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The stages of transcription initiation and elongation are critical in the regulation of HIV-1 gene expression.
Recent single-molecule imaging in living cells has shown that HIV-1 transcription occurs across multiple
time scales and plays a key role in the control of latency. However, the molecular mechanisms of HIV-1
transcription remain poorly understood due to the lack of a unified modeling framework and advanced
computational methods for analyzing HIV-1 imaging data. Here, we present a general stochastic model
that characterizes HIV-1 transcription dynamics and computes the distributions of initiation times and
nascent RNA counts. Our results show that coordination between initiation and elongation modulates
transcription dynamics and that leveraging initiation-time data enhances model identification. Meanwhile,
we develop a statistical inference method that integrates initiation-time data and nascent RNA data. Our
results show that incorporating initiation-time data allows for accurate inference of the initiation rate and
elongation time, with these parameter estimates being independent of the models used. When applied to
HIV-1 transcription data in living cells, our theory and inference methods confirm the dual role of Tat in
HIV-1 transcriptional regulation. In addition, the optimal predictive model indicates that Tat induces viral
reactivation and latency exit by altering the number of silent states of the promoter. Our approach may
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provide the potential to improve current HIV-1 cure strategies.

Introduction

Transcription is a complex process that involves 2 key stages,
initiation and elongation, each playing an important role in the
regulation of gene expression [1-4]. Studies have shown that
initiation and elongation coordinately control gene expression
across living organisms [5-7]. For example, stimulating tran-
scription initiation contributes to the activation of latent human
immunodeficiency virus-1 (HIV-1) proviruses, while blocking
transcription elongation helps establish and maintain proviral
latency [8,9]. Both of these processes are crucial for under-
standing the maintenance and reactivation of the virus and for
developing effective strategies to modulate latent viruses toward
a functional cure. However, the precise molecular mechanisms
through which transcription initiation and elongation coordi-
nate gene expression remain unclear.

Addressing these questions requires experimental measure-
ments of nascent RNA transcription. Recent advances in
sequencing techniques have enabled the detection of initiation
or elongation rates on a gene-by-gene or genome-wide basis,
facilitating the identification of the key molecular components
of transcription and their interactions [10-13]. Single-molecule
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fluorescence in situ hybridization (FISH) allows the measure-
ment of these kinetic rates by counting nascent RNAs in thou-
sands of fixed single cells, providing valuable insights into
transcriptional regulation [14,15]. However, genome-wide and
single-molecule FISH methods have existing limitations, includ-
ing low resolution [16,17], high noise [18,19], and measuring
relative rather than absolute rates of initiation or elongation
[20-22]. Furthermore, these detection techniques lack the tem-
poral resolution required to analyze dynamic cellular processes.
Recently developed live-cell imaging techniques enable direct
detection of in vivo time-resolved RNA fluorescence for differ-
ent genes [23-25], making it possible to analyze the dynamic
behaviors of transcription initiation and elongation from imag-
ing data. To fully realize the potential of these imaging tech-
niques, it will be crucial to develop mathematical models
and computational methods to measure kinetic parameters
for dissecting the molecular mechanisms of transcriptional
regulation.

Stochastic models, including the 2-state model [22,26-29]
and multistate models [16,30-32], have been widely used for
the analysis of FISH or sequencing data. In these models,
transcription dynamics are inferred by fitting the steady-state
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distribution of nascent RNA or messenger RNA counts. However,
parameter estimates from the steady-state distribution of sto-
chastic models are often normalized, with the assumption that
one or more parameters are fixed or estimated in advance from
other experiments [26,28,33,34]. Although normalized meth-
ods facilitate analysis, it is difficult to obtain accurate absolute
parameter values due to the loss of temporal information,
which is crucial for a comprehensive understanding of the true
dynamics of gene regulatory systems. Recently, several novel
studies have combined simple stochastic models with initia-
tion-time data in live cells to explore transcriptional dynamics
[35-37]. For example, the occurrence of multiple time scales
of transcriptional bursting has been directly detected from the
measurements of HIV-1 promoter activity using initiation-time
data from the MS2 system and simple stochastic models [38,39].
However, analyses based on initiation-time data do not take
into account the subsequent processes, such as elongation,
which play a crucial role in regulating transcription [40-42].

In fact, gene expression is regulated in a coordinated manner
by the stochastic timing of transcription initiation, which inte-
grates multiple biochemical processes, and by the number of
nascent RNA molecules controlled during elongation [24,43-45].
A major challenge is to develop mathematical models that can
comprehensively analyze the dynamics of transcription ini-
tiation and elongation. In principle, the models constructed
should satisfy some basic requirements. First, these models
should be interpretable; i.e., they should provide a mechanistic
understanding of transcription dynamics. Previous studies have
employed both deterministic kinetic models [46,47] and simple
stochastic models [48-50], but neither of these approaches is
sufficient for characterizing HIV-1 transcription across mul-
tiple time scales. Therefore, a unified model that recapitulates
the full range of HIV-1 promoter states is required. Second, the
models constructed should be tractable; i.e., they should not
only handle static gene expression data but also decode tem-
poral information. In general, complex models incorporating
feedback regulation often present substantial mathematical
challenges [51-53] and pose considerable difficulties in infer-
ring HIV-1 kinetic parameters from imaging data. Furthermore,
despite the use of nascent RNA data and initiation-time data,
these are often used in isolation to estimate transcriptional
kinetic parameters as discussed above. A further challenge is
to develop computational methods that integrate these 2 types
of data to infer transcription initiation and elongation dynam-
ics simultaneously. Therefore, both an interpretable and trac-
table mathematical model and an efficient inference framework
that integrates nascent RNA data and initiation data from single-
molecule imaging are strongly demanded.

In this study, we propose a general theoretical framework
that incorporates the gene promoter, initiation, and elongation
processes to analyze the transcription dynamics of HIV-1. This
framework allows the derivation of 2 analytical distributions
of initiation times and nascent RNA counts. We then use these
analytical results to explore how initiation and elongation coor-
dinate to modulate transcription dynamics over large param-
eter spaces. Building on this theory, we develop a statistical
inference method that integrates nascent RNA data and initi-
ation-time data to estimate the transcription dynamics of HIV-1.
Our results show that when inference is performed using the
2-state model with the addition of initiation-time data, the true
initiation rate and elongation time can be accurately estimated
without fixing any other parameters, regardless of the models
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generating the data. Furthermore, our results indicate that, in
addition to the 2-state model, multistate models can also accu-
rately estimate these 2 transcriptional parameters, implying that
the estimates of these 2 parameters are model independent. Our
methods were then applied to the live-cell HIV-1 transcription
imaging data, providing new evidence for a long-standing debate
regarding the dual role of Tat in viral transcription [8,54]. Our
results also indicate that the maintenance of latency requires
more silent promoter states compared to high Tat expression.
Overall, our unified model and data-integrated inference meth-
ods provide an ideal framework for quantifying HIV-1 tran-
scriptional dynamics in live cells.

