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platform for testing our theoretical predictions.

Topological wave-packet dynamics provide a powerful framework for studying quantum transport in topological
materials. However, extending this approach to non-Hermitian quantum systems presents several important
challenges, primarily due to ambiguities in defining the Berry phase and the non-unitary evolution of the
wave-packets when PT symmetry is broken. In this work, we adopt the complex Berry phase definition using the
bi-orthogonal formalism and derive the semiclassical equations of motion (EOM) for a wave-packet in a
non-Hermitian topological system. Interestingly, we find that the complex Berry curvature introduces both an
anomalous velocity and a non-Hermitian Hall-like force into the semiclassical EOM. To validate the derived EOM, we
design a non-Hermitian Haldane model featuring non-reciprocal next-nearest-neighbor (NNN) hopping, where the
imbalance in the NNN hopping amplitudes gives rise to an emergent ‘complex chirality. We reveal that the real and
imaginary components of the complex chirality dictate the signs of both the real and imaginary parts of the complex
Berry curvature, as well as the direction and dissipation rate of the edge states. Our analytical findings are confirmed
by direct numerical simulations of the wave-packet dynamics. Finally, we suggest a potential experimental
realization of this complex Haldane model using a non-Hermitian optical chiral cavity, providing a promising
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1 Introduction

The concept of topology has been integral to the develop-
ment of physics, tracing back to the early advancements
in electromagnetism [1]. In recent decades, the discovery
of measurable effects induced by topology, e.g. the quan-
tum Hall effect [2, 3], has led to the blossom of condensed
matter physics. Unlike non-topological systems, physical
degrees of freedom (electrons, for example) in topologi-
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cal materials experience finite Berry curvature, which al-
ters their semiclassical equations of motion (EOM). Elec-
trons in solids are best described as wave packets with
well-defined central momentum and position, superposed
by Bloch wave functions. This semiclassical approach not
only provides a practical tool for calculating transport
properties but also offers a powerful framework for further
understanding and quantizing physical systems [4—9].

In recent years, the long-held belief that a physical
Hamiltonian must be Hermitian has been challenged [10].
By relaxing the Hermiticity constraint and combining it
with topology, many fascinating phenomena that are ab-
sent in Hermitian systems have emerged [11-13]. Impor-
tantly, the emergence of non-Hermitian physics calls for a
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systematic extension of the semiclassical EOM beyond the
Hermitian paradigm.

Different definitions of the quantum geometric ten-
sor [14] and Berry connection in non-Hermitian systems,
such as the “right-right” and “left-right” formalisms, have
been proposed and employed to derive EOM [15-17] and
to analyze anomalous transport phenomena [18]. Several
studies, including Refs. [17, 19, 20], have explored how
complex energy spectra affect the EOM and how Berry
curvature influences real space EOM.

However, several open questions remain, particularly for
two-dimensional systems and when accounting for the
finite width of the wave packet (i.e., beyond the delta-
function limit). For instance, Ref. [19] and Ref. [20] pro-
posed two mutually inconsistent forms of the EOM in the
finite-width (A # 0) regime. Important aspects of wave-
packet transport in non-Hermitian systems have also been
studied in a variety of contexts, such as one-dimensional
systems governed by the imaginary part of the energy
dispersion [21] and non-Hermitian pumping described
within linear-response theory [22]. However, to the best
of our knowledge, a comprehensive formulation of the
EOM that consistently incorporates both the complex en-
ergy spectrum and the complex Berry curvature, while
fully accounting for the finite wave-packet width in two-
dimensional non-Hermitian systems, is still lacking.

In this work, we derive the semiclassical EOM for non-
Hermitian topological systems with finite and complex
Berry curvature. A non-Hermitian Hamiltonian features
distinct left- and right-eigenvectors (i.e., |¥r(k)) and
|¥r(k))) that are independent of each other. To define
the Berry connection, we employ the bi-orthogonal for-
malism where the Berry connection is given by A(k) =
i(Y (K| Vk|¥r(K)) [23, 24]. Such an approach based on the
“left-right” (LR) formalism offers the advantage of yield-
ing time-independent Berry curvature [14—18], contrast-
ing with previous definitions that rely on either left or right
eigenvectors. This follows directly from the fact that, in the
LR formalism, the scalar product between left and right
eigenvectors is time independent, whereas in the right-
right (RR) formalism, the RR scalar product acquires a
time dependence—a feature difficult to justify on physi-
cal grounds and deserving further understanding.

