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Momentum conservation in the nucleon is examined in terms of continuous flow of the momentum
current density (or, in short, momentum flow), which receives contributions from both kinetic motion
and interacting forces involving quarks and gluons. While quarks conduct momentum flow through their
kinetic motion and the gluon scalar (anomaly) contributes via pure interactions, the gluon stress tensor
has both effects. The quarks momentum flow encodes the information of the color-Lorentz force density
on them, and the momentum conservation allows to trace its origin to the gluon tensor and anomaly
(a “negative pressure” potential). From the state-of-the-art lattice calculations and experimental fits on
the form factors of the quantum chromodynamics energy-momentum tensor, we exhibit pictures of the
momentum flow and the color-Lorentz forces on the quarks in the nucleon. In particular, the anomaly
contributes a critical attractive force with a strength similar to that of a heavy-quark confinement potential.

Citation: Ji X, Yang C. Momentum
Flow Mechanisms and Color-
Lorentz Forces on Quarks in the
Nucleon. Research 2026;9:Article
1155. https://doi.org/10.34133/
research.1155

Submitted 30 November 2025
Revised 3 January 2026
Accepted 28 January 2026
Published 3 March 2026

Copyright © 2026 Xiangdong Ji and
Chen Yang etal. Exclusive licensee
Science and Technology Review
Publishing House. No claim to original
U.S. Government Works. Distributed
under a Creative Commons
Attribution License (CC BY 4.0).

Introduction

Translational symmetry of the physical space leads to the
momentum conservation law for isolated systems [1,2]. By

introducing the momentum density k'(7,¢) and momentum
current density (MCD) T%(7, ) (i,j = 1,2, 3 are spatial indices)
representing the ith direction flow of the momentum compo-
nent j, one can examine the conservation law through the con-
tinuity equation,

oKl (7,1) o
- +ViT(7.1) =0, M

where V;, is the spatial differential operator. From the above,

the total momentum K = [ d°7 k (7,¢)is simply a constant of
motion. The advantage of the continuity equation is that it depicts
a dynamical picture of momentum conservation through con-
tinuously flowing its density over space.

The momentum density and MCD in strong-interaction
systems are parts of the energy-momentum tensor (EMT)
of quantum chromodynamics (QCD), T (u, v=0,1), with
ki = T% [3-6]. Their matrix elements in the hadrons like the
proton and neutron, also referred to as the EMT form factors,
have been found experimentally measurable in deep-exclusive
processes such as deeply virtual Compton scattering or meson
production through sum rules of generalized parton distribu-
tions (for selected references, see Refs. [7-23]). They can also
be studied theoretically through the lattice QCD calculations
[24-30]. These form factors have provided a novel channel to
explore the mass and spin structures of the nucleon [5-7], as
well as the momentum flow mechanism.
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In the last few years, we have seen an increasing interest in
the so-called mechanical properties of the nucleon [31-45]. It
has been suggested that the nucleon may be considered as a
continuous medium in static equilibrium and the T” form fac-
tor C/D [7,46,47] can be interpreted as the mechanical stress
tensor of pressure and shear force distributions [31,32]. The
“pressure” distribution or the trace T (7 ), satisfying the fol-
lowing well-known relation derived from the continuity equa-

tion 0;T%(7) =0,

j Ti(7) &7 =0, )

has been regarded as a mechanical stability condition [33] (the
von Laue condition [48]). It has been interpreted as the balance
of 2D surface forces inside the nucleon, where the positive pres-
sure leads to the repulsive force while the negative pressure is
attractive [33].

We believe, however, that the above interpretation is subject
to debate. First of all, all systems have MCD, but not all MCDs
are simply pressure, as in the cases of a moving fluid and a beam
of laser. Exactly when MCD becomes pressure requires careful
examination, which has not been carefully discussed in the con-
text of QCD in the literature. Second, even when a part of or the
whole MCD can be regarded as pressure, it does not readily mean
the surface force between different parts of the system, as in ideal
gases. Only in very special cases does the pressure correspond
to a surface force. In the case of nucleon, the overall pattern
of the momentum flow, described by the form factor C/D, may
not have any overarching mechanical interpretation as a pres-
sure or force between different parts. This is because the total
MCD receives ambiguities from the superpotentials [1,49-51]
when the interactions are present. In terms of the momentum
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continuity, the specific form of Cis not particularly meaningful:
any transformation, C — C 4+ AC, makes the momentum con-
servation unchanged. It is also well known that Noether’s theo-
rem does not generate a unique conserved current. Therefore,
there is no way to know a priori which version has more mechan-
ical importance than the other. As far as we know, the only way
to favor a special MCD is through its coupling to new interac-
tions beyond QCD. Here, the option is clearly gravity. However,
the physical effect of this specific gravity-coupled MCD is limited
to generating the space-time metric perturbation and tensor
monopole moment [38].