Results

A general HIV-1 stochastic transcription model

The transcription of HIV-1 is a complex and dynamic process
that involves a multitude of regulatory interactions, including the
binding of transcription factors to the viral promoter, initiation
of transcription, and elongation of the nascent RNA (Fig. 1A). A
key player in this process is the viral Tat protein, which strongly
enhances viral transcription in acutely infected cells by interact-
ing with the cis-acting RNA element trans-activation response
(TAR) at the long terminal repeat promoter [55,56]. Conversely,
in transcriptionally silenced proviral cells, the absence of Tat is
regarded as a major barrier to the reactivation of viral expression
[57]. HIV-1 transcription can be observed in living cells using
the MS2 and MS2 coat protein (MS2-MCP) system [39], with
imaging data containing information on both nascent RNA levels
and transcription initiation events (Fig. 1B).

Studies have shown that HIV-1 transcription is discontinu-
ous and undergoes alternative periods of activity and inactivity
in a stochastic manner [48,51,58]. To elucidate the fundamental
dynamics of transcriptional regulation in HIV-1, we construct
a multistate model for analyzing time series data (Fig. 1C). In
this model, the viral promoter contains multiple inactive (off)
states and an active (on) state, and these states can switch arbi-
trarily with each other. We introduce such a multistate model
based on the following 2 facts: (a) The complex transcription
process in HIV-1 involving the recruitment of host polymer-
ases, the assembly of pre-initiation complexes, interactions with
viral regulatory proteins, and chromatin remodeling, cannot
be adequately described by single-state or 2-state promoter
switching [8,59,60]. (b) Recent experimental evidence has
shown that the prolonged latent state in HIV-1 gene expression
is associated with stochastic inactivation of the gene, implying
that the promoter may exist in multiple off states [39,49,61].
In particular, we consider a transcription model with a loop
promoter structure; i.e., the promoter proceeds sequentially
through several irreversible states with multiple inactive (off)
states and one active (on) state, which together form a loop.
Note that the multistate loop model reduces to the classical
2-state model in the case of a single off state.

To analyze the transcription initiation events from time
series data using the multistate model, we first need to determine
the distribution of initiation times. Assume that the promoter
switches among N different states with transition rates A; from
the kth state to the Ith state, and denote the transition matrix
A = (A4) (44 = Omeans that no transition takes place). In addi-
tion, we define the transcription matrixp = diag(0,0, ---, ). Let
P, (t) represent the probability that the promoter is state k at
time £, given that no initiation event occurs between 0 and t.


https://doi.org/10.34133/research.0645

Research

A HIV-1-infected cell Gene transcription B Time series
Initiation Nascent RNA > |NascentRNAgeneration
TSS 5
Ta? Tat c |

e & oy = Polll — 2 |

HIV-1 4 . 4 ol I :
promoter Elongation g e

P Initiation time

lModeIing

C  Multistate model D

O
O‘iﬁj off
VoV 7
% “’OOn

Initiation (,u)l

471)\ Initiation

Analytical
simulation
—>

()

Pol |l =——=
Elongation (7)

Inference of kinetic parameters
Data integration

Nascent RNA data + Initiation-time data

Time

Samplingl

E Datacollection
Nascent RNA data

[T
<—EL

Nascent RNA

Inferrin
g Initiation-time data

Elongation W
(7) «— g

Time

Fig. 1. Construction of a general HIV-1 transcription model to infer transcription dynamics from time series data. (A) Schematic of gene transcription in HIV-linfected cells. This
complex process of HIV-1 transcription involves 2 critical phases: the initiation phase, where the transcription complex such as RNA polymerase Il (Pol II), interacts with the
viral factor Tat to trigger transcription, and the elongation phase, where the RNA transcript is synthesized to drive the viral replication cycle. (B) lllustration of time series data
obtained from RNA imaging of the nucleus, where both nascent RNA counts quantified by transcription site (TS) intensity and transcription initiation events can be detected.
(C) The complex process of HIV-1 transcription in (A) is mapped to a multistate model that includes multiple inactive (off) states and one active (on) state. (D) Schematic
of the inference of HIV-1 transcriptional parameters based on the integration of nascent RNA data and initiation-time data. (E) lllustration of nascent RNA distribution and
initiation-time distribution for performing inference, with data obtained from sampling time series data. TSS, transcription start site; PMF, probability mass function; PDF,

probability density function.

LetP(t) = (Pl (), Py(t), -+, PN(t)) T represent the column vec-
tor. The initiation matrix is denoted by A;; = (A—p)” the
initiation matrix, where the superscript T denotes matrix trans-
position. Then, the master equation is given by

dP(t)
dt

Solving the master equation yields P(t) = eAini’ P(0) with the
initial condition P(0) = (PI(O),PZ(O), ,PN(O))T. Define an
N-dimensional row vector uy = (1,1, -++,1); then, the probabil-
ity density function (PDF) of the initiation-time distribution is
given by

= A, P(1) (1

fini(®) = wi P() = uy et P(0) (2)

where u;,; = uy P is an N-dimensional row vector. The Laplace
transform of f,,;(¢) can be given by f, .(5) = u;p; (sT— Ayy) ~'P0),
where I 'is the N X N identity matrix, which can be further
written as a rational function. By performing the inverse Laplace
transform on this rational form, we can derive the analytical
expression for the PDF of the initiation-time distribution (refer
to Eq. 5 in Methods). Unlike the exponential and mixed expo-
nential distributions, this expression encompasses multiple forms,
allowing for the analysis of transcription initiation events in
HIV-1 expression across a range of time scales.

