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Terahertz (THz) amplification presents promising potential for various innovative applications. Here,
we achieve an ultra-broadband and high-gain THz amplification from 0.1 to 25 THz with a saturated
electric field peaking at 107 V//m by leveraging drift-induced plasmon instability in a single-layer gated
graphene system. The plasmon instability arises from the electron concentration modulation due
to the nonuniformity of the electron-phonon scattering rate distribution on the Fermi surface. The
modulation will introduce increments to compensate for the plasmon loss and even achieve plasmon
amplification. Specifically, we derive the nonreciprocal plasmon dispersion using Maxwell's equations
in conjunction with the Boltzmann transport equation, incorporating interactions between electrons
and phonons. We find that the amplifying plasmon mode propagates against the electron drift velocity,
and the amplification efficiency can be tuned by adjusting either the electron concentration or the
electron drift velocity. Furthermore, the simulation shows that when the fundamental mode is amplified
to saturation, higher harmonics are generated and amplified, forming a THz frequency comb. These
results provide a promising avenue for developing tunable on-chip THz light sources, amplifiers, and
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frequency comb generators within integrated plasmonic systems.

Introduction

There is growing interest in the development of miniaturized
terahertz (THz) light sources, driven by the increasing demand
for applications in sensing and imaging systems, biomedical
fields, communications, and spectroscopy [1-3]. Surface plas-
mons in noble metals have demonstrated important potential
for the generation and manipulation of nanoscale light sources,
covering a frequency range from infrared to visible light [4-8].
To generate THz light through surface plasmons, researchers are
increasingly focusing on 2-dimensional (2D) materials with
Fermi energies lower than those of noble metals. 2D materials
such as graphene, graphite, WSe,, and MoS, have shown promis-
ing applications in generating and manipulating tunable THz
[9-13], infrared [14], and x-rays [15-20]. Among various 2D
materials, graphene exhibits a series of unique properties. It
features outstanding mechanical strength, remarkable electri-
cal conductivity, high electron mobility, and excellent thermal
conductivity [21-24]. Additionally, the energy dispersion of
graphene is linear, leading to distinct plasmon dispersion char-
acteristics compared to other 2D electron systems, which exhibit
nonlinear energy dispersion [25-29]. Recent experiments have
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confirmed the nonreciprocal plasmon dispersion in nonequi-
librium graphene electron systems, as well as the breaking of
Galilean symmetry [30,31]. These findings pave the way for
the development of THz light sources based on graphene
plasmons.

So far, THz radiation excited by surface plasmons in graphene
has been studied both theoretically [32-45] and experimentally
[46,47]. Plasmons in graphene, oscillating in the THz range, can
be driven by drifting electrons via plasmon instabilities, which
are predicted in various structures such as single-layer graphene-
based field-effect transistors with a single gate [32-36], grating-
gate structures [37,38], double-layer graphene systems [39-42],
and graphene nanoribbon arrays [47]. Plasmon instability is a
process where a small deviation from the dynamic equilibrium
becomes the cause of a further deviation. This process results in
the energy transfer from drifting electrons to plasmons, lead-
ing to electromagnetic wave radiation [48]. Specifically, in
traditional single-gated field-effect transistors based on 2D
electron gas (2DEG), there are 2 main types of plasmon instabili-
ties: Dyakonov-Shur [49] and Ryzhii-Satou-Shur instabilities
[50]. The former predominantly depends on asymmetric bound-
ary conditions to enhance a plasmon wave at the drain. In
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contrast, the latter augments a plasmon wave via transit-time
effects within the high-electric-field region adjacent to the drain
side. Due to the extremely high electron mobility of graphene,
these 2 instabilities can be achieved more readily and effectively
in graphene-based field-effect transistors [32]. Notably, in dual-
grating-gate graphene-based field-effect transistors, both insta-
bilities can be achieved at specific configurations, resulting in
marked plasmon amplification [37]. Additionally, researchers
have investigated the current-driven plasmon instability in grat-
ing-gate graphene-based structures by modulating the carrier
density [38]. Such instability has previously been explored in
semiconductor 2DEG systems [51,52]. In double-layer gra-
phene systems, 2-stream instability, which is caused by the
inconsistent velocities of 2 sets of carriers, has been investi-
gated [39]. Moreover, recent theoretical works have proposed
novel mechanisms in graphene [40-45], including non-
Cherenkov amplification of THz plasmons in double-layer gra-
phene with direct current [40], as well as the dissipative instability
induced by momentum relaxation in single-layer graphene [43].
Experimentally, the researchers have demonstrated current-
driven excitation of Dirac plasmons in grating-gate graphene
transistor nanostructures, leading to THz radiation ampli-
fication up to room temperature [46]. The majority of the
aforementioned studies employ the hydrodynamic model
to depict the motion of carriers within graphene. However,
the hydrodynamic model has limitations in fully describing
the carrier distribution in the momentum space, making it
impossible to observe certain microscopic plasmon insta-
bilities. A detailed analysis of a representative hydrodynamic
model for graphene, as presented in Ref. [32], is introduced
in the Supplementary Materials.