To validate the derived semiclassical EOM, we investi-
gate wave-packet dynamics in a non-Hermitian Haldane
model with non-reciprocal next-nearest-neighbor (NNN)
hoppings [25-27] and further explore the novel relation-
ships between complex Berry curvature and topological
edge states. Our results reveal that both imaginary en-
ergy (as shown in classical dissipative systems [20]) and
imaginary Berry curvature influence the EOM, leading
to potential experimental observable transport signatures
(see Egs. (7) and (8)). Additionally, we employ numeri-
cal simulations as a complementary approach to study the
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non-unitary evolution of non-Hermitian topological wave
packets. It is important to note that the two-sublattices in-
version symmetric non-Hermitian Haldane model used in
this work differs from previous studies on non-Hermitian
topological insulators [19, 28—35] and non-Hermitian Hal-
dane models with complex on-site energy [25-27]. This
model features “complex chirality” and could potentially
be realized through strong light-matter interactions in
non-Hermitian photonic chiral cavities [36-43]. We em-
phasize that our framework differs from that considered in
recent experiments on non-Hermitian topology [44—46],
since our experimental proposal is based on the interac-
tion with non-Hermitian photonic cavities, which has not
been considered so far.

2 Non-Hermitian wave-packet dynamics

In this section, we derive the EOM for a wave-packet in a
non-Hermitian system which exhibits complex Berry cur-
vature. The derivation relies on the non-unitary time evo-
lution of the eigenstates, from which we determine the po-
sitions of the wave packet’s maxima in both k space and
real space. For completeness, we consider both Gaussian
wave-packet and wave-packet with general distributions.

Before moving to the technical details, we present a step-

by-step summary of the procedure:

1. Define the time-dependent wavefunction in
k-space, denoted as |W(k, £)), that incorporates the
contribution from the Berry phase.

2. Perform a Fourier transform on |W(k, t)) to obtain
the wavefunction in real space.

3. Extract the position of the maximum of the
wave-packet in both real space and k-space.

4. Compute the time evolution of these positions to
derive the semiclassical EOM.

2.1 Gaussian wave-packet
Before starting with our derivation, we remind the reader
that, in non-Hermitian systems, the Hamiltonian has dis-
tinct eigenfunctions for the right and left eigenvectors,
Hi i) = EL[wi0), H{wi®) = (E)*|wi ), where
|[g(K)) is the i-th right eigenvector and [y} (K)) is the i-th
left eigenvector of the Hamiltonian Hy. The eigenvectors
satisfy the biorthogonality condition (Wi(k)hﬂé(k)) = §;
and  the  generalized completeness  relations
3 IWE00) (W (0] = X, 1w ) ()| = 1 32, 47).

As a simple example, let us consider the non-Hermitian
Hamiltonian H = (0 '7) with n € C. Its eigenvalues are

10
given by E; = &,/ and the corresponding eigenvectors

are |1//R,i) = (i;ﬁ’), WL,H =(1 +/7).1timmediately fol-
lows that |g+) # (<1/fL,i‘)T. Clearly, when 1 becomes real
and equals 1, left and right eigenvalues become Hermi-
tian conjugates and the above analysis reduces to standard
quantum mechanics [30]. The bi-orthogonal formalism is
essential in making sense of non-Hermitian systems and
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applies to all observables derived within them, including,
as we will see, the Berry curvature. We note that the bi-
orthogonal formalism for the Berry connection has been
already derived and discussed in detail in Ref. [23].