However, the distribution of initiation times alone cannot
fully characterize transcription kinetics, as it does not take into
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account subsequent processes such as elongation. In fact, nascent
RNA elongation plays a critical role in the HIV-1 life cycle,
directly affecting the replication efficiency and infectivity of the
virus [8,55]. Thus, it is necessary to consider the distribution
of nascent RNA counts, which integrates these subsequent pro-
cesses [22,62,63]. Assume that the elongation of a single tran-
script is deterministic and that the elongation time is T. A
transcription elongation process may be very complex, involv-
ing pausing and backtracking of polymerases along the gene
body. Nevertheless, our assumption of deterministic elongation
is justified for many genes [24,27,64,65]. In the following, we
derive the nascent RNA distribution based on the transcription
initiation events for the multistate model.

Let T, denote the waiting time between the mthand (m — 1)th
nascent RNA production events and t,, = Z}";l T; denote the

time of the mth nascent RNA production event. Then, the num-
ber of nascent RNA production events M(t) that occurred at
t,, <t <t,, constitutes a renewal process [66]. Our interest is
to find the steady-state distribution of the number of nascent
RNAs fort > T. Denote f,(t)as the PDF of the time for the first
initiation event occurrence; then, the steady-state nascent RNA
distribution P(M = m) based on the initiation-time distribution
has the following form (see Text S3 for details):

m=0,

L fi(n)de,
(fy = fm=t s Sy )(T), m> 1,

ini

P(M=m)= (3)
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where (1) = [ fini(7) dr is the survival function of fi;(f)
and f~(t)is the m — 1-fold convolution of f; ;(t). By straight-
forward calculation, we further derive the analytical expres-
sions of the steady-state nascent RNA distribution (refer to
Eq. 6 in Methods). The analytical distributions of nascent RNA
counts and initiation times are crucial for quantitatively char-
acterizing the transcription dynamics of HIV-1.

To analyze transcription dynamics from time series data, it
is essential to collect both nascent RNA data and initiation-time
data to calculate the corresponding distributions (Fig. 1E). The
nascent RNA data can be obtained through uniform sampling,
while the initiation-time data can be acquired by recording
the time intervals between consecutive transcription initiation
events. The aim of this study is to apply the analytical results
obtained from the constructed model and combine nascent RNA
data with initiation-time data to infer the transcription dynamics
of HIV-1. To achieve this, we propose a data-integrated inference
method. Specifically, we integrate nascent RNA data and initia-
tion-time data to infer transcription kinetic parameters using
maximum likelihood estimation (MLE), based on the joint dis-
tribution of these 2 types of data (Fig. 1D). The inference can be
formulated as the following optimization problem:

argmin(—L(0)) =
0

a;gmin(-( Zlnfini(fi;e) + Zlnp<mj;9)>> W
i J

where L(0) = Hi’jP(Ti, mj; 0) is the total likelihood function

with P (ri, mj; 0) being the joint distribution; 7; and m are the
ith initiation-time data and jth nascent RNA data, respectively,
both of which are collected from the time series data; and
6 = (Ag» 4> T) is the parameter vector of the multistate model
to be estimated (see Methods).

Leveraging initiation-time data for enhanced

model identification

In this section, we explore how initiation and elongation coor-
dinate to regulate transcription. Although the study of tran-
scription dynamics using static expression data has become a
widely adopted approach, a major challenge associated with
this method is the unidentifiability of the model. For example,
different stochastic models can lead to the same steady-state
distribution [32,67], making it difficult to accurately determine
the underlying biological processes. Therefore, incorporating
initiation-time data is particularly important for understanding
transcription regulatory mechanisms.

Based on the theory described above, we explore the sto-
chastic bifurcation phase diagrams for the distributions of ini-
tiation times and nascent RNA counts across a large region of
parameter space. For convenience, we consider a multistate
loop model (5-state) and assume that the transition rates among
the off states, as well as the transition rate from the last off state
to the on state, are identical and denoted by k¢ (called the for-
ward transition rate), while the transition rate from the on state
to the first off state is denoted by k;, (called the backward transi-
tion rate). We adjust the 2 transition rates k¢ and ky, to calculate
the distributions of initiation times and nascent RNA counts.
Since the exact distribution of nascent RNA involves factorials
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and powers, direct calculations can be computationally expen-
sive. Therefore, we use the finite state projection method to
efficiently solve the multistate model (Fig. S1) [68].

We first explore the shapes of the steady-state nascent RNA
distribution and identify 5 distinct regions (Fig. 2A): a unimodal
region with an origin peak (denoted by U(10P)), a unimodal
region with a non-origin peak (denoted by U(INOP)), a bimodal
region with both an origin peak and a non-origin peak (denoted
by B(10P+1NOP)), a trimodal region with an origin peak as
well as 2 non-origin peaks (denoted by T(10P+2NOP)), and
a bimodal region with both non-origin peaks (denoted by
B(2NOP)). Furthermore, the heatmap in Fig. 2A represents the
bimodal coefficient (see Methods), which is often taken as a
measure of the modality of a distribution [63]. Figure 2B illus-
trates 5 representative steady-state distributions of nascent RNA
for the 5 regions. Next, we explore the shapes of the initiation-
time distribution within the same parameter space as the nascent
RNA distribution and identify 2 distinct regions (Fig. 2C): a
unimodal region with an origin peak (denoted by U(10P)) and
a bimodal region with an origin peak as well as a non-origin
peak (denoted by B(10P+1NOP)). Additionally, the heatmap
in Fig. 2C shows the difference between the peak and valley
(DPV) in the bimodal distribution, whereas the value is defined
as zero in the unimodal distribution. We observe that when both
the forward transition rate k¢ and backward transition rate k; are
substantially larger, the DPV of the bimodal distribution is also
substantially larger (as indicated by the yellow region in region
ii), implying a stronger effect of bimodality. Figure 2D illustrates
2 representative unimodal and bimodal distributions of initia-
tion times. Comparing Fig. 2A and C, we observe that the dis-
tributions of nascent RNA can exhibit multiple modes within
the bimodal region of initiation times. Similar conclusions were
found when adjusting the transition rate k; and the initiation
rate y over a larger region of the parameter space (Fig. S2). The
diversity of nascent RNA distribution for different initiation-
time regions indicates that the initiation and elongation regulate
transcription dynamics in a coordinated fashion.