Here, we have discovered a novel plasmon instability in
single-layer gated graphene by using a method going beyond
the hydrodynamic model. The novel plasmon instability has
the characteristics of ultra-broadband THz amplification, and
its amplification efficiency can be adjusted by the electron con-
centration and the electron drift velocity. Specifically, we theo-
retically derive the graphene plasmon dispersion by utilizing
both the Boltzmann transport equation and Maxwell’s equa-
tions. The former is used to describe the phase-space motion
of electrons, and the collision term is treated via the relaxation
time approximation. We also investigate the factors influencing
plasmon instability and elucidate its underlying origins. It origi-
nates from the nonuniformity of the electron-phonon scatter-
ing rate across the tilted Fermi surface. Furthermore, we study
the amplification process of graphene plasmon using the
semi-Lagrangian method [53] and discover the generation of
a THz frequency comb. Our results pave the way for develop-
ing tunable on-chip THz light sources, amplifiers, and fre-
quency comb generators within integrated THz graphene
plasmonic systems.

Results and Discussion

Device structure and physical model

The device we used to amplify THz waves is shown in Fig. 1A.
Our device is composed of a graphene layer interposed between
2 dielectric media. The top dielectric layer is overlaid by a metal
gate. The graphene layer supports surface plasmons. The attrac-
tiveness of employing graphene to support surface plasmons lies
in the fact that the carrier concentration within graphene can be
continuously tuned from nearly zero to as high as 10" cm™
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through the application of an external voltage. This important
ambipolar doping effect has unveiled the enticing possibility of
achieving real-time control of surface plasmons [54].

In the proposed mechanism, the presence of a drift velocity
induces a strong asymmetry in the electron-phonon scattering
rate across the Fermi surface. This asymmetry leads to electron
redistribution in phase space during transport, enhancing local
charge concentration perturbations and thereby effectively
amplifying the plasmons. To better illustrate our findings, we
physically model the system as described below.

Two types of electromagnetic surface waves, namely, the
transverse electric (TE) and transverse magnetic (TM) surface
modes, are capable of propagating in graphene. Arising from
longitudinal charge concentration oscillations, graphene plas-
mons exhibit a longitudinal electric field component, classifying
them as TM modes. In the THz and far-infrared regimes, gra-
phene’s conductivity is dominated by intraband carrier dynamics,
which inherently facilitates TM-mode propagation by enabling
efficient coupling between electromagnetic fields and charge
concentration fluctuations [55]. Here, the Boltzmann transport
equation [56-58] is adopted to describe the motion of electrons
in phase space:
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Here, vy is the Fermi velocity, k = (k,, ky) is the wavevector, e is
the electron charge, E, denotes the longitudinal electric field, % is
the reduced PlancK’s constant, f{x,kt) is the distribution function
of electrons, and S, is the collision integral that accounts for
electron—-phonon scattering. Combined with Maxwell’s equations,

the graphene plasmon dispersion is derived:
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Here, ¢ = g g, stands for the degeneracy of electrons, g, = 2
is spin degeneracy and g, = 2 is the valley degeneracy, p is
chemical potential, and ¢, denotes the permittivity of free space.

1=
the surface wave field in the transverse direction from gra-
phene; d, is the height of the top media; g and w are the wave-
vector and angular frequency of surface plasmon, respectively;
kg is the Fermi wavevector; I' is the scattering rate between
electron and phonon; and f§ = v,/v; is the relative velocity. The
details of theoretical derivation are provided in Methods. By
solving the dispersion relation [Eq. (2)] numerically, the com-
plex oscillation frequency of graphene plasmon w = @' + iw”
is obtained. Its real and imaginary parts represent the reso-
nances and increments (amplification efficiency).

(g% —w?e, /c?)is the constant of evanescent decay of

Mechanism of plasmon instability

Figure 1A illustrates the THz amplification due to graphene
plasmon instability induced by drift velocity in a single-layer
gated graphene system. In the proposed mechanism, plasmons
propagating along the drift velocity (downstream plasmons)
attenuate gradually, while plasmons propagating against the
drift velocity (upstream plasmons) amplify. Figure 1B shows
that the normalized electric field of plasmons is sinusoidal
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Fig.1. THz amplification induced by graphene plasmon instability in single-layer gated graphene structure. (A) Diagram of our THz amplification system. The graphene is sandwiched
by 2 dielectric media, with a metal gate on the upper medium. With drifting electrons, the amplifying plasmons propagate against the electron drift velocity. (B) Normalized
distribution of the longitudinal electric field of graphene plasmons. (C) Energy diagrams of graphene without and with drifting electrons. &, is the electron energy. (D) Graphene
plasmon dispersions with different drift velocities. The dashed black arrows denote the propagation direction of plasmons, while the straight black arrows signify the drift direction
of carriers. (E) Tunability on amplification efficiency and plasmon resonances via electron drift velocity when electron concentration n = 1x 10 cm™2. (F) Tunability on amplification
efficiency and plasmon resonances via electron concentration when electron drift velocity v, = 0.5v;.

