Research

A SCIENCE PARTNER JOURNAL

PERSPECTIVE

Improving the Precision of First-Principles
Calculation of Parton Physics from Lattice

Quantum Chromodynamics
Yong Zhao'

Physics Division, Argonne National Laboratory, Lemont, IL 60439, USA.
*Address correspondence to: yong.zhao@anl.gov

Large momentum effective theory (LaMET) provides a general framework for computing the multi-dimensional
partonic structure of the proton from first principles using lattice quantum chromodynamics (QCD). In this
effective field theory approach, LaMET predicts parton distributions through a power expansion and perturbative
matching of a class of Euclidean observables—quasi-distributions—evaluated at large proton momenta. Recent
advances in lattice renormalization, such as the hybrid scheme with leading renormalon resummation,
together with improved matching kernel that incorporates higher-loop corrections and resummations, have
enhanced both the perturbative and power accuracy of LaMET, enabling a reliable quantification of theoretical
uncertainties. Moreover, the Coulomb-gauge correlator approach further simplifies lattice analyses and
improves the precision of transverse-momentum-dependent structures, particularly in the non-perturbative
region. State-of-the-art LaMET calculations have already yielded certain parton observables with important
phenomenological impact. In addition, the recently proposed kinematically enhanced lattice interpolation
operators promise access to unprecedented proton momenta with greatly improved signal-to-noise ratios,
which will extend the range of LaMET prediction and further suppress the power corrections. The remaining
challenges, such as controlling excited-state contamination in lattice matrix elements and extracting gluonic
distributions, are expected to benefit from emerging lattice techniques for ground-state isolation and noise
reduction. Thus, lattice QCD studies of parton physics have entered an exciting stage of precision control and
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systematic improvement, which will have a broader impact for nuclear and particle experiments.

Understanding the quark and gluon structure of the proton is
a central goal of nuclear and particle physics. It not only pro-
vides essential inputs for precision standard model predictions
at collider experiments but also reveals the origin of proton’s
mass and spin and the mechanism of color confinement, which
are fundamental to understanding our visible universe. High-
energy scattering offers the only direct probe of the proton’s
inner structure, which can be described by the parton distribu-
tion functions (PDFs) in longitudinal momentum space. This
picture can also be extended to the transverse momentum and
position spaces to include the transverse-momentum-dependent
distributions (TMDs) and generalized parton distributions
(GPDs), both of which descend from the 5-dimensional Wigner
distributions. Deciphering these multi-dimensional distribu-
tions is a top priority of current and future experiments at Jefferson
Lab [1], the Electron-Ion Collider at Brookhaven National
Laboratory [2,3] and in China [4], and CERN [5].

As intrinsic properties of the proton, parton distributions
are non-perturbative objects in quantum chromodynamics
(QCD), the fundamental theory of the strong interaction. For
more than half a century, they have been extracted from experi-
ments through global fitting with remarkable successes [6-12].
Nevertheless, challenges remain in certain kinematic regions,
spin-dependent effects, and multi-dimensional structures.
Lattice QCD is a powerful first-principles tool that can make
non-perturbative predictions to complement the experiments.
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The early efforts were focused on the Mellin moments of PDFs
and GPDs as they are time independent and directly calculable
on a Euclidean lattice [13,14]. However, due to increasing sta-
tistical noise and power-divergent operator mixings, only the
lowest few moments are accessible. Over the past decade,
several new approaches have been developed to access higher
Mellin moments or the x-dependence [15-24]. Unlike other
methods that typically rely on phenomenological reconstruc-
tion of the PDFs, large momentum effective theory (LaMET)
[20,25,26] enables direct calculations of their x-dependence
and has been further extended to the GPDs, TMDs, and Wigner
distributions.

LaMET is motivated by Feynman’s parton model [27], which
can be viewed as an effective field theory (EFT) of QCD in the
infinite momentum limit [28-30]. The EFT operator defining
the PDF can be expanded and matched from a QCD operator
under a large Lorentz boost. To be calculable on a Euclidean
lattice, the QCD operator is chosen to be time independent,
while the Lorentz boost is realized through a large-momentum
external state [20]. Consequently, the EFT expansion is con-
trolled by the momentum P=.