Following a comprehensive analysis of the relationship
between these 2 types of distributions, we proceed to investigate
the potential of initiation-time data in facilitating model iden-
tification, with the results presented in Fig. 2E. We observe that
2 identical nascent RNA distributions arising from different
model parameters exhibit completely different characteristics of
initiation-time distribution: one is bimodal, while the other is
unimodal, indicating that distributions of initiation times can
help distinguish the underlying mechanisms of transcriptional
regulation. This finding suggests that the use of nascent RNA
data alone is insufficient for characterizing transcription dynam-
ics. Instead, initiation-time data offer important insights into
the regulation of gene expression. Fitting models to static gene
expression data has been used to analyze dynamic behaviors,
but this approach faces the challenge of model unidentifiability.
Our results show that leveraging initiation-time data can effec-
tively overcome the limitations of relying solely on expression
data, thereby enhancing the accuracy of model identification.

Incorporating initiation-time data can accurately

infer the initiation rate and elongation time

The measurement of kinetic parameters represents a funda-
mental challenge in the study of gene expression. The param-
eters previously estimated using standardized methods based
on static gene expression data are relative parameters that do
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not accurately reflect the true transcription dynamics [31,33,34].
A natural question arises: can adding initiation-time data help
accurately estimate the transcriptional parameters? Further-
more, for data generated by either a 2-state model or other mul-
tistate models, is the inference of transcriptional parameters
model independent when incorporating initiation-time data?

To address these questions, we use 2-state and multistate
(3-state to 10-state) models to generate time series data by the
stochastic simulation algorithm (SSA) [69], from which we col-
lect nascent RNA data using uniformly spaced sampling and
initiation-time data by calculating the time intervals between
consecutive initiation events (Fig. 3A). Then, we use different
models to infer transcriptional parameters and perform a com-
parative benchmarking, where one approach uses only nascent
RNA data for inference, while the other approach utilizes both
nascent RNA data and initiation-time data for inference (Fig.
3B). It is noteworthy that the parameters estimated by these 2
methods are absolute rate parameters, without the imposition
of any additional constraints.

To assess the accuracy of parameter inference, we compare
the results obtained from different inference methods. Figure
3C to H show the inferred results for the 2 transcriptional
parameters: the initiation rate g and elongation time T, obtained
from the 2 inference methods. First, Fig. 3C and F exhibit the
estimated parameters using the 2-state model based on nascent
RNA data generated by both 2-state and multistate models,
respectively. From these figures, we observe that the estimations
of these 2 parameters are quite poor, even when data generated
by the 2-state model are used. The same conclusion is obtained
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when multistate models are employed for inference (Fig. S3).
We then examine the effects of incorporating initiation-time
data into the inference. Figure 3D, E, G, and H show the results
of using different models for inference based on datasets gener-
ated by 2-state and multistate models. From these figures, we
observe that, whether using the 2-state model or the multistate
models for inference and regardless of the model from which
the data originates, incorporating initiation-time data allows
for accurate inference of the initiation rate and elongation time.
These results suggest that the inference of these 2 transcrip-
tional parameters is model independent when incorporating
initiation-time data.

To further explore the effects of incorporating initiation-
time data on the distributions of initiation times and nascent
RNA counts, we plotted these 2 distributions using the esti-
mated parameters (Fig. S4). The results suggest that incorporat-
ing initiation-time data is an effective method for accurately
inferring the initiation rate and elongation time, regardless
of whether the inferred distributions of initiation times and
nascent RNA counts match the true distributions. In summary,
incorporating initiation-time data can overcome the theoretical
limitations of inferring transcriptional kinetic parameters from
steady-state gene expression data.

Testing theory and inference methods using
synthetic imaging data

The applicability of the proposed theory and inference methods
has been tested using simulated time series data, from which
initiation times and nascent RNA counts were directly collected.
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Fig. 3. Parameter estimates using nascent RNA data (referred to as method I) and nascent RNA data combined with initiation-time data (referred to as method Il) from 2-state
and multistate models, with inference performed using these various models. (A) A schematic illustration of synthetic time series data generated using 2-state and multistate
models, from which nascent RNA data and initiation-time data are collected. (B) lllustration of parameter estimations using 2-state and multistate models and 2 inference
methods. (C) Parameters estimated using the 2-state model and method | vs. true parameters for datasets generated by the 2-state model. (D) Parameters estimated using
the 2-state model and method Il vs. true parameters for datasets generated by the 2-state model. (E) Parameters estimated using multistate models and method Il vs. true
parameters for datasets generated by the 2-state model. (F) Parameters estimated using the 2-state model and method | vs. true parameters for datasets generated by multistate
models. (G) Parameters estimated using the 2-state model and method Il vs. true parameters for datasets generated by multistate models. (H) Parameters estimated using
multistate models and method Il vs. true parameters for datasets generated by multistate models. In panels (C) to (H), the parameter sets are randomly generated from a
large region of parameter space: 4 € Uniform(0.01,10), 4 € Uniform(0.01,10), and T € Uniform(1,500). params, parameters.

A natural question that arises is whether these theory and infer-
ence methods can be applied to live-cell imaging data. For single-
molecule imaging data, nascent RNA data can be acquired
through uniform spatial sampling (Fig. 4A); however, initiation-
time data cannot be directly obtained because multiple poly-
merases transcribe simultaneously at a given time for the same
transcription site, and the signal from one polymerase does not
appear immediately after initiation due to the involvement of
multiple time scales [39]. To address this issue, we artificially
generate imaging datasets that mimic real biological situations
for testing, with the method for collecting the initiation-time
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data shown in Fig. 4B. Specifically, we first apply the deconvolu-
tion algorithm to short high-resolution movies and collect the
“short” initiation-time data [38]. Then, we measure the long
inactive periods below a threshold corresponding to 2 nascent
RNAs over long low-resolution movies and collect the “long”
initiation-time data (see Methods).