along the x direction, with its maximum amplitude occurring
in the graphene layer (z = 0) and decaying in the medium. This
reflects the strong confinement of the graphene plasmons.
Figure 1C depicts the energy diagrams of graphene without
and with electron drift velocity. It can be observed that the
Fermi energy is constant without drift velocity. However, the
Fermi surface tilts within the Dirac cone when the electrons
have a drift velocity, causing the Fermi energy to change with
momentum. From Fig. 1D, we observe that the introduction
of drift velocity markedly alters the plasmon dispersion, leading
to nonreciprocal plasmon propagation that has been experi-
mentally verified [30,31]. Due to the Doppler effect, the down-
stream plasmon exhibits a blueshift at a fixed wavevector
accompanied by an enhanced group velocity. Conversely, the
upstream plasmon is redshifted with a reduced group velocity.
Furthermore, the results reveal that the frequency shifts become
more notable as the drift velocity increases, indicating a direct
correlation between the Doppler effect and the frequency of
the amplified mode. As shown in Fig. 1E, positive increments
occur for upstream plasmon propagation, indicating the ampli-
fication in the THz range. The amplification efficiency can be
modulated by the electron drift velocity. As the drift velocity
gradually increases from 0.2v; to 0.8vy, the amplification effi-
ciency increases from a negative value to 0.16 ps . Further, the
positive increment persists over a broad range of wavevectors,
suggesting the characteristic of ultra-broadband amplifica-
tion. The maximum increment occurs in the long wavelength
region, corresponding to several THz. This may imply that

Qiu et al. 2025 | https://doi.org/10.34133/research.1023

the plasmons with several THz will dominate in the amplifica-
tion process. It is expected to provide a possibility for the scarce
THz sources (0.1 to 10 THz). Figure 1F shows that electron
concentration is another key factor that can markedly regu-
late the amplification efficiency. As the electron concentration
increases from 1 x 10" cm ™ to 5 x 10'* cm 2, the amplification
efficiency increases from about 0.15 ps~' to close to 1 ps~',
which means a decrease in propagation distance for THz ampli-
fication. We also observe the peak shifts to larger wavevectors.
This shift may result in the plasmons with higher frequency
becoming dominant.

To reveal the properties of the instability, we investigate the
threshold required for amplification. This analysis explores a
broad range of electron concentrations, encompassing typical
doping levels for graphene (0.1 to 0.5 eV), and considers drift
velocities ranging from zero to the Fermi velocity v;. Figure 2A
shows the region where THz amplification is achieved under the
combined influence of electron concentration and electron drift
velocity. It indicates that the drift velocity threshold for plasmon
instability initially decreases and then increases with increasing
electron concentration. The minimum threshold occurs at
approximately n=2 X 10'* cm ™7, indicating that only a relatively
low drift velocity is needed for amplification at this concentra-
tion. This is particularly advantageous for practical applications,
as it relaxes the limitation for high electron mobility. To explain
this phenomenon, we choose 3 dashed lines in Fig. 2A and plot
their maximum scattering rate differences (AI' =TI, ., — I'yin)
and the relative differences AI'/T, ,, on the Fermi surface. The
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Fig. 2. The origin of the graphene plasmon instability. (A) THz amplification region under the combined influence of electron concentration and drift velocity. (B) Difference
AI" between the maximum I',,,, and minimum I",,;, scattering rate on the Fermi surface and the relative difference AI'/I",,,, in the whole electron concentration region. The
electron drift velocities correspond to the 3 dashed lines in (A). (C) Scattering rates of electrons with optical and acoustic phonons when electron concentrationn =1 x
10" cm~2. (D) Time-dependent evolution of electron concentration perturbation in the wave frame. (E and F) Change in the distribution function at the wave crest relative to
its initial state at t =1and 5 ps, respectively. The black dashed curve indicates the Fermi surface.

results are shown in Fig. 2B. In the THz amplification region,
the scattering rate differences AT are all on the order of 1 and
10 ps~'. Meanwhile, the relative differences AII,,, are also
large, approximately greater than 0.8. This indicates that the
key to achieving THz amplification is to create large relative
scattering rate differences on the Fermi surface. Further, we
investigate the scattering rates of electrons with acoustic and
optical phonons. Figure 2C shows that the strength of the
electron-optical phonon interactions is much higher than that
of the electron-acoustic phonon interactions. Combined with
Fig. 2B, we can conclude that the THz amplification is domi-
nated by the electron-optical phonon interactions. We also
demonstrate that although the instability is determined jointly
by 3 optical phonon modes, the contribution from the pho-
nons near the K point dominates due to its higher scattering
rate with electrons (see detailed analysis in the Supplementary
Materials).

Figure 2D tracks the amplitude evolution of the electron den-
sity perturbation over one period, showing an initial decay fol-
lowed by a sustained growth. To elucidate the amplification
mechanism, we examine the evolution of electron momentum-
space distribution at the wave crest, as presented in Fig. 2E and
E The results indicate a growing electron clustering in low-scat-
tering-rate regions near the Fermi surface at negative momenta
(—k,), leading to the enhancement of the wave amplitude. Based
on these findings, we propose the following explanation. Initially,
the drift velocity induces a nonuniform scattering rate distribu-
tion across the tilted Fermi surface. Perturbations established in
high-scattering-rate regions are rapidly damped, causing the
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initial wave attenuation. Meanwhile, the electrons are redistrib-
uted in the momentum space and accumulate preferentially in
low-scattering-rate regions. Although the individual electron
velocity is lower than the phase velocity of the wave, the collective
motion of the electron cluster synchronizes with the wave crest,
thereby continuously delivering energy to the wave. Once the rate
of electron cluster formation exceeds the wave-damping rate (i.e.,
the threshold in Fig. 2A is surpassed), net amplification occurs.
The excited plasmon must therefore acquire negative momentum
from the clustered electrons through momentum conservation,
confirming its upstream nature.