Let us now assume that the right eigenstate at the initial
time ¢ = 0 is described by a Gaussian distribution,

1 1

k-k\’
|‘V(l(,0))=|WR(l()>meXP —5( A ) ) (1)

where k is the average wave vector and A is the Gaussian
width. To avoid clutter, we avoid indicating the band label.
Then, the state at time ¢ is given by

soN2

k—k ) )
;3_% ( A“)) e! fot dt/Ek(z’) el)’k(t),
21 A? 2)

k(¢) = k(0) + Fz,

Wk, £)) = |¥r(k))

where y(¢) is the Berry phase

k()
dl(, . Ak, (3)
k(0)

(@) =

with the Berry connection Ay = i{y¥(k) | Viyr(k)) [23],
that is in general complex valued. For comparison, in a
Hermitian Hamiltonian, ¥, = ¥z = ¥, which makes the
Berry connection real. Moreover, Ey is the dispersion rela-
tion and F is any possible external force.

Assuming that |yr(k)) varies slowly with k on the scale
of A, the Gaussian wave-packet in real space is given by:

- 1
lp(x, 1)) = wR(k(t)»m /1 explg(k,r, £)]dI?,
(k - k(2))?

oAz T iyi(®).

t
g(k7 r, t) =ik-r- l/ dt/Ek(ﬂ) -
0

We notice that the employed semiclassical description as-
sumes that the lattice constant is much smaller than the
wave-packet size, and the wave-packet size is much smaller
than the scale which characterizes the slow spatial vari-
ation of the applied external fields [7]. This hierarchy of
scales defines the regime of validity of our results.

To find the maximum position of the wave-packet in real
and k space, we apply a similar strategy as in Ref. [20]. In
particular, we deform the integration path into the com-
plex k plane and impose Vig(k,r,t) = 0 to find the maxi-
mum in k space, ky;. By following this procedure, we ob-
tain the following condition,

k(t) - ku

t
(0) - f A ity ~ 1+ ViA(Oly = 0.
0

(5)
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Additionally, we also impose V, Re(g) = 0 to find the max-
imum in real space, ry. The solution of this condition
is simply Imk = 0, since V,Re(g) = V,Re(ik - r) = —Imk.
Then, we resort to the identity [8],

deVk(t)

=F x By, 6
P x By (6)

where B = V x Ay is the Berry curvature.
All in all, we obtain the semiclassical EOM for a non-
Hermitian Gaussian wave-packet:

iy = Re(VicExliy,) — Re(F x Byl ), (7)
kmt = F + A%[Im(VicExliy) — Im(E x Bilig )], (8)

that is one of the main results of our work.

We notice that, in Eq. (8), the external force F is accom-
panied by two additional contributions related to Im(Ey)
and Im(By), which induce imaginary phases in the wave-
packet and modify its wave-vector distribution. These
additional terms proportional to A2 are fundamental in
non-Hermitian systems and can be thought as effective
forces arising because of the non-Hermitian nature of our
topological system. The first of them, A2 Im(ViExliy, ), de-
scribes local changes in dissipation or amplification, and
relates to the emergent non-unitary time evolution (non-
Hermiticity). This term tends to drive the system towards
the k point with the largest Im(Ey).

Interestingly, the second effective force in Eq. (8),
—A?Im(F x Bili, ), arises from geometric properties and
is perpendicular to the external force, resembling a non-
Hermitian version of the conventional Hall force. Finally,
we notice that the term related to the Berry curvature ex-
ists whenever inversion or time-reversal symmetry is bro-
ken [7].

We also stress that both the energy Ey and the Berry cur-
vature By are real in the Hermitian case. Hence, the correc-
tions in Eq. (8) vanish identically, leaving only the anoma-
lous velocity term in Eq. (7). In the limit A — 0, Eq. (8)
reduces to the trivial case ky = F [17].

We test the validity of Egs. (7)-(8) using numerical sim-
ulation for a 2D wave packet. For simplicity, we consider
a linear (but complex) dispersion Ex ~ k and a Berry con-
nection of the form Ay = (-Bk,,0). We also assume that
F, = 0 and that B is a constant, such that B =V x Ay =
Bz. Thus, from Eq. (6), we have % = (0,-BF,). In
the simulation, we calculate |W(k, ¢)) in k space and find
the position of its maximum as a function of time nu-
merically. Then, we take the Fourier transform and lo-
cate the position of the maximum in real space as well.
In Fig. 1, we show a comparison between the numerical
simulations (open circles) and the predictions from our
EOM, Egs. (7)-(8) for an arbitrary choice of Ex and B.
Figure 1(a) shows the comparison for the k-space EOM,
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Figure 1 2D wave-packet dynamics with and without Berry
curvature: (a) k space and (b) real space. We consider B =0 (blue) and
B=1+0.5/ (red). When t = 0, we set all wave-packets centered at
(0,0). Then, we calculate the time evolution from t =0 to t = 5 using
Eq. (2). We use a linear dispersion £x = 0.3ky + 0.1k, +i(0.1ky + 0.2ky)
and take A =0.5, F =(0.2,0). The solid lines are calculated with