To verify the effectiveness of this method for imaging data
analysis, we used a 5-state loop model to generate 500 trajectories
based on the SSA, collecting nascent RNA data as well as “short”
and “long” initiation-time data for inference. As a comparison,
we employed 3 methods to infer model parameters: (I) using
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Fig. 4. Testing the accuracy of theory and inference methods using synthetic short and long imaging data. (A) Collection of nascent RNA data by uniformly spaced sampling.
(B) Collection of initiation-time data including “short” initiation times obtained through deconvolution and “long” initiation times processed by binarization. (C) The estimated
nascent RNAdistributions using 3 inference methods, the true nascent RNA distribution based on theory, and the histogram of nascent RNA distribution from uniformly spaced
sampling data. (D) The estimated initiation-time distributions using 3 inference methods, the true initiation-time distribution based on theory, and the histogram of initiation-
time distribution from collected short and long image data. The parameters used for the model produced data and the estimated parameters from 3 inferred methods are
listed in Table S1. In addition, the parameters for the deconvolution algorithm are listed in Methods.

only nascent RNA data, (II) using nascent RNA data and short
initiation-time data, and (III) using nascent RNA data as well
as both short and long initiation-time data. Based on the
inferred parameters, we plotted the estimated distributions of
nascent RNA counts and initiation times and compared them
with the actual distributions (Fig. 4C and D and Fig. S5). We
observed that the estimated nascent RNA distributions fit the
actual distributions well, regardless of the method used for
inference (Fig. 4C and Fig. S5B and E). However, the estimated
distributions of initiation times exhibited marked differences
across the 3 inference methods: only the reconstructed initiation-
time distributions using method III, i.e., nascent RNA data plus
short and long initiation-time data, closely matched the true
distributions, even though the histograms of initiation-time
distributions obtained from the integration of short and long
data differ substantially from the true distributions (Fig. 4D
and Fig. S5C and F). Furthermore, we present the histograms
of the initiation time distributions using unprocessed simulated
data and find that the estimated distributions using integrated
short and long imaging data fit the histograms well (Fig. S5A,
D, and G). In summary, the results from synthetic imaging data
suggest that our method provides an ideal framework for quan-
tifying transcriptional dynamics in live cells.

Analysis of live-cell HIV-1 experimental data
indicates that Tat not only stimulates initiation

but also promotes elongation

Here, we apply the proposed theory and inference methods to
live-cell HIV-1 transcription data, which include 3 different data-
sets corresponding to high-Tat, low-Tat, and no-Tat cells [38].
The HIV-1 viral protein Tat is a pleiotropic factor that induces
chromatin remodeling and recruits elongation-competent
transcriptional complexes to the viral promoter, playing a crucial
role in regulating both the initiation and elongation of HIV-1
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expression [55,70]. Previous experiments have explored the effect
of Tat on latency by measuring the initiation rates [38], yet the
quantitative impact of Tat on elongation times remains unclear
(Fig. 5A). Predicting elongation times could provide a deeper
understanding of the replication capacity of HIV-1 under differ-
ent conditions, which would be of considerable value for control-
ling the reactivation of latent viruses.

We use a 2-state model and multistate loop models, combin-
ing the initiation-time distribution and steady-state nascent
RNA distribution to reproduce the live-cell transcription data.
In our analysis, the nascent RNA data are obtained through
uniform sampling of the movies, while the initiation-time data
are collected by integrating short high-resolution sampling with
long low-resolution sampling. Specifically, we deconvolve the
short high-resolution movies with a temporal resolution of 3 s
per frame and process the long low-resolution movies with a
temporal resolution of 3 min per frame for these 3 types of cell
lines (see Methods). The thresholds of signal intensity for sepa-
rating active and inactive periods in the long movies are 500
for high Tat, 300 for low Tat, and 250 for no Tat. For each cell
type, we performed inference using MLE to identify the opti-
mized parameter sets (see Methods). We also performed infer-
ence using only nascent RNA data and compared the accuracy
of these 2 inference methods with experimental results.

Next, we analyze the impact of incorporating initiation-time
data into the estimation of HIV-1 transcription dynamics.
Figure 5B shows estimated initiation rates without (red) and
with (blue) the addition of initiation-time data for the 3 cell
lines and compares these with the experimental results (green).
We observe that the inference incorporating initiation-time
data provides an accurate estimation of the initiation rates,
whereas the inference using only nascent RNA data gives very
poor estimates of the initiation rates, which can lead to differ-
ences by orders of magnitude. In particular, we found that,
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regardless of the model used for inference, incorporating
initiation-time data can accurately estimate the initiation rates
(comparing the bars from 2-state to 5-state models). Figure 5C
shows the predicted elongation times for the 3 cell lines when
initiation-time data are incorporated. We find that the elonga-
tion time in the high-Tat cells is substantially shorter than that
observed in the low-Tat and no-Tat cells, implying that Tat plays
arole in promoting the elongation of viral RNA transcription.
Similarly, we found that the predictions of elongation time
exhibit minimal discrepancy regardless of the model used for
inference (comparing the bars from 2-state to 5-state models).
The question of whether Tat stimulates initiation as well as
elongation has been a topic of considerable debate [54,70,71].
Our inference incorporating initiation-time data indicates that
Tat not only stimulates initiation but also promotes the elonga-
tion of viral transcription.

In addition, we find that the 2-state model provides the opti-
mal fit for high-Tat and low-Tat cells, whereas the 3-state model
is the optimal fit for no-Tat cells in the inference combining
short and long initiation-time data (Table S2). These results sug-
gest that HIV-1 transcription controls latency exit by altering
the number of silent states of the promoter. However, the 2-state
model is the optimal fit for the high-Tat cell lines, while the
5-state model is the optimal fit for both low-Tat and no-Tat cell
lines in the inference using only nascent RNA data (Table S3).
These findings suggest that inferences based solely on nascent
RNA data may result in the inappropriate selection of models,
leading to poor predictions. Figure 5D and E show the com-
parisons between the 2 inference results of nascent RNA distri-
butions and initiation-time distributions obtained using the
best-fitting models and the experimental data for 3 cell lines,
respectively. We observe that both estimated distributions of
nascent RNA fit the actual data well, whereas the estimated
distributions of initiation times exhibit substantial differences
(as compared to the solid and dashed curves). In addition, in
the integrated inference of nascent RNA data and initiation-
time data, we found that the initiation-time distributions esti-
mated by the optimal models for the no-Tat and low-Tat cell
lines are bimodal and span multiple time scales. In contrast,
the initiation-time distribution estimated by the optimal model
for high-Tat cell lines is unimodal and extends over a smaller
time scale. These results indicate that Tat regulates HIV-1 tran-
scription by modulating the stochastic timing of initiation. Our
results obtained in Fig. 5 show that the simultaneous prediction
of the initiation rate and elongation time may provide valuable
insights into therapeutic strategies for latent infections of
HIV-1 [8].