In this paper, we seek to clarify the physics of MCD by study-
ing the mechanisms of the momentum flow and related forces

through its individual components T¥ = ¥ T, following an
EMT decomposition proposed in Ref. [6]. There are, in general,
2 types of contributions for the momentum transport: kinetic
motion of particles and mechanical forces. While the quark
contribution is purely kinematical, the gluon contribution
contains both physical gluonic radiations and static Coulomb
interactions. The most intriguing aspect is the interaction
contribution from the gluon scalar through the trace anomaly.
This contribution is an attractive potential MCD (sometimes
called “negative pressure”) due to a change in the QCD vacuum
in the presence of valence quarks.
Only the momentum continuity equation,

0.7 =0
, 3

can be seen as the local balance of force densities through the
change of local momentum from particles and interactions. We
can identify forces on the quarks through the divergence of
their kinetic MCD, which has a direct physical meaning as
color-Lorentz force. We find the attractive force on quarks with
a strongly confining component of the trace anomaly. The aver-
age strength of this anomaly force is approximately 1 GeV/fm,
similar to the well-known QCD string tension [52,53]. In this
paper, we consider that the light quarks are massless to simplify
the discussion.

QCD Mechanisms for the Momentum
Flow in the Nucleon

The QCD EMT and its renormalization has been worked
out previously T# = T"" + 7", where both the trace T
and traceless T"" = Tgv + Tgv parts are scale- and scheme-
independent [3,5,6]. It is gauge-invariant and symmetric in pv
and is believed to be the gravitational charge. Specializing to

the spatial components of the EMT, one obtains 3 contributions
to the MCD,

TH(7)=T0 (7, u) + T2 (7.u) + T (7), (@)

where /4 is the renormalization scale, and T (r ,u) T (r ,u)

and T ( ) represent quark kinetic, gluon tensor, and gluon
scalar (trace anomaly) contributions to the total QCD momen-
tum flow, respectively.

The quark kinetic MCD T’J(r ,u) =(1/2)yiD" yf)q/( )
represents the transport of momentum through the kinetic
motion of quarks. This can be easily seen through the kinetic
MCD of particles in the classical and nonrelativistic limits,
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(7. 1) = Y phtwas® (7 =7 (1), (5)

where p ,(t) = m,V ,(t), m, and ¥ ,(t) are the momentum,
mass, and velocity of the ath particle, respectively, and 7 rep-
resents the coordinate space distribution. By tracing , j, we find
that Tl’g (7)is proportional to the kinetic energy density £ (7 ).
Similarly, tracing the relativistic quark kinetic MCD also
gives rise to the quark kinetic energy density distribution

T" (7)= ?30 (F)=e q (7)in the coordinate space.

q

The gluon tensor MCD T ( ) —(1/4)6YF? — FieF/ (_' )
is the standard “stress tensor” of gauge fields as in the classical
electromagnetism. While in the nonrelativistic limit, this MCD
conducts momentum flow mainly through the static Coulomb
interactions as in the hydrogen atom, the quark dynamics in
the nucleon is ultrarelativistic and can generate the gluon radia-
tion as an integral part of the system. These radiative gluons
can carry the momentum flow through its kinetic motion
like quarks. However, there is no frame- and gauge-independent
separation of the radiations from the static gluonic interactions.
Therefore, the gluonic MCD flows the momentum through a
mix of kinetic motion and interacting forces. Similar to the
quark case, by tracing i, j indices, one obtains the gluonic energy

o i 700 -
density T, (7) =T, (7) = ey (7).
~ij y L

The anomaly MCD T; (r ) =—(1/4)6Y (ﬂ(g)/Zg)Fz (r ) is
negative definite and contributes to the total without a corre-
sponding momentum density. Therefore, it reflects a pure inter-
acting effect and is also the negative of the anomalous energy
density distribution /Y:Z (7) = —¢, (7 )517 [54]. This MCD is
essentially a negative pressure potential, reflecting that quarks
“sweep” out the true QCD vacuum and lower the expectation
of gluon condensate, as in the instanton liquid model [55], in
line with the bag model phenomenology [56-59].