Egs. (7)-(8) and the circles are identified with the maximum positions
of the wave-packet distribution in k and real space, which are
obtained from the numerical simulations

whereas Fig. 1(b) shows the comparison for the real-space
EOM.

Finally, we notice that Egs. (7)-(8) hold for both 2D and
3D systems. On the other hand, the EOM for a 1D wave-
packet are given by:

. dEy
xMzRe (EMM)’ (9)

. dE,
fesi = F + A% Im (d—kk|kM), (10)

and they correspond to the 1D limit of Egs. (7)-(8), i.e., set-

2
ting a dZ’;l(f) = 0. In this case, the Berry curvature vanishes,

Bx = 0, and all vector quantities reduce effectively to one-
dimensional objects.

2.2 Wave-packet dynamics beyond the Gaussian limit

Our analytic derivation of the wave-packet EOM in
Sect. 2.1 implicitly assumes that the wave-packet has a
Gaussian shape and that this shape is preserved during
the whole time evolution. However, if Im(VyEx) and Vi
are not constant in k, or equivalently Im(Ey) and yx are
nonlinear functions of k, the Gaussian shape in k space
will not be preserved under the time evolution since dif-
ferent k components will move at different speeds. In other
words, the previously derived equations are valid only in
the limit where the dispersion and the Berry curvature are
approximately linear in k.

In a more general situation, the wave-packet shape
evolves with time and deviates from the Gaussian form.
In order to capture this more general case, we extend the
previous analysis by assuming an undetermined distribu-
tion in k space exp [—f Kk, t, F)], which is in general a func-
tion of time and the external force F (to be compared with
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the simpler Gaussian form assumed in Eq. (2)). We notice
that this extends our analysis to any wave-packet, without
restricting in any way its form.

Following the same logic as in Sect. 2.1, the time evolved
wave-packet in wave vector space takes the following form:

(WK, £)) = [¥(K) exp [~f(k, £, )] e o 't gne®,

(11)
At the same time, the real space wave-packet follows
- 1
lp(x, 1)) = [Yr(k(®)) -— /exp[g(k, r, t)]dk,
2r k
t
g, t)y=—f(kt,F)+ik-r— i/ dt'Exy + iv(®).
0
(12)

Continuing with the derivation, we assume as before that
Viglky, = 0, which yields

t
~Vif(k t, 1:)|kM ir—i / Aat' ViExliy @) + iVindt) = 0,
0

(13)

and further apply a time derivative. Then, we obtain the
final equations describing the wave-packet dynamics,

im = Re(ViEkiy,) — Re(F x Byig,)s (14)
dVif(k,t,F)
“meM = Im (VicExliy, ) = IM(F X Buliey,)-

(15)

We notice that the non-Gaussian shape of the wave-packet
does not affect the equation for ry;, Eq. (14). However, a
non-Gaussian wave-packet deformation modifies the dy-
namics of ky;, such that its evolution depends on the dis-
tribution function f rather than only on RM. This effect is
fully incorporated in Eqs. (14) and (15). Moreover, the ro-
tational invariance in the k space can now be explicitly bro-
ken, depending on the choice of f. Equation (15) reduces
to Eq. (8) when we set the distribution to be Gaussian, i.e.,

= 2
1 (k-
JGaussian(K, £, F) = — E (k ((t)) .