Discussion

Previous studies using single-molecule imaging have shown
that HIV-1 transcription occurs across a range of time scales
[38,39], which is critical for the establishment, maintenance,
and reactivation of latency. Therefore, new modeling and sta-
tistical inference methods for dealing with HIV-1 transcription
distributed across multiple time scales are required. In this
study, we first developed a general theoretical framework for
quantifying HIV-1 transcription at the single-molecule level.
We then introduced a multistate model that incorporates viral
promoter, initiation, and elongation processes. Initiation deter-
mines the onset of transcription events, while elongation con-
trols nascent RNA production, and both are key steps in HIV-1
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transcription [2,8,54,72]. Our theoretical analysis and numeri-
cal simulations across a large parameter space showed that the
distributions of initiation times can exhibit unimodality or
bimodality, while the nascent RNA distributions can display
unimodality, bimodality, or multimodality. Notably, the mul-
timodal distributions emerge only in the bimodal region of the
initiation-time distribution. These results suggest that initiation
and elongation regulate gene expression in a coordinated man-
ner. Furthermore, we found that stochastic models with com-
pletely different initiation-time distributions can exhibit the
same steady-state distribution, suggesting that leveraging ini-
tiation-time data can enhance model identification.

To demonstrate the importance of incorporating initiation-
time data for predicting gene regulatory dynamics, we propose
a statistical inference method that integrates nascent RNA data
and initiation-time data. We generated multiple datasets using
different models across a broader parameter space. The results
obtained from these synthetic datasets show that the 2-state
model is able to accurately estimate the absolute initiation rate
and elongation time when initiation-time data are incorpo-
rated. The 2-state model has been widely used to interpret
single-cell expression data [22,28,63,73] and has achieved pre-
dictive understanding, especially for real-time observations
[24,74-76]. Our results show that the incorporation of initia-
tion-time data helps explain the prevalence of the 2-state model
in gene expression studies, despite its inability to fully capture
the complex dynamics of gene regulation [77-80]. Furthermore,
we found that the initiation rate and elongation time can also
be accurately estimated simultaneously using multistate mod-
els. These findings highlight the importance of incorporating
initiation-time data in predicting gene regulatory dynamics.

Recent imaging techniques allow real-time observations in
live cells, and the resulting imaging traces have provided tem-
poral information about gene expression [81,82]. However,
analytical frameworks for extracting valuable information from
live imaging are still lacking. To test whether our method can
be applied to single-molecule imaging analysis, we generated
artificial imaging data to simulate real biological conditions.
We collected initiation timing data by performing deconvolu-
tion analysis on short movies and measuring the inactive peri-
ods of long movies using a defined threshold. Our results show
that our method still accurately inferred transcription dynam-
ics, even though the histograms of the reconstructed initiation-
time distributions from both short and long movies differ
markedly from the true distributions (Fig. 4 and Fig. S5). At
the same time, our results also indicate that using only short
data may be insufficient, even if the time scales of the transcrip-
tion processes are not considerably different.

Finally, our method was applied to HIV-1 transcriptional
imaging data, from which the initiation-time data and nascent
RNA data were extracted and collected. We performed com-
putational analyses by integrating these 2 types of data with
mathematical models and found that the viral factor Tat not
only stimulates transcription initiation but also promotes tran-
scription elongation, thus confirming the dual role of Tat in
HIV-1 transcriptional regulation [54,55]. Furthermore, our
inference revealed that the optimal model in no-Tat cells is a
3-state model, whereas in high-Tat cells it is a 2-state model,
suggesting that Tat induces viral reactivation and latency exit
by altering the number of silent states of the promoter. These
insights provide a valuable connection to the latency and reac-
tivation of HIV-1. Specifically, the initiation and elongation
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dynamics may play a key role in regulating the transition
between latent and active infections. Viral latency is a major
challenge for viral eradication in combined antiretroviral ther-
apy [83,84]. Recently, 2 potential strategies for eliminating
latent reservoirs have been proposed: the “block-and-lock”
strategy, which aims to permanently silence all latent proviruses
[85], and the “shock-and-kill” strategy, which focuses on the
complete eradication of the viral reservoir [86]. By quantitatively
analyzing HIV-1 transcription imaging data, our approach offers
new insights into the mechanisms underlying these strategies
and can help develop more precise therapeutic interventions.
These interventions could enhance treatment effectiveness and
ultimately address the major challenge of viral latency.

The simultaneous measurement of initiation and elongation
rates is essential for a comprehensive understanding of transcrip-
tional regulation. Methods that estimate kinetic parameters from
steady-state distributions of gene products should be treated with
caution due to the neglect of temporal information [22,33,34,87].
While these methods achieve excellent fits for steady-state dis-
tributions, they may make poor predictions for kinetic param-
eters. Recently, several studies have used initiation-time data to
analyze transcription dynamics [35,36,38]. However, it is difficult
to fully reveal the transcriptional regulatory mechanisms because
downstream processes such as elongation are ignored. Our
method, which integrates initiation-time data with nascent RNA
data, can address the limitations of using only one type of data
and can simultaneously predict initiation rate and elongation
time, providing a comprehensive understanding of gene expres-
sion. Compared to static single-cell data, single-molecule imag-
ing data may be relatively limited in both quantity and quality
due to the constraints of live imaging technology and experi-
mental challenges. The lack of adequate tools for analyzing lim-
ited data may lead to poor model fits and meaningless predictions
[88]. Our theoretical and inferential methods, as well as our
results, make it possible to extract meaningful predictions from
limited imaging traces.

While the current study provides valuable insights, there are
several aspects that could be further explored to refine our
model and enhance its biological accuracy. First, in our sto-
chastic model, we assume that elongation time is deterministic.
However, elongation following RNA polymerase pausing, back-
tracking, and release can be complex, and elongation time can
vary between and within genes [18,89,90]. It would be interest-
ing to explore the effects of relaxing the assumption of deter-
ministic elongation. Second, our stochastic model does not
explicitly consider chromatin remodeling, RNA polymerase
pausing, and other regulatory factors, but incorporated them
into our multistate modeling framework. More detailed bio-
logical processes help characterize the multi-level regulatory
interactions, which are critical for understanding HIV-1 latency
and reactivation [72,91]. Third, we used a multistate model
with a single active state to characterize HIV-1 transcription
dynamics. It has been reported that multiple active states have
been introduced into modeling to explain experimental phe-
nomena [78,92]. In addition, a 2-state system where the times
that the promoter dwells in both the on and off states are arbi-
trary random variables has also been proposed to analyze gene
expression dynamics [93-95]. Exploring different modeling
approaches helps enhance the robustness of the obtained results
and deepen our understanding of both the model assumptions
and the underlying biological mechanisms. Fourth, in data inte-
gration inference, we assume that initiation times and nascent
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RNA counts are independent. However, initiation events and
gene product generation are often temporally coupled. Therefore,
a more general joint likelihood function and an improved infer-
ence framework are needed to overcome potential biases in
parameter estimation that might arise from the independence
assumption.