With the above decomposition, the physical meaning of the
momentum flow balance in Eq. (2) reduces to

[(T5)) 7 = [[eg () +eg () -3,(7) |6 =0, (@

where (T#) (7 ) = €q (7) + £g (7) — 3¢,(7 ) reflects the physi-
cal content of what has been identified as the “pressure” distri-
bution in the literature [32]. This equation is the same as the
virial relation between the scalar and tensor energy contribu-
tions to the nucleon [5,6,45].

The nucleon MCD currents in the coordinate space ¥ can
be related to the grav1tat10nal form factors (GFFs) A ( )
B, g( ) and C, ( ) defined as the matrix elements of the

QCD EMT in the nucleon momentum states [7,46,47],

o .
v — —y p lcr")”’qa
<P’|T" p>=U(P’) [Ai(qZ)pr )+B"(q2)T
quv _quyv M (7)
1271 1o _ &= A A2 v
+Gi(0')—; 7 Gsil@)g” ]U(P),
AUV —_ M v
<P’|TZ ’P>=U(P’)[IGS(q2)g” ]U(P), 8)
2
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where i = g,g represent quarks and gluons, M is the proton mass,
g" = P'# — P# is the 4-momentum transfer between the initial
and final states with momenta P# and P’#, and P* = (P'# +P#) /2
is the average momentum. G(q*) = Gog (¢%) + Gog (q%)is the

scalar form factor, with G, ;(¢?)arising from the nonconserv-
ing contributions [60],

2

2\ _ 2 2\ 4 2 39> 9
Gyi(a*) =A4;(a*) +B;(q )M_Ci(q )ﬁ ©)

For simplicity, we will henceforth denote (T%)(q) =
(P’ | Tij|P> /2Ep and ignore the scale y dependence.

To obtain coordinate space 7 distributions, we consider a
limit in which the nucleon is heavy so that the system recoils
are negligible, |q2 | < M?[61].In practice, because the nucleon
mass is not super heavy, it is impossible to define strict classical-
like 3D proton densities [35,61-66], and we choose the original
Breit frame matrix elements [34,67] and perform the Fourier
transformation to get the spatial distributions,

—i\ v M i 1 oigioi i
(T)) () =5 6= 2 (VI =6"V)C), (10)
(#VG) =-Yemsi=p, 7)o,
a4’

where Gy(r) = | P 7 G, (=4?), and similarly for C(r).
Clearly, the quark and gluon momentum flows are in both
radial and angular directions, which indicate that the average
quark motion is analogous to an elliptic flow in fluid. Meanwhile,
the position-dependent anomaly MCD, being negative, shows
that the momentum flows toward the “center”. It represents a
“negative pressure” potential p, (7 ) = —¢, (7 ) from the gluon
scalar field expectation [54]) integrating to —M/4. By summing
up these 3 components, the total MCD,

i\ (2 L (vivi_ siiy2
;(Ta>(r)=—M(V Vi-siVCm, (12
is expressed using only the C/D form factor, which may be
considered as the MCD sum rule.

We use the most recent phenomenological analysis on
GFFs [23] to exhibit the state-of-the-art knowledge on the
momentum flow in the nucleon: contributions from differ-
ent components and the total. This global analysis utilizes
the Bayesian inference to fit various lattice QCD calcula-
tions and experimental data [23]. Specifically, the GFFs

F, (qz) = {Aq,g (4%), Cog (qz)} are paramsarized in the momen-
tum space as F;(q?) = Fl-o(l —qz/MIE.) with @ =2 for A,
and a =3 for C, . Notably, the B-form factor is relatively small
and has been neglected. Due to the correlations among the
parameters {FiO,MF’}, we utilize 2 X 10* parameter sets

obtained from the Monte-Carlo Markov Chain (MCMC) sam-
pling method [23].