A (16)

For Gaussian distributions, the position of the maximum
of the Gaussian wave packet is the same as the expectation
value of position in k-space and real space. The two quan-
tities might differ for a non-Gaussian distribution. Nev-
ertheless, unless the distribution becomes very broad, we
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+ib

Figure 2 The model considered in this work: (@) Honeycomb lattice
with A (yellow) and B (cyan) sublattices. The NNN hopping parameters
are indicated with blue and red arrows. The NN hopping parameter t;
is represented with green arrows. (b) The first Brillouin zone, where
the wave vector is expressed as k = ky by + ko by. The high-symmetry
points K = (1, 1) and K" = (3, 2) are also indicated with red dots

do not expect significant differences (see Appendix A for
more details).

We also briefly comment on the relation between the
present non-Hermitian wave-packet approach and the
conventional Hermitian formalism. While the Hermitian
case relies on a wave-packet Lagrangian and unitary time
evolution [48], our formulation is based on biorthogonal
eigenstates and extends the standard results to finite-width
wave packets in non-Hermitian systems.

3 Topological wave-packet dynamics in
non-Hermitian Haldane model

In this section, we calculate the complex Berry curvature,

Chern number, and chiral edge states for a non-Hermitian

Haldane model with non-reciprocal NNN hopping terms.

We then investigate the bulk-edge correspondence and

present numerical simulations of wave-packet dynamics.

3.1 Non-Hermitian Haldane model

We consider an inversion symmetric non-Hermitian
honeycomb lattice with nearest-neighbor (NN) hopping
t; and complex NNN hoppings. The NNN ‘anticlockwise’
hopping parameter is given by m + ia, while the ‘clock-
wise’ one is given by n + ib. The Hermitian limit in this
model could be recovered by imposing m = n and a = —b.
We notice that PT symmetry is always broken, hence the
eigenvalues of the Hamiltonian are expected to be com-
plex. The main features of the model are illustrated in
Fig. 2, where Fig. 2(a) shows the real-space schematic and
Fig. 2(b) shows the momentum-space schematic. Since we
have the inversion center located at the center of each hon-
eycomb, t; is reciprocal. The tight-binding Hamiltonian
in k space is given by:

Hk:(gk+19k S )

17
S 8k — Pk 17)
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Here, we define

ﬁ( — tl § eik-Sj’
J

gk =[m+n+i(a+b)] Zcos(k . 8}),
j

px = [(a—=b) +i(n—m)] Z sin(k - 6}'-)], (18)

J

where §; = %al - %32, 8, =81 + ay, and 83 = §; — a; are
the vectors describing the NN hopping terms. Moreover
8\ =ay, 8, = —a; —ay, and &} = a, are the vectors represent-
ing the NNN hopping terms. All these vectors are shown
explicitly in Fig. 2. For simplicity, #; is set to be 1 in this
work. For later convenience, we define the “complex chiral-
ity” of the real and imaginary parts of the NNN hoppings
as

Sg=sign(n—-m), Sy=sign(b-a). (19)

The system exhibits inversion symmetry, where the in-
version centers correspond to the center of each ‘honey-
comb’ or the points in between the NN sites. The tight-
binding Hamiltonian satisfies Hy = o,H_ko, [49], with o
being the Pauli matrix.

The complex dispersion relation of the two electronic
bands is given by

Exx =g % /P + iy

and it is shown in Fig. 3 in the two cases a = b (or equiv-
alently St = 0) and a # b. When S = 0, both the real and
imaginary parts of Ey . are degenerate at fif, = [Im(pi)]%.
This defines the so-called ‘exceptional rings’ around K and
K, as shown in the left column of Fig. 3 by red solid lines.

(20)

These exceptional rings shrink to degenerated points, K
and K’, when Sk = Sy = 0. On the other hand, when a # b
(right column of the same figure), a topologically protected
gap between the two bands appears.

3.2 Berry curvature and Chern number

The topological invariant Chern number for the ith band
is defined by the integral of the Berry curvature Bj over
the first Brillouin zone [27, 50]:

1

i:__ Bi ZdZ , 21
=0 BZ( Wdk (21)
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b= 0.2, with real gap opened. In all these figures, m=0.1 and n =0.2

Figure 3 Band dispersion: Left column: real and imaginary energy spectrum for a = b =0.1. The two red rings mark the exceptional rings, where
both the real and imaginary parts of the energy become degenerate. Right column: real and imaginary energy spectrum for a #b, a=0.1 and

a#b

where the Berry curvature

Bf( =V x A{(
B iZ Wﬁ(k)|VHk|%(k)) X (¢£(k)|VHk|¢1ie(k))
= L
i (E{( —Eﬁ)

(22)

characterizes the geometric properties of the eigenstates
in k-space.