In conclusion, integrating initiation-time data and nascent
RNA data from single-molecule imaging can provide valuable
information on gene expression dynamics. This approach could
have broader applications in areas such as disease and develop-
ment [1,96-98]. More detailed biological processes, such as
pausing and termination [62,99], nuclear export [100,101], cell
size effects [102,103], and protein translation [104,105], should
be incorporated to explore the multi-level regulation of gene
expression in future investigations.

Methods

Framework overview

This paper aims to develop novel methods that can simultane-
ously infer transcription initiation and elongation dynamics
from single-molecule imaging data to explore the molecular
mechanisms regulating HIV-1 transcription. The framework
consists of 2 parts: a general stochastic model for characterizing
HIV-1 transcription across multiple time scales and a data inte-
gration method for simultaneously inferring the initiation rate
and elongation time. The general stochastic model integrates
the processes of gene promoter activity, initiation, and elonga-
tion. The initiation-time distribution and nascent RNA distri-
bution are obtained by solving the master equations. The data
integration method combines initiation-time data and nascent
RNA data, both of which can be collected from the same time
series. When the proposed methods were applied to the imag-
ing data from live cells, nascent RNA data were obtained
through uniform sampling, while initiation-time data were
collected from short movies using the deconvolution method
and from long movies by binarizing the signal. Furthermore,
a data integration inference algorithm based on MLE is pro-
posed for estimating kinetic parameters from the joint distribu-
tion of these 2 types of data. Finally, the theory and method are
tested with synthetic imaging data that simulate real biological
conditions and are then applied to HIV-1 transcription data.

Construction of a general stochastic model

To quantify the kinetic parameters from imaging data, a multi-
state model is introduced to characterize the HIV-1 transcription
process (Fig. 1), where the gene promoter has multiple (N — 1)
inactive (off) states and one active (on) state. The corresponding
biochemical reactions are listed in the Table. It should be noted
that if the transitions between inactive states as well as active and
inactive states are sequential and irreversible, the multistate
model becomes a loop model [78]. In particular, if the gene pro-
moter has only an off state, the multistate model reduces to the
classical 2-state model [29]. Therefore, the multistate model
introduced here includes the transcription model that was previ-
ously studied. Compared to the simple 2-state or 3-state models,
the multistate model can recapitulate a wide range of HIV-1
promoter states and transcription dynamics.

Computation of the initiation-time distribution

To analyze HIV-1 transcription initiation dynamics, the initiation-
time distribution needs to be solved. By solving the chemical

10
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Table. Biochemical reactions for a multistate model of HIV-1
transcription

Reactions Description

Transitions between inactive
states

Transitions between inactive
and active states

Transcription initiation

=, k=12 - N-1
L =A k=12 -1

A % A + nascent RNA

r . .
Nascent RNA = @ Transcription elongation

master equation that describes the evolution of the probability of
the promoter states (refer to Eq. 1), the initiation-time distribution
can be obtained as follows:

tkl
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j=1 k=1

, (5)
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where all parameters involved are real constants and are
described in Text S1.1. The analytical expressions of initiation-
time distribution for several representative models are given in
Text S1.2. Additionally, the initiation-time distribution of the
multistate loop model can be obtained from Eq. 5 by setting
pj = g; = 1. Recently, several studies have explored the initia-
tion-time distributions for several simple stochastic models
[35,36,38,106], all of which are special cases of Eq. 5. Compared
to the multi-exponential survival function approach (where
the initiation-time distribution also follows a multi-exponential
form) [38], our initiation-time distribution can capture com-
plex transcription initiation dynamics across multiple time
scales. In particular, the cosine and sine terms in Eq. 5 suggest
that the initiation-time distribution can exhibit potential oscil-
latory behaviors, implying that the promoter is not simply
switching between the on and off states but rather undergoing
multiple intermediate states.

Computation of the steady-state nascent
RNA distribution

To analyze how transcription initiation and elongation coor-
dinate gene expression, the steady-state nascent RNA distribu-
tion for the multistate model needs to be solved. By applying
renewal theory and assuming a deterministic elongation time
(refer to Eq. 3), the steady-state nascent RNA distribution can
be derived as follows:
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puted in Text S2. In particular, the steady-state nascent RNA
distribution for the multistate loop model can be obtained from
Eq. 6 by setting p; = g; = 1. Previous studies have derived the
analytical solutions for the distribution of nascent RNA for
several simple stochastic models [63,106], all of which are spe-
cial cases of Eq. 6. The 2 analytical results presented in Eqs. 5
and 6 provide a theoretical foundation for a comprehensive
exploration of HIV-1 transcription dynamics.

Computation of the steady-state binomial moments

of nascent RNA distribution

The binomial moments By, of the steady-state nascent RNA dis-
tribution P(M = m) are useful indicators for quantifying tran-
scription dynamics. By introducing the probability-generating
function, the steady-state binomial moments can be derived
as follows:

Alk—1)—
k+1 Fj,k . nd py(k=1) lGj,h,kTp}A(k—l)—l—he—AjAT
B=) Ty Y
4 i—1)! 4 A
j=1 (] 1)- =1 h=0 <pj (k—l)—l—h)! )
7
ne GRD=1 s ik gt
T e A N
(3 Y AT (oo T) a2 )

=1 h=0 (qf(k—l)—l—h)!
where all parameters involved are real constants and are
described in detail in Text S3. Furthermore, the central moments
can be calculated from the binomial moments (Eq. $92 in Text
S3). Therefore, the bimodal coefficient BC =1/ ( Sz), where
S=B/ (B;) 3/2 s the skewness of nascent RNA,K =B}/ (BC)
is the kurtosis, and B¢ represents the kth central moments can
be obtained from the steady-state moments.