Based on the above parametrization and fits, we plot the
trace of different components of the QCD MCD in Fig. 1,

=i \ ()3 11,
(Ty) (F) = TMAL (=1 V2Cpeh (13)

Jiand Yang 2026 | https://doi.org/10.34133/research.1155

0.17r‘ L . T T T ]
o Tzz Ti1
— tot q
| A — ..
0.05 - m i
E --- T T
*
% 0
e 0 R R
E \\ ~_::"
& 005 Smoril-- _-
&
-0.1! I I I
0 0.5 1 1.5 2

Fig. 1. Trace of the momentum current distribution in proton and its decomposition
into 3 componentsin Egs. (13) and (14), illustrated using the latest phenomenological
fits to both lattice QCD calculations and experimental data [23]. The total current
(blue dashed) satisfying the virial theoremin Eq. (6) is decomposed into the positive
quark kinetic (black solid) and gluon tensor (green solid) contributions and the
negative trace anomaly (red dashed) contribution. Uncertainties of 90% confidence
interval are shown as shaded areas.

<?Z>(7)=

By propagating the MCMC samples through these formulas—
which preserves the full parameter correlations—we show the
medians as curves, and the uncertainties are estimated using
90% confidence intervals, shown as the shaded areas.

The quark and gluon contributions, or equivalently the
quark and gluon energy density distributions, are found to be
positive definite and dominate the small-r behavior of the total
MCD trace ( Tii> (? ) (blue dashed curve in Fig. 1). The positive
gluon MCD indicates that the radiative gluons may dominate
the contribution; in contrast to the hydrogen atom, the elec-
tromagnetic MCD is negative due to the dominant contribution
of the static Coulomb force [40]. The negative anomaly con-
tribution p,(r) accounts for the total trace being negative at
large r, which explains the sign of the so-called D-term [33].
Physically, the negative anomaly contribution at large r is
expected from bag model phenomenology in which the scalar
field with a large radius is present to confine the motion of
quarks [56,68,69].

Note that the current data on the anomaly MCD has the
largest uncertainty, which is dominated by the errors of C/D
form factor (see Fig. 3 of Ref. [23]). Therefore, enhancing the
future data precision and reducing uncertainties on C/D are
essential for achieving a better quantitative understanding of
the momentum flow mechanism.

3 91
—ZMAqug(r) +2 Mvzcw(r). (14)

Color-Lorentz Forces on Quarks

As discussed earlier, momentum flows can arise from interact-
ing forces, but in general, they are not the 2D surface forces
directly, even though the momentum current 77 has the unit
of pressure. Only for the systems with zero-range forces as in
liquids and solids can the interaction part of the MCD T” be
interpreted as internal 2D pressure/shear forces [70]. The color
forces among quarks have a range comparable to the size of the
nucleon, and therefore, no part of the MCD can be interpreted
as the 2D surface forces among quarks and gluons.


https://doi.org/10.34133/research.1155

Research

Nonetheless, we can learn about the internal forces inside
the nucleon through the continuity equation of separate MCDs
Tq] . For a classical system consisting of N interacting particles
with a 2-body potential V. b(lr —74|), the local continuity

equation of the kinetic EMT gives

AT (7,1) . .
KT+6,TK ZFJ O (F =7 ,00) =T (7),

(15)

where we have used Newton’s second law and F/ is the internal
force acting on the ath particle from the others. This equation
yields the force density /(7 ) exerted on the particles. Similarly,
in the example of a hydrogen atom, it is easy to show that the
electron’s kinetic MCD [40,44] also satisfies

6V

a.<T’7 )* -
1 e—K (7’) aT]

where y e( )is the electron wave function, V(7 ) is the electric
potential, F (r) is the Coulomb force, and T’(r) is the force
density (weighted by the electron probability distribution).

Therefore, the force can be learned from the divergence of
the kinetic MCD, or classically the momentum change of a
moving particle (see also Refs. [44,71,72]). We define the force
density on quarks as

Fi(7)=20,(T V=0 (T))(7) =2 VG, (0. (7)
which is weighted by the quark probability density implicitly.

2 L
A =),
(16)

o) <+

T’é is exactly the standard color-Lorentz force density,
a T”] =gF”]Wy”talll

(18)
=gp.E +g<1u><B) =7}

where (p ) u) = yyHt,y is the color current, which is different

from previous works [73-75] in the infinite momentum frame.