Based on the above physical explanation, we believe that
graphene has 2 unique advantages over other plasmonic materi-
als or 2D systems. Specifically, graphene’s linear energy disper-
sion enables the formation of electron flows moving against the
drift, especially under conditions of high drift velocities. This
counterflow plays a crucial role in making the amplification of
upstream plasmons possible. Additionally, the linear energy
dispersion leads to a broad carrier distribution in momentum
space, resulting in a large variation in energy at the tilted Fermi
surface. This characteristic amplifies the variations in scattering
rates across the Fermi surface, thereby enhancing the proposed
amplification mechanism.

Compared to the recent dissipative instability in single-layer
graphene [43], the instability proposed in this work similarly
employs electron drift velocity and momentum relaxation
to achieve non-Cherenkov amplification, with similar tun-
able increments (0.1 to 1 ps_l) in the THz range. However, their
results differ due to the distinct physical models. The dissipative
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instability amplifies downstream plasmons with phase veloci-
ties near the electron drift velocity, whereas the present mecha-
nism amplifies upstream plasmons and exhibits pronounced
sensitivity to momentum-space variations in the relaxation rate.
The different theoretical approaches also determine their
respective operational conditions. The dissipative instability is
valid in the hydrodynamic regime. It requires that the mean
free path of electron-electron scattering [, becomes much
shorter than that of the electron-phonon scattering and the
system dimensions [59]. In contrast, the electron-phonon scat-
tering dominates over the electron-electron scattering in the
present mechanism, which means that the mean free path of
electron-phonon scattering I, ;, is shorter than [,. This differ-
ence implies that I, markedly affects the applicability of the 2
mechanisms. According to Ref. [60], [, in single-layer graphene
varies with carrier density n and temperature T as [,, o< n'/?/ T2
Therefore, in practical high-mobility graphene field-effect tran-
sistors, it is possible to switch between the 2 mechanisms by
adjusting the gate voltage and temperature. Furthermore, as
will be discussed in the subsequent section, the nonlinear
dynamics associated with the proposed mechanism offer a
promising route toward THz frequency comb generation,
potentially extending its utility to high-precision spectroscopy
and broadband communications.

THz amplification and frequency comb

To study the amplification process of graphene plasmon, in par-
ticular the influence of nonlinear effects on THz amplification,
we take advantage of the semi-Lagrangian method [53] to solve
the Boltzmann transport equation [Eq. (1)]. The semi-Lagrangian
method solves kinetic equations by backwardly tracing particle
trajectories in phase space on a fixed grid. It employs interpolation
with time-splitting technique to update the distribution function
at each time step, avoiding grid distortion while retaining stability
for calculation. The detailed procedures of the semi-Lagrangian
method are given in the Supplementary Materials.

Here, we briefly describe the construction of the grids. We
set Ax=~5nm, Ak ~3pum',and Ak,=5 um~', where Ax, Ak,
and Ak, are the spatial grid steps along x, k,, and k, directions,
respectively. Given that the electron drift velocity is aligned
with the x direction, the electron distribution function exhibits
enhanced broadening in momentum space along k,. To resolve
this anisotropic feature, we employ a smaller grid spacing (Ak,)
in the k, direction. A nonuniform temporal step size, At €
[0.1,5] fs, is implemented, as the nonlinear stage evolution
introduces higher harmonics, which require shorter time steps
for accurate simulation. Additionally, periodic boundary condi-
tions are imposed on the boundaries along the x direction.
Multiple simulation results show that the above parameter settings
maintain the convergence and stability of the solution. In the

amplification process, the longitudinal electric field of graphene

plasmons has the following form:E, = E,_,;a¢” "¢~ Here,
E, i 1s the amplitude of the longitudinal electric field at the
initial time. It is determined by the applied perturbation and
can be calculated by Eq. (7). It is worth mentioning that the
saturated electric field strength is independent of the initial
perturbation, which is mainly determined by the equilibrium
electron concentration and electron drift velocity. (The detailed
analyses are provided in Section S$4.) So, it is appropriate to
introduce a dimensionless parameter { = In (E,/E, ,,;,.0) s the
relative amplitude of the electric field to characterize the linear
amplification process.
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In Fig. 3A and B, we introduce a sinusoidal perturbation to
the electron concentration whose amplitude is 0.01% of the
equilibrium concentration. The results show that the amplifica-
tion process of graphene plasmons is consistent at different
electron concentrations. The relative amplitude of the longitu-
dinal electric field first begins to amplify with a specific incre-
ment in accordance with the solution of dispersion and then
becomes saturated. The differences brought about by different
electron concentrations are mainly reflected in the following 2
aspects. The first is the time required for amplification to satura-
tion, which is about 12.5 and 2.5 ps, respectively. The second
is the peak and gain of the electric field of the plasmons. The
electric field can peak at 10° and 10’ V/m, and the gain can
reach about 58 and 70 dB, respectively. Therefore, we believe
that high electron concentrations are more favorable for ultra-
fast and high-gain THz amplification. To capture the changes
in the spectrum more clearly, we choose the case where the
electron concentration is relatively low, i.e, 7 =1x 10" cm ™2,
because in this condition the amplification process is slower
and the spectrum does not change too rapidly. Figure 3C shows
that in the linear stage, the plasmon frequency is primarily
determined by the wavevector of the initial perturbation.
During this stage, the plasmon can be approximated as a single-
frequency wave, with its amplitude gradually increasing at a
constant rate. This mode corresponds to the fundamental
mode. When the fundamental mode is amplified adequately,
as shown in Fig. 3D and E, higher harmonics are excited, sig-
naling the transition from the linear stage to the nonlinear
stage. The nonlinear effect originates from the third term on
the left-hand side of Eq. (1), which contains the products of
any-order perturbations of the electric field and electron dis-
tribution function. These higher harmonics align with the
frequency-doubling line, indicating that their frequencies and
wavevectors are integer multiples of the fundamental mode. At
this time, amplification of the higher harmonics proceeds
simultaneously. Notably, these higher-order modes generate a
THz frequency comb with a broad spectrum, extending up to
25 THz. Subsequently, these higher harmonics, which initially
follow the frequency-doubling line, gradually approach the
dispersion, as shown in Fig. 3E During this process, these fre-
quencies decrease, causing the frequency comb to shift toward
the lower frequency band. Meanwhile, these plasmon modes
compete with each other and eventually evolve to the domi-
nance of the higher harmonics. In general nonlinearities, the
intensity of the higher harmonics should be much less than
that of the fundamental mode due to the low conversion rate.
However, during the present amplification process, the higher
harmonics are gradually enhanced and eventually dominate.
In this regard, we infer that this result is due to the property of
the ultra-broadband spectrum of the plasmon instability. This
means that all the higher harmonics falling within the fre-
quency region of the instability can be amplified.