Collection of initiation-time data and nascent
RNA data from synthetic data

To explore whether incorporating initiation-time data can
accurately infer the initiation rate and elongation time, the
method is tested using synthetic data. Parameter sets are
generated from a large region of parameter space

[Uniform(0.0 1,10), Uniform(0.01,10), Uniform(1 ,500)]
(8)

Once a set of parameters is chosen, the SSA [69] is used to
simulate the biochemical reactions of the multistate (2-state to
10-state) models in Table and generate 500 independent tra-
jectories over a time period of 10* s. From the same time series
data, the initiation-time data are collected by recording the
time intervals between successive initiation events, while the
nascent RNA data are collected by uniform sampling.
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Data integration algorithm for estimating

kinetic parameters

To estimate kinetic parameters using both initiation-time data
and nascent RNA data, a data integration method based on
MLE is proposed, which utilizes the joint distribution of initia-
tion times and nascent RNA counts predicted by the multistate
model. Let P(z, m; 0) be the joint distribution of 2 types of data,
where @ = ( Ay, u, T) is the parameter vector of the multistate
model to be estimated. For convenience, the search region for
optimal parameters is restricted to be the same as in Eq. 8. The

total likelihood function is defined as L() = []; JP<ri, mj; 9)

with 7;being theiith initiation data and m; being the jth nascent

RNA data. The inference can be formulated as the following
optimization problem:

in(—L(0))= in| — ) InP(z;,,m;0 ) ).
a;gmln( 0) a;gmln( ;n (T, m; )) 9)

Suppose that the occurrence of transcription initiation events is
independent of the elongation events in this study, so it is reasonable

to assume that joint distribution P (ri, mj; 0) = fini (7;36) P (mj, 9),
with ﬁni(ri; 9) and P<mj, 6) being the marginal distribution

of initiation times and nascent RNA counts, respectively. Then,
the optimization problem becomes

argmin(—L(0)) =
0

aggmin(—( Zlnﬁni(7i36) + ZlnP<mj;6>)>

where fi;(7;;60)and P<mj, 0 ) are given by Egs. 5 and 6, respec-

(10)

tively. Here, the independent assumption of initiation times
and nascent RNA counts decomposes the complex biological
process into separately modeled components, making the prob-
lem more tractable.

To enable fast calculations for solving the optimization prob-
lem given a set of initial values and parameter intervals, finite
state projection is used to solve the multistate model, and an
efficient gradient-free optimization algorithm is employed to
find the optimal parameters by maximizing the likelihood
[107]. For each inference, a large iteration step N,, > 5,000
is chosen as the termination condition for the optimizer. For
comparison, the kinetic parameters are inferred only using
the nascent RNA data, as many previous studies have done
[33,87]. Consequently, the optimization problem becomes
solely related to the steady-state distribution of nascent RNA,

i.e., argymin(—L(0))= argemin<— EjlnP<mj; 9) )

Live-cell imaging data acquisition and processing
Three different live-cell imaging data of HIV-1 transcription
are used in this study [38]. These 3 cell lines that express differ-
ent levels of Tat all contained the 128xMS2 reporter integrated
at the same chromosomal location. By monitoring the bright-
ness of the transcription site over time, 2 types of movies were
recorded to cover the entire temporal range of HIV-1 transcrip-
tional fluctuations: short movies capture an image stack every
3 s for 15 to 20 min, while long movies last for 8 h with a rate
of one image stack every 3 min.
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Collection of initiation-time data and nascent RNA

data from live-cell imaging data

The single transcription initiation event cannot be directly
detected in the live-cell imaging data, because multiple poly-
merases transcribe simultaneously at a given time for the same
transcription site. In addition, HIV-1 transcription involves
multiple time scales, and the signal from one polymerase does
not appear immediately after initiation. Therefore, initiation-
time data need to be collected from both short movies and long
movies. For the short movie, a deconvolution method is applied
to reconstruct individual transcription initiation events, in
which polymerase positions are determined using a genetic
algorithm with a local optimization procedure [38] (see Text
S5 for details). In the algorithm, the polymerase dwell time
on the DNA is calculated using the single polymerase pattern
according to ( lore +lseq + lpost) / Vol F tpop Where L e, L, and
Iost represent the length in base pairs of the 3 sequences: before
the MS2 sequence, the MS2 sequence, and the sequence after
MS2, respectively; V,,; and t,,) are the elongation speed of the
polymerase and polyadenylation time, respectively. The parameters
are taken as .. = 700 bp, Ly = 5,800 bp, [, = 1,600 bp,
Vol =67 bp/s, and t,,; = 100 s. Consequently, the “short”
initiation-time data are collected from reconstructed transcrip-
tion initiation events. For the long movie, the signal is binarized
and an intensity threshold is defined to identify the active and
inactive periods, with the “long” initiation-time data collected
by counting the inactive periods below the threshold. Finally,
the distribution of initiation times can be reconstructed from
the collected short and long initiation-time data. In addition,
nascent RNA data are collected through uniform sampling from
imaging data.

Kinetic parameter identifiability

The method proposed in this study provides a theoretical
guarantee for the inference of kinetic parameters. The model
parameters can be identified by the coefficients of the Laplace
transform f; .(s) (refer to Eq. S2 in Text S1) and the steady-
state binomial moments B;, of nascent RNA distribution in
Eq. 7. Specifically, assume that there are [ kinetic parameters
0,,6,, -+ ,0;, plus the elongation time T to be estimated, and
then we can establish the following relation:

H(0,,0,, «+,0,T)=

(11)
G(ay,ay, a3 by, by, -, by By, By, -+ By)

where a;, b, i = 1,2, ---, N, are the coefficients of the rational
function f. .(s).Hand G are 2N — 1 +k)-dimensional column
vectors. By simple calculations, the (I+1) model parameters
can be identified from Eq. 11. Observe that if ] < 2N — 1, the
kinetic parameters 6;,6,, - , §;can be determined only by the
coefficients a;, a,, -+ ,ayand by, b,, -+, by; furthermore, we
need the first binomial moment B, to determine the elongation
time T. If [ > 2N — 1, we would need more binomial moments
By, By, -+, Biiy 5y to identify the model parameters. As the
calculation of the high-order moments of the steady-state dis-
tribution is very complicated, the proposed method reduces
the difficulty of identifying model parameters compared to the
inference method that uses only nascent RNA data. In addition,
the kinetic parameters for several representative models, such as
the on-oftf model and the multistate loop models, are identified
in Text $4. In particular, our method provides an explanation for
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the interchangeable rate constants of promoter state transi-
tions inferred from static gene expression data (see Text S4
for details).
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