Following the definition in Eq. (21), we compute the
Chern numbers C' in our non-Hermitian model defined
in the previous section. In general, the Chern numbers
are non-trivial functions of S;. When Sy = 0, the energy
gap closes, and the Chern number becomes ill-defined.
When Sy # 0, the time-reversal symmetry, Hy = H*, and
B, = B, [7], is explicitly broken, allowing for non-zero
Chern numbers. In of Fig. 4(a), we show the value of the
Chern number of the lower (first band), C?, as a function
of n — m and b — a, describing the NNN hopping parame-
ters. We observe that C! = -1 when a < b and C! = 1 when
a > b, while it is insensitive to the sign of # — m. This indi-
cates that:

cl=-§. (23)
In order to characterize in more detail the topological
properties of our model, in Fig. 4 we show the real and

imaginary parts of the Berry curvature, Re(B) and Im(B),
in the first Brillouin zone for the four different scenarios
(S1 2 0) A (Sr 2 0). As a general feature, the Berry curva-
ture always peaked around the high-symmetry points K,
K’ where its value grows by closing the gap in the elec-
tronic bands.

More importantly, as shown in Figs. 4(b)-(f), the sign
of Re(B) is proportional to Sj. Moreover, although the
integral of the imaginary Berry curvature over the first
Brillouin zone identically vanishes, the sign of Im(B) (see
Figs. 4(b)-(f)) is proportional to Sg. Finally, when Sg = 0,
the imaginary Berry curvature is identically zero, even
when the system is non-Hermitian (a # —b).

It is interesting to notice that Sy controls the real part
of the Berry curvature, while Sg determines the imaginary
part of the Berry curvature. This structure deserves further
study.

In Appendix B, we discuss further topological properties
of this model related to the quantum geometric tensor. We
find that the imaginary part of the quantum metric tensor
and the fidelity number change sign with Sg and Sj.

3.3 Chiral edge states on zigzag edges and bulk-edge
correspondence

After analyzing the topological properties of our system in

terms of the Berry curvature and the Chern number, we are

ready to connect them through the bulk-edge correspon-

dence to the existence of chiral edge states. In this regard,
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Figure 4 Chern number and Berry curvature: (@) Dependence of the Chern numbers on the NNN hopping parameters. (b-f) Real and imaginary
part of lower-band Berry curvature for different hopping parameters: (b) Sg > 0, St < 0 withm=0.1,n=0.2,a=0.2,b=0.1; (c) Sg <0, 51 < 0 with
m=02,n=01,a=02,b6=0.1;(d) Sg >0, Sy > 0withm=0.1,n=0.2,a=0.1,6=0.2; (e) Sg <0, Sy > 0withm=02,n=0.1,a=0.1,b=02;
(f) Sk =0, 51 <Owithm=0.1,n=0.1,a=0.25,b=0.1;
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Figure 5 Chiral edge states on zigzag edges: (a) An illustration of the honeycomb lattice strip with zigzag edge. (b-f) Real and imaginary part of the
energy spectrum for the strip with different hopping parameters: (b) Sg > 0, St <O withm=0.1,n=0.2,a=0.1,b=-0.1; (c) Sg <0, St < 0 with
m=02,n=01,a=0.1,b=-0.1;(d) Sg >0, Sy > 0withm=0.1,n=02,a=-0.1,b=0.1; (e) Sg <0, Sy > 0withm=0.2,n=0.1,a=-0.1,b=0.1;