Additionally, we have investigated the influence of static
electric fields E, along the —x direction on the proposed mecha-
nism. The procedure of applying the static field is detailed in
Section S2. Before presenting the results, it is helpful to review
the behavior of electron drift velocity in graphene under an
external electric field. In field-effect transistors, the drift veloc-
ity initially increases approximately linearly with the electric
field, with a slope defined by the electron mobility. At higher
electric fields, however, the drift velocity saturates, primarily
due to the electron-phonon scattering [61]. To simplify our
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The time required to amplify to saturation is about 2.5 ps. The electric field is amplified by a factor of e'® (the gain is about 70.48 dB), with the peak up to Eymax = 212 X
107 V/m. (C to F) Fourier transformations of the longitudinal electric field of plasmon in Fig. 2A during time ranges of t € [0,5] ps, t € [5,10] ps, t € [10,15] ps, and t € [15,20]
ps, respectively. The highlighted points represent plasmon modes, and the mode with the lowest frequency is the fundamental mode. The solid yellow curve is the dispersion
solution, and the green dashed line is the frequency-doubling line, whose slope is the ratio of the fundamental mode’s frequency to its wavevector. The inserted figure in each
panel is the intensity of the corresponding frequency spectra. (G and H) Relative amplitude of the longitudinal electric field of the plasmon under static electric fields of E, =
1x10*V/m and E, =1 x 10° V/m, respectively. The slope of the red line represents the increment without a static electric field. The graphene parameters are consistent with
those in (A). (I) Spectrum of plasmons during amplification under different static electric field strengths. Each spectrum is obtained by performing a Fourier transform on the
plasmon electric field, followed by normalization to its peak value.

analysis, given this nonlinearity, we fix the drift velocity at ~ the fundamental mode frequency and an obvious enhancement
v, = 0.7v over a range of electric field strengths. The simulation ~  in higher-order harmonics with increasing field strength.

results are presented in Fig. 3G to I. Under a relatively weak Currently, these results are derived from calculations and
field E, = 1 x 10* V/m, the increment of plasmons shows little ~ analyses performed on ideal monochromatic perturbations.
deviation from the field-free case (Fig. 3G versus Fig. 3A).  However, it remains to be verified whether the graphene plas-

However, as the electric field strength increases to E, =1 X  mon can guarantee the purity of the spectrum during the THz
10° V/m (Fig. 3H), a substantial increase in the growth rate is amplification process in the presence of noise interferences. We

observed, accelerating the transition into the nonlinear stage.  define hybridization 1 as consisting of a monochromatic wave
This confirms that a stronger static electric field markedly pro- at 1.6 THz superimposed on random noise, and hybridization
motes the plasmon amplification. Furthermore, the corre- 2 as consisting of 2 monochromatic perturbations whose fre-

sponding plasmon spectra (Fig. 3I) reveal a gradual redshiftin ~ quencies are 1.6 and 2.8 THz, respectively. In hybridization 2,
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the perturbation with 1.6 THz is considered as monochromatic
noise. The signal-to-noise ratio (SNR) of hybridizations 1 and
2 are about 5 and 12.5 dB, respectively, according to the for-
mula: SNR = 10lg (E/E,), where E, and E, are the electric field
amplitudes of the monochromatic perturbation and the noise
perturbation, respectively.

From Fig. 4A to C, we can find that in the case of hybridiza-
tion 1, the influence of noise on the spectrum during amplifica-
tion is very limited, especially in the linear stage, where the
effect due to noise is negligible. Figure 4D to F shows that the
monochromatic noise in hybridization 2 can alter the spectrum
markedly as higher harmonics are generated and amplified in
the nonlinear stage. Especially when the electric field is satu-
rated, the effect is remarkable, producing a superposition of 2
sets of THz frequency combs. Although monochromatic noise
changes the results of the frequency comb in the nonlinear
stage, it has little effect on the spectrum of the linear stage. From
the results of the 2 cases, it is clear that the monochromatic
noise with a higher SNR instead has a larger effect on the spec-
trum of the monochromatic perturbation than the random
noise with a lower SNR. We argue that the random noise con-
tains many frequency components. The components falling
within the amplification region are limited and their amplitudes
are not enough, so the effect on the spectrum of monochro-
matic perturbation is negligible. Compared to random noise,
monochromatic noise contains only a single frequency com-
ponent that falls within the amplification region, which makes

it possible to alter the spectrum markedly. To summarize, we
believe that the plasmon instability is highly resistant to inter-
ference and maintains the purity of the spectrum well before
the electric field is amplified to saturation during THz ampli-
fication. This feature is advantageous for THz amplifiers.