On the other hand, the continuity equation in Eq. (1) allows
us to trace the force on quarks to the divergences of the gluon
tensor and anomaly MCDs,

0TIV F) ==0i(T0) (F) - Vipa(7) = T4 (7) + TA(F ),
(19)

where the force densities are exclusively along the radial direc-
tion due to the spherical symmetry of the static nucleon. The
above equation is analogous to Euler’s equation for a fluid [70],
where the anomaly contribution —V’p,, (7 ) is similar to a “pres-
sure term” (but is rather a scalar potential [54]), and the gluon
tensor contributes as the electron-proton interaction in Eq. (16).
However, we strongly warn against taking the comparison
with a fluid too literally: while the above quantum mechanical
average is universally correct as an Ehrenfest theorem, fluid
dynamics requires further assumptions to turn the above into
a dynamical equation for infrared degrees of freedom (fluid
elements containing many particles in local thermal equilib-
rium) through averaging over the ultraviolet ones (scales much

Jiand Yang 2026 | https://doi.org/10.34133/research.1155

smaller than fluid elements), which is inapplicable for the
nucleon [70].

We again take the state-of-the-art global analysis utilizing
various lattice QCD calculations and experimental data of the
GFFs [23] to illustrate the force density distributions within
the proton. We plot the radial components of the above force
densities in Fig. 2. The uncertainties are determined similarly

by propagating the MCMC samples of {F,-O,M Fi} [23] to the

force densities through the above formulas.

Notably, due to the rather substantial uncertainties and the
nucleon recoil effects, distributions at small r may not reflect
the realistic nucleon structures accurately, underscoring the
urgency of improving data precision. Therefore, we focus on
the results at relatively large r regions, and find that the total
force density acting on quarks is attractive toward the “center”
with negative values, which reveals the mechanical mecha-
nism of the quark confinement. Tracing to individual com-
ponents, we find that the force from the gluon tensor is
positive/repulsive, indicating perhaps the radiative gluon
dominance, while the anomaly force is larger and attractive.

Despite the large uncertainties and the recoil effects, we
nevertheless calculate the average color-Lorentz force by inte-
grating over 7. The average radial force from the anomaly is

= [ &’F F,(7)=-1.06"012 GeV/fm.  (20)

This average anomaly force F, exhibits a magnitude similar

to the confinement string tension [52,53], a concrete evidence

that the anomaly plays an important role in the quark confine-

ment [37,76-78]. Notably, one previous model estimation has
found a value an order of magnitude smaller [71].

Conclusion and Discussion

In this paper, we have studied the underlying physical mecha-
nism of each component of the QCD momentum flow. We find
that quarks carry the momentum density through the “collec-
tive” motion in both the radial and angular directions. The
gluon tensor flows momentum both as momentum carriers
and as a mediator of forces among quarks, while the gluon

Fig. 2. Force density distributions acting on quarks in the proton, visualized using the
latest phenomenological fits to lattice QCD calculations and experimental data [23]:
the large attractive force from the anomaly (red dashed) and the repulsive force from
the gluon tensor (green dashed) combine to produce the total confining force (black
solid) on quarks. The uncertainties are shown as shaded areas.
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scalar (trace anomaly) contributes through the pure interacting
effect, resulting in a negative “pressure potential” due to a
Casimir-like effect, the change of the QCD vacuum. The total
MCD simply shows the momentum conservation through the
balance of the in and out flows of the momentum density.

We also find that the force effects can be studied through the
divergences of the QCD MCD, which give the color-Lorentz force
densities. Within the proton, the total force acting on quarks is
found to be strongly confining. This force receives contributions
from the gluon tensor and trace anomaly components, where the
anomaly provides a large attractive force with an average magnitude
of 1 GeV/fm, similar to the QCD string tension, indicating the
origin of confinement. Notably, these force densities are related to
the scalar form factor G, (¢ ) rather than the C/D form factor.

Finally, we want to comment that the physics of the MCD
in the infinite momentum frame is simplified: only the T"*
component (V* = (VO+V?)/ V) is leading and has a density
interpretation (others are higher twists), which represents the
momentum flow carried by unpolarized partons along the
direction of proton motion. It is just the velocity (speed of light)
multiplied by momentum density, similar to that of a beam of
particles, as expected. In this case, form factor C drops out,
which, together with other subleading MCD components, does
not have simple density interpretation. Thus, a force discussion
in such a frame is beyond the scope of this paper.
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