Since its proposal, LaMET has undergone key developments
for systematic uncertainty control. These include proving multi-
plicative renormalizability for the nonlocal Wilson line operators
defining quasi-PDFs [31-33]; establishing non-perturbative
renormalization from regularization-independent momentum
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subtraction [34-37] and ratio schemes [38-41] to the hybrid
scheme [42], such as the self-renormalization approach [43];
introducing leading renormalon resummation (LRR) [44,45]; and
incorporating higher-order perturbative corrections [40,46-48]
and resummations [49-52]. The hybrid scheme ensures that all

renormalized matrix elements can be perturbatively matched to

the MS scheme, while LRR removes ambiguities in the matching
kernel, thereby eliminating the linear power correction in LaMET
expansion and improving perturbative convergence. Furthermore,
renormalization group and threshold resummations (RGR and
TR) systematically resum the large logarithms in the matching
kernel as x — 0 and x — 1. The residual power corrections can
then be estimated through infinite momentum extrapolation.
Therefore, LaMET enables PDF calculations with controlled theo-
retical uncertainties for x € [xg,1— x| with xy ~ Aqcp / P% Fig. 1
presents a calculation of the pion valence PDF at P? = 1.94 GeV
using next-to-next-to-leading order (NNLO) matching with LRR,
RGR, and TR [52]. The error band reflects both statistical and
scale-variation uncertainties, the latter becoming uncontrolled
outside0.2 < x < 0.8 as perturbation theory breaks down. Across
this range, the combined uncertainties from statistics, scale varia-
tion, higher order, and power corrections are estimated to be from
10% to 20% [53]. Remarkably, the lattice prediction agrees well
with global fits for 0.4 < x < 0.6, despite using entirely indepen-
dent methods. The discrepancies outside this range may arise
from residual lattice systematics, including discretization, unphys-
ical quark masses, and finite-volume effects, as well as from uncer-
tainties in the global fits of the pion valence PDEF. Therefore,
continued efforts are necessary to fully control the systematic
uncertainties for a definitive comparison.

The hybrid scheme and LRR can be readily applied to the
GPDs and light-cone distribution amplitudes [44,54-56], as they
are defined from the same operators as the PDFs. Moreover, the
corresponding RGR and TR have been derived [57,58]. Notably,
anew method has been developed to extract quasi-GPD matrix
elements from the asymmetric frame on the lattice [59], which
significantly reduces the computational cost compared to the
symmetric frame.

The TMDs and Wigner distributions are more complex because
they involve both a beam and a soft function, and the Collins—
Soper (CS) kernel for their evolution can also be non-perturbative.
To date, LaMET remains the only approach that can calculate the
x-dependence of TMDs and Wigner distributions [60-72] with
soft function subtraction [65], as well as the CS kernel [60,62,73].
Recently, a state-of-the-art calculation of the quark CS kernel was
carried out at physical quark masses with continuum limit and
next-to-next-to-leading-logarithmic matching [74,75], achieving
sufficient precision to differentiate among parameterizations in
global analyses. The first lattice results for the soft function and
proton and pion TMDs are also now available [76-79].

Traditionally, the TMD is calculated from a gauge-invariant
correlator with a staple-shaped Wilson line. However, due to the
linear divergence in the Wilson line self-energy, the signal-to-noise
ratio (SNR) decays exponentially at large transverse separation b
, making it increasingly difficult to access the non-perturbative
region. To overcome this bottleneck, new quasi-observables defined
in the Coulomb gauge (CG) without Wilson lines have recently
been constructed [80,81], which also admit a LaMET expansion
[81]. Free from linear divergences and preserving 3D rotational
symmetry [80,82], they not only exponentially enhances the SNR
at large by but also greatly simplifies lattice renormalization. The
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Fig. 1. Pion valence PDF from a lattice with spacing a = 0.04 fm and pion mass
m, = 300MeV at P"z=1.94 GeV [53,97]. The first NNLO result was obtained by BNL-
ANL21 [53], with the updated calculation incorporating LRR, RGR, and TR [52]. The
lattice results are compared to global fits by GRVP1-92' [98], ASV-10'[99], xFitter-20’
[100], and JAM2INLO [101].

efficacy of this method has been demonstrated in calculations
of the CS kernel [83], soft function [84], and pion and proton
TMDs [84,85]. The exponential improvement of the SNR at
large distances also reduces Fourier transform uncertainties,
particularly in the gluon sector [86,87]. Therefore, the CG
approach has the potential to become a standard framework
for calculating TMDs and Wigner distributions, at least for
the charge-parity-even sector [81], while also complementing
the computations of PDFs and GPDs.

Finally, the precision of LaMET calculations is ultimately
limited by the maximum attainable momentum. While finer
lattices remain desirable, the recently proposed kinematically
enhanced hadron interpolators [88] provide a practical means
of reaching unprecedented momenta at current spacings. Besides,
as a common source of lattice systematics, the excited-state
contamination [89] could be mitigated through interpolator
optimization using the generalized eigenvalue problem approach
[90] and the recently developed Lanczos method for matrix-
element extraction [91-96].

To summarize, LaMET enables first-principles calculations
of parton physics with systematically improvable uncertainties.
With ongoing theoretical and computational advances, LaMET
is expected to reach ~10% or better precision in the valence
region, thereby exerting an increasingly significant impact on
collider experiments.
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