We believe that the novel graphene plasmon instability
has 2 potential applications. The first application is an ultra-
broadband THz amplifier. By controlling the electron transit
time to maintain operation in the linear stage, we can sup-
press the generation of higher harmonics, ensuring the
amplification of the THz wave and the purity of its spectrum.
For example, when we set the electron drift velocity v, = 0.7vy
and the electron concentration n=1x 10" cm ™ or n =5 X
10'* cm™?, the linear stage time of graphene plasmon ampli-
fication is within 10 and 2 ps, respectively. Thus, the device’s
operational length would be on the order of micrometers and
submicrometers. The second application is the THz fre-
quency comb generator, which requires a longer electron
transit time to facilitate frequency multiplication and ampli-
fication in the nonlinear stage.

Experimental perspectives

To experimentally verify the THz amplification mechanism

investigated in this paper, here we analyze the challenges and

the corresponding possible solutions in the following aspects.
Firstly, to achieve precise control over carrier concentration

and drift velocity in graphene, the fabrication of graphene-based
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> , .
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Fig. 4. Interference immunity in THz amplification processes. (A to C) Spectra of hybridization 1 and monochromatic perturbations at the linear stage (t € [0,5] ps), transition
stage from linear to nonlinear stage (t € [5,10] ps), and saturation stage (t € [10,15] ps), respectively. The SNR of hybridization 1 is about 5 dB. (D to F) Spectra of hybridization
2 and monochromatic perturbations at the linear stage (t € [0,5] ps), transition stage from linear to nonlinear stage (t € [5,10] ps), and saturation stage (t € [10,15] ps),
respectively. The SNR of hybridization 2 is about 12.5 dB. The solid blue line represents the hybridization, and the dashed red line represents the monochromatic perturbation.
Here, electron concentration n =1 x 102 cm™ and electron drift velocity v, = 0.7v; are adopted. All spectra are obtained through the Fourier transformation of the plasmonic
electric field and subsequently normalized to their respective peak values.
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field-effect transistor structures with grating gates is a feasible
option [37,46]. In these structures, the carrier concentration can
be modulated by the gate voltage, and the source—drain voltage
drives the electrons to accelerate until saturation. The output
characteristic curve of the device characterizes carrier mobility
and drift velocity. Secondly, realizing the proposed mechanism
hinges on large scattering rate differences across the Fermi
surface, which is easier to achieve at high drift velocities. Thus,
fabricating graphene-based devices with ultrahigh carrier
mobility is experimentally critical yet challenging. To achieve
this objective, optimization can focus on 3 key aspects: mono-
layer graphene preparation, encapsulating dielectric selection,
and electrode contact engineering. Among fabrication tech-
niques for monolayer graphene, mechanical exfoliation and
chemical vapor deposition (CVD) are dominant. The former
offers high-quality samples at low cost, while the latter enables
large-area synthesis [62]. Given the required micrometer-
scale device dimensions, mechanical exfoliation is preferable
for graphene preparation. For dielectric encapsulation, hexago-
nal boron nitride (hBN)/graphene/hBN heterostructures are
ideal due to graphene’s ultrahigh mobility in hBN. This hetero-
structure exhibits low charge carrier inhomogeneity and ballistic
transport over micrometer lengths at low temperatures [63].
Most studies fabricate such heterostructures via mechanical exfo-
liation and layer-by-layer transfer [64]. Critically, optimizing
fabrication methods and electrical contacts has yielded devices
with room-temperature mobility as high as 140,000 cm®/V's [65].
This is achieved through van der Waals assembly of heterostruc-
tures, where 1D electrode contacts are formed by etching the
top-layer hBN to expose graphene edges.

After fabricating the devices, exciting the graphene plas-
mon successfully is another challenge. In general, there are
2 approaches. The first is self-excited oscillation. Thermal
noise distributed in the environment causes carriers in gra-
phene to generate density perturbations, thus exciting the
graphene plasmon [66]. In this way, 2 modes can be excited
at the same time, i.e., downstream and upstream plasmons.
The upstream plasmon can be amplified, while the down-
stream plasmon is attenuated when the plasmon instability
studied in the manuscript is excited. The nature of this
method lies in the fact that the thermal noise contains a large
number of quasiparticles, which are plasmons with rich fre-
quency information. Secondly, the graphene plasmon can be
excited by external electromagnetic waves through momen-
tum matching, which usually can be realized by gratings,
nano-antennas, and near-field couplers [67]. This approach
can be used to excite upstream plasmons by adjusting the
coupling structure and the angle of incidence. It is also
expected to produce coherent THz radiation.

To summarize, although it will be challenging to experimen-
tally validate our results, some outstanding works prove the
feasibility of carrying out the experiments to the best of our
knowledge. This gives us strong expectations for future experi-
mental observations of the mechanism by researchers.