(f) S =0, St <Owithm=0.15,n=0.15,a=0.1, b =-0.1. We set 40 atoms in one unit cell for the calculation. The blue/red energy bands represent
eigenstates localized on the upper/lower edge of the strip, while the other (green) states are bulk states. In all figures, we have set a = -b. The gray
dashed arrow illustrates the inversion of the edge state chirality by changing the sign of Sy. The orange dashed lines indicate the inversion of the
Im(Ex) of the chiral edge states with respect to the horizontal axes upon changing the sign of Sg

we consider a strip in honeycomb lattice with zigzag edges ~ components with a weight that varies across the sublat-
in the y-direction, as shown in Fig. 5(a). tices: Zﬁ“l |V,«|2(—1 + %), where j € [1,N,] indexes the

In Figs. 5(b)-(f), we show the band spectrum E; with  sublattices from top to bottom, and v is jth component of
open boundary conditions corresponding to the strip  eigenvector. Forj=1 and j = N, the weights are -1 and 1,
shown in panel (a). The color of the various curves indi-  corresponding to the upper and lower edges, respectively.
cates the localization properties of the relative modes with From Fig. 5, we observe that the chirality of the edge
green corresponding to bulk modes, while blue/red col-  states is also determined by the value of S;. When §; <0,
ors correspond to edge states localized on the upper and  the ‘anticlockwise’ imaginary NNN hopping is larger than
lower edge respectively. The degree of localization is deter-  the ‘clockwise’ one, resulting in an anticlockwise propagat-
mined by summing the modulus square of the eigenvector  ing topological edge state. Conversely, when St > 0, the sit-
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Table 1 A summary of how complex chirality influences the dynamics of bulk and edge states. Here, By is the Berry curvature for the
bulk state, £ is the energy spectrum for the edge state and C the Chern number. v and F represent velocity and force, respectively

Complex chirality Bulk effects Edge effects
Ni sign[Re(Bk)] (anomalous v), C 5|gm[Re(d—[)] ()
SR sign[Im(Bk)] (non-Hermitian Hall-like F) mgn[lm(%)} (effective F)

uation is reversed, leading to a clockwise propagating edge
state. This inversion is illustrated in Fig. 5(c) and Fig. 5(f)
with a gray dashed arrow. As expected, the sum of the
Chern numbers up to the ith band determines the num-
ber and chirality of the edge states in the ith band gap.
For our two-band system, the edge states are governed
by the Chern number of the lower band, C 1. which satis-
fies C' = —C?. More precisely, C! =1 and C' = -1 corre-
spond respectively to an anticlockwise/clockwise moving
edge state, following the same rule as in Hermitian systems
[51].

Finally, Sg controls the behavior of Im(Ey), which rep-
resents the gain or loss of the system as a function of k.
In Fig. 5, we set a = —b so that the Hamiltonian is Hermi-
tian and Im(E;) = 0 when m = n. Then, the shape of Im(Ey)
flips relative to the horizontal axes, Im(Ex) = 0, when Sg
changes sign, as indicated in Figs. 5(b)-(c) with orange
dashed arrows. This mirror transformation is also accom-
panied by a change in the sign of Im(B). When a # -b,
Im(E)) does not simply change sign with Sg, but Sy still
influences the behavior of Im(Ey). A similar analysis of the
topologically protected edge states in the case of armchair
edges is presented in Appendix C. We show that the chi-
rality of the edge states is the same as that for zigzag edges
and Im(Ey) also flips when Sg changes sign.

To summarize, the real part of Berry curvature acts as
an anomalous contribution to the velocity of the bulk
wave-packet and determines the velocity of the edge wave-
packet. Furthermore, the imaginary part of the Berry cur-
vature induces a non-Hermitian Hall-like force to the bulk
wave-packet. This force and the effective force
A? Im(iiik" |xy,) for the edge wave-packet change sign with
Sr. This suggests the existence of a novel correspondence
that is unique to non-Hermitian systems and deserves fur-
ther attention. A summary of the relationship between
complex chirality, topology and the characteristics of bulk
and edge states is provided in Table 1.

3.4 Edge wave-packet dynamics

We focus on the numerical simulations for the dynamics
of the edge wave-packet, Egs. (9)-(10). In the simulation,
we choose the range of the strip’s energy in the middle of
the gap in the bulk spectrum, corresponding to the energy
range where the edge states exist. The edge energy spec-
trum with positive Im(Ey) used in the calculation is shown
in Fig. 6(a).

