statistical and spectral
analyses.
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Re=100

Fig. 10. Visualization of turbulence structures under anisotropic forcing at Re = 10, 100, 300 using DNS and LES with three SGS models: Smagorinsky, Vreman,
and the Coherent Structure Model (CSM). Green isosurfaces represent regions of negative static pressure fluctuation, highlighting large-scale coherent structures.
The coordinate system (x;, x,, x3) is also shown in the visualization, where x; and x, define the plane in which the anisotropic forcing field, shown in Eq. (1),
actively induces organized two-dimensional tubular structures. The visualization thus reflects the expected periodic structures aligned along the x,-x, plane. In the
DNS results (top row), white isosurfaces show positive values of the Q-criterion, visualizing small-scale vortex cores. For LES cases (rows-4), only pressure-based
isosurfaces are shown, as Q-criterion is less meaningful due to coarse resolution and strong subgrid-scale dissipation. The comparison clarifies how coherent structures

are represented across models and Reynolds numbers.

This finding is in qualitative disagreement with the DNS visual-
ization results. The Reynolds-number-dependent distribution of tur-
bulent energy obtained from DNS demonstrates that the increase in
turbulence inhomogeneity corresponds qualitatively to the increase
in turbulent energy. These visualization results suggest that the LES
analyses reproduce two-dimensional tubular structures that are not
observed in the DNS results, indicating that the inhomogeneity of
turbulence is enhanced, thereby increasing turbulent kinetic energy.
At Re =100, the turbulent kinetic energy in LES was significantly

overestimated compared to DNS, particularly with the Smagorinsky
model. This discrepancy is attributed to the inability of the eddy-
viscosity SGS models to capture the transient collapse of coherent
structures observed in the DNS. While LES predicts persistent two-
dimensional tubular structures, DNS results show intermittent frag-
mentation, which leads to lower spatial inhomogeneity and reduced
energy. These differences in structure and transport terms provide a
physical basis for the divergence in flow predictions between LES and
DNS.
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Fig. 11. Comparison between DNS and LES of large-scale structures visualized using negative static pressure fluctuations at Re = 100. The results include those
obtained using the Smagorinsky model and a coherent structure model that shares a similar formulation for the eddy viscosity term. As shown in the figure, the
DNS results frequently exhibit an absence of pronounced two-dimensional vortex tube structures, and no dominant vortex patterns are observed at many instances.
In contrast, the LES field often displays two-dimensional vortex tubes at various moments. However, it should be noted that even in LES, there are instances where

such vortex tubes are not observed.

4. Conclusion

The aim of this study is to examine the fidelity of LES analyses em-
ploying SGS viscosity models, with a particular emphasis on the low
to moderate Reynolds number range. The study utilizes three widely
adopted SGS models: the Smagorinsky model, the Vreman model, and
the coherent structure model. The Taylor analytical solution is employed
to establish the anisotropic forcing field, which stabilizes turbulence.
The isotropic forcing field constructed from the same analytical solu-
tion is utilized for comparative analysis. The generation of turbulence
occurs within a periodic cubic domain with a side length of 2x. The gov-
erning equations are solved using the fractional-step method based on a

10

fifth-stage, fourth-order Runge-Kutta scheme. The fourth-order central
difference method, developed by Morinishi et al., is employed for eval-
uating spatial differentiation.The bulk Reynolds number, Re, is varied
from 10 to 300. At the maximum value of Re, the small-scale turbu-
lence is considered isotropic. Under this condition, the model constants
of each SGS model are calibrated using the DNS results.

This study clarified the fidelity and limitations of LES predictions
by systematically comparing them with DNS results under isotropic and
anisotropic forcing. Through quantitative comparisons of turbulent ki-
netic energy, anisotropy tensors (via the Lumley triangle), and flow
structure visualizations, the analysis highlighted how eddy-viscosity-
type SGS models affect the accuracy of LES under moderate Reynolds
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numbers. The discrepancies observed, particularly in the intermedi-
ate Reynolds number regime, were further interpreted based on trans-
port equation terms and spatial inhomogeneity metrics. The anisotropy
of these two types of turbulence was investigated using large-scale
anisotropy and the Lumley triangle. The accuracy of reproducing DNS
results through LES analysis was evaluated using the Lumley triangle.
Subsequently, the Reynolds number dependency of turbulent energy re-
vealed that, in the case of turbulence driven by anisotropic forcing, the
turbulent energy obtained from LES was larger than that from DNS in
the intermediate Reynolds number range. This discrepancy was not ob-
served in the case of turbulence generated by isotropic forcing. These
results qualitatively align with the Reynolds number dependency of the
transport equation for velocity fluctuation intensity and the spatial inho-
mogeneity of velocity fluctuations. Furthermore, the Reynolds number
dependency of flow structures in turbulence generated by anisotropic
forcing was visualized and compared between DNS and LES results. At a
Reynolds number of 100, where the discrepancy in turbulent energy was
observed, the DNS results exhibited no two-dimensional tubular struc-
tures, whereas the LES results reproduced such structures. This disparity
in the reproduction of flow structures suggests that it characterizes the
discrepancy between LES and DNS results. The present results demon-
strate that LES using eddy-viscosity SGS models exhibits notable discrep-
ancies from DNS, especially at Re = 100. These discrepancies arise from
limitations in reproducing the anisotropic redistribution and temporal
intermittency of coherent structures. Further refinement of SGS models
or non-isotropic closure approaches may be required to improve LES
fidelity in this regime.
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