Conclusion

We have demonstrated a novel plasmon instability and achieved
ultra-fast, high-gain THz amplification in a single-layer gated
graphene structure. The instability originates from the nonuni-
formity of the electron—phonon scattering rate across the tilted
Fermi surface, which leads to electron clustering in phase space
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and upstream plasmon amplification. Specifically, the longitudi-
nal electric field of graphene plasmons can be amplified to
107 V/m within 2.5 ps. The plasmon instability has an ultra-
broadband amplification spectrum of up to 25 THz and an
extremely high increment on the order of 1 ps~" at high electron
concentrations (1 ~ 10" cm™). Especially, the peak of increment
appears in the long wavelength region where the wavevectors
correspond to resonances exactly below 10 THz. It provides a
promising way for preparing the crucial and scarce band of THz
sources. Additionally, although the tunability on plasmon insta-
bility implies that high drift velocities are more conducive to
achieving THz amplification, by adjusting the carrier density,
relatively low drift velocities also support the realization of this
mechanism. It reduces the requirements for high electron mobil-
ity. We also found the generation of a THz frequency comb whose
harmonic intensities are comparable to that of the fundamental
mode in the nonlinear stage of the plasmon amplification process.
This frequency comb will gradually move to a lower THz band
eventually below 20 THz as the process evolves. The hybridization
results elucidate the excellent immunity to interference of the
instability. In summary, our findings suggest potential applications
for highly integrated, on-chip, tunable THz sources, amplifiers,
and frequency comb generators based on graphene plasmons.

Methods

The magnetic fields of the surface plasmon have the following
form [68]:

(Aje"F + A1) e 0 <z < d;
H ={ (3)

g (Aze772% + A €2 e 2 <0

where A,...A, are coefficients; g and @ are the wavevectors and
angular frequency of surface plasmon, respectively; and c is the

speed of light in vacuum. Here, y; = <q2 -’/ c2> is the

constant of evanescent decay of the surface wave field in the
transverse direction from graphene, where j = 1, 2 refers to
layers 1 and 2. d, is the height of the top media, and the bottom
media can be considered to be semi-infinite. The plasmon elec-
tric field components of the TM modes can be derived by intro-
ducing Eq. (3) into Maxwell’s equation for dielectric media

0

VXH=J]+ =D,
J ot (4)

where D = gy¢/E is the electric displacement vector in isotropic
media and ¢, denotes the permittivity of free space. In the dielec-
tric media, the current density J = 0. The derivative of time can
be expressed in the form of harmonics, i.e.,d / 9t = —iw. There-
fore, the plasmon electric field of the TM modes E = (E,, E,)
can be expressed as:

i

WE(E;

E =

V X H. (5)

To eliminate the coefficients A,...A,, we introduce the
boundary conditions into Eq. (5),

Z=dl _)EXI =0
z=0— {Exl =Ex2
D, —D,,=—e(n(x,t)—ny), (6)

z=—00—>E,=0
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where e is the electron charge, n(x,t) is the electron concentra-
tion, and #, is the equilibrium concentration. Then, we get
the plasmon electric field at the graphene-dielectric interface
(z=0):

E.— ie(n(x, t)— no) . )
go(e,coth(y,d)) +&5)

Equation (7) indicates that the longitudinal electric field of
surface plasmons is directly related to the electron concentra-
tion perturbation on the graphene surface. Here, the Boltzmann
transport equation, which describes the motion of electrons, is
adopted to derive the electron concentration on the graphene
surface:

0 ke 0 €E, o
9 gyl 0% 9 Ve k=S, .
<0t+VF|k| ox h ok, ) kD= Sepi (8)

where vy is the Fermi velocity, # is the reduced PlancK’s con-
stant, S, , is the collision integral that accounts for electron-
phonon scattering, and f(x,k,t) is the distribution function
of electrons. Considering the collision term Se_Ph, the most
straightforward approach is to incorporate the relaxation time
approximation:

Se_pn =T (f(x. k, ) = fy(K)), ©9)

where f,(k) is the equilibrium distribution and I is the elec-
tron-phonon scattering rate. In this description, the electron
concentration can be obtained by integrating the distribution
function over the momentum space:

n(x,t) = (Zi)z H f(x, k, t)dk, dk,, (10)

where g stands for the degeneracy of electrons. In graphene,
g = g8, Where g, = 2 represents spin degeneracy and g, = 2
indicates the valley degeneracy. By combining Eqs. (7) and (10),
the plasmon electric field of graphene is obtained:

ie 4
go(g,coth(y,d)) +¢,) (2n)

E, =

H (f (x k. 1) = fo(K)) dk, dk,
(11)

So far, we have obtained 2 basic equations for deriving the
dispersion, which are Egs. (8) and (11). We will perform a small
perturbation analysis on the distribution function f(x,k,t) and
the longitudinal electric field E, to obtain the dispersion. We
believe that the small perturbation is a plane-like wave.

f(x’ k’ t) =f0(k) +f1 ei(qx_CUt)
E, :Elxei(qx—wt) (12)

Here, f,(k) is the drifting Fermi distribution function and it
can be expressed as:

= _ _ -1
fo(k)=<exp<ukl‘f#>+l> .13
B

where B, = hvg|k| is the energy of electrons in graphene, p, =
hk, denotes the momentum of the electron along the x direc-
tion, v, is the electron drift velocity, u is the chemical potential,
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and kj, is the Boltzmann constant. f; and E,, are the amplitude
of the perturbations of electron distribution and the longitu-
dinal electric field, respectively. In the graphene system with
drifting electrons, the chemical potential u is related to both
temperature T and velocity v,.

2 2 3
e

where Ep = hvpk; is the Fermi energy, Ty = Ep/ky is the Fermi
temperature, and f = v,/v; is the relative velocity. To obtain the
perturbation of electron distribution function f;, electron concen-
tration »,, and longitudinal electric field E, ,, we introduce Eq. (12)
into Egs. (8), (10), and (11), and after linearization, we can get

_ i eEix I
w—qvek, [kl +il h 0k,

h (15)

g
n, = o7 J]"fldk)cdk)/ (16)
_ ige Hfldkxdky _ ien;
1 (2n)260(£1c0th(y1d1) +62) 60(61c0th(y1d1) +62)

(17)

From Egs. (15) to (17), we find that these equations form a
closed set. Therefore, the dispersion can be derived by combin-
ing them and eliminating the perturbation term. First, we sub-
stitute Eq. (15) into Eq. (16) to eliminate the perturbation term
of the distribution function f;:

igeE, H 1 ofy
- 0 gk dk.,.
"= Gmn ) @—qpk, KT+ 0T ok, x4 (18)

After that, we derive the dispersion by combining Egs. (17)
and (18):
2

ge
(27)*hey (g coth(y,d,) +&5,)

1 o
—dk,dk,+1=0.
H O—qupke/II+T ok, <

(19)

Equation (19) is an important result of this paper. However,
the complicated integral term prevents us from further calcula-
tion and analysis. So, we propose some approximate methods
to make it simple and computable. First, to deal with the deriva-
tive term 0f,/0k,, it is convenient to employ a reasonable
approximation for the distribution function. In this study, the
Fermi energy of graphene is controlled by the gate on the order
0f 0.1 eV. It will result in graphene having a Fermi temperature
much higher than room temperature. Therefore, at low tem-
peratures or even room temperature, electrons occupy almost
all states with energies less than or equal to the Fermi energy,
which is represented mathematically as:

fo=1-0(hvglk| =k, —u), (20)

where ©(x) stands for Heaviside step function. So, the deriva-
tive term can be approximated as:
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I k
ﬁ =—6(hvg|k| —hkv,—p) <wam - fwx> =

21
k
-s(wro7) (0)

where 8(x) represents the Dirac delta function. Then, introduc-
ing Eq. (21) into Eq. (19), and transforming the rectangular
coordinate system into a polar coordinate system, for simplicity,
we define k = |k|, i.e., k, = kcost), k, = ksin6, and dk.dk, =
kdkdO. Equation (19) becomes
g
(2n)*he, (elcoth(yldl) +£2)

H 8(k—kp(0)) cosf—p
@ —qvgcos@+il'(k) 1— fcosf

(22)
kdkdo—1=0,

where k(0) = p/hve(1 — pcosf) is the Fermi wavevector in the
presence of drift velocity. By continuing to integrate the variable
k, we can easily obtain:

geu
zfzhvaso(ﬁCOth(hdJ+52) 0—p (23)
_ O+il (ko(@))) ' —22Y"F 49 _1—0.
L (@—gvpeosd+il (kx(9))) (1—BcosB)?

Equation (23) is the simplified dispersion of the gated gra-
phene system. From it, we observe that the scattering between
electrons and other particles such as phonons occurring on the
Fermi surface is the major contribution. In this study, the scat-
tering between electrons and phonons is considered. In detail,
we focus on intrinsic electron-phonon interactions in gra-
phene, including the contributions of acoustic phonons and
optical phonons.

According to the previous works [69-71], the scattering rate
between electrons and acoustic phonons can be expressed as

9fkok)
Fac(kx,ky> - W J d6(1 - cosf) y

Soto(spri-)i-r(es)]

Here, Q = E*/4xh’vyp,, p,, denotes mass density, a =
LA(TA) indicates the longitudinal (transverse) acoustic phonon,
and p = +1, with p = +1 indicating the absorption process and
p = —1 indicating the emission process. D) = F,T%, F,, =
1/2vy, B, and F, , = 1/v, ,(E,’cos*(60/2)+B*/2). E, is the screened
deformation potential for LA phonons, and B is related to gauge
field. T2 = K! QL / &, where KE = 1 + 2PVl Ve QL =2yd =
1 —2pv,/vp, and y = sin(0/2). N," is the Bose-Einstein distribu-
tion function of acoustic phonons.

For optical phonons [72,73], 3 distinct optical phonon
modes play a crucial and substantial role in the inelastic
scattering of electrons within graphene. The initial 2 perti-
nent modes are the longitudinal optical (LO) and transverse
optical (TO) phonons, which possess wave vectors that are
in close proximity to the I" point. These phonons have energies
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of hw, = hw, = 196 meV. Moreover, it is of great significance
to take into account the zone boundary phonons with an
energy of iw; = 160 meV, which are located near the K point
and are accountable for the intervalley processes. For the
sake of conciseness, we designate these modes as n = 1(I'-
LO), 2(I'-TO), and 3(K). The scattering rate of optical pho-
nons can be written as:

Fop<kx,ky) = ;

Here, D, = D, = 14.1 eV/A, D, = 25.6 eV/A are the optical
deformation potentials of graphene and N, is the Bose-Einstein
distribution function of optical phonon. Thus, we obtain the
total scattering rate between electrons and phonons

r(kx,ky) - Fac<kx,ky> + Fop(kx,ky>. (26)

Combining Egs. (26) and (23), the dispersion can be numer-
ically solved.

D;(N,+1/2%1/2)

B, +hw (25)
2h2v127pma),, ( k ")
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