@)
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035 04 045 05
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‘R o etetet e atatelatete LI
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A < >
x
5
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0 10 20
t t

Figure 6 Edge wave-packet dynamics: we choose the edge state
localized on the lower edge and for simplicity set the external force to
zero. (a) Energy spectrum Ex used in the simulation. We fix m=0.2,
n=0.1,a=0.1,b=-0.1. (b) Propagation of the wave-packet in k
space. The initial state has maximum at k = 0.45 and a width of

A =0.02. (c) Propagation of wave-packet in real space. The initial
state has maximum at x = 0. (d, e) Comparison of the simulation
results and the theoretical predictions, obtained from Egs. (9)-(10), for
the maxima of the edge wave-packet in k and real space, ky and xy

We then calculate the dynamics of the wave-packet in
7\2

the 1D k space, \/%A e_%(%) e ikt as a function of time.

Two snapshots of the initial wave-packet and the wave-

packet at a later time (¢ = 20) are shown in Fig. 6(b).

The wave-packet in k space moves to smaller k because

Im( % ) is negative. The total amplitude increases due

to the positive value of Im(Ey).
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Figure 7 Flowchartillustrating the processes behind the numerical
simulation of the wave-packet dynamics

Then, we take a Fourier transform along the x axis and
use the eigenfunction spread along the y direction to cal-
culate the wave-packet in real space, as shown in Fig. 6(c).
The wave-packet in real space moves to the right because
Re(‘ilik" k) is positive.

Finally, in Figs. 6(d)-(e), we show with open symbols the
time dependence of the wave-packet maxima in k and real
space, respectively ky; and xy. In the same figures, with
solid black and red lines, we show the predictions from
the theory obtained using Eqgs. (9)-(10). The agreement be-
tween the simulations and the theoretical estimate is excel-
lent, confirming the validity of Egs. (9)-(10).

3.5 Bulk wave-packet dynamics

For our system, the bulk spectrum is not linear in k
(Figs. 8(a)-(b)), and does not display isotropy in the &, k,
plane. Therefore, the more general Egs. (14)-(15) for non-
Gaussian shape wave-packet have to be considered.

In our simulation, we use the spectrum shown in
Figs. 8(a)-(b), where the band with positive Im Ey has been
selected. We then calculate the time evolution of the wave-
packet in 2D k space. The corresponding dynamics in real
space can be directly obtained via a Fourier transform.

In Figs. 8(c)-(e), we show three snapshots of the time evo-
lution of the bulk wave-packet in k space from the initial
stateat £ = 0 to ¢ = 8. As evident from there, despite the ini-
tial distribution is isotropic and Gaussian, at later times the
shape becomes anisotropic and non-Gaussianities emerge.
A similar behavior is found for the time evolution of the
real space bulk wave-packet, which is shown in Figs. 8(f)-
(h) in the same interval of time. A flowchart illustrating the
calculation process is shown in Fig. 7.

Finally, in Figs. 8(i)-(j), we compare the simulation results
with the theoretical predictions by tracking the position of
the wave-packet in k space and in real space upon evolv-
ing time. We observe a good agreement between the two.
We notice that the Berry phase is not included in the sim-
ulation and theoretical calculation due to numerical chal-
lenges caused by its gauge dependence, which corresponds
to the non-uniformity of By.

4 Realization with a non-Hermitian chiral cavity

In this section, we propose a realization of the non-
Hermitian Haldane model discussed above using a non-
Hermitian optical chiral cavity.

Re(E) Im(E)
(@ — (b) —
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- » 0.2
- 1 - 1 \
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. | » 0.1
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0 0 0
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© simulation
== theory
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Figure 8 Bulk wave-packet dynamics: Bulk wave-packet simulation
using the same parameters as Fig. 6 with force F =(0.05,0);

(a-b) Energy spectrum used in the simulation. We fixm=0.2,n=0.1,
a=0.1,b=-0.1.The first Brillouin zone is indicated by dashed lines.
(c-e) Propagation of the bulk wave-packet in k space. The initial state
has maximum at ky = 0.20, k, = 043 and A = 0.1. (f-h) Propagation of
the bulk wave-packet in real space. The initial state has a maximum at
x =y =0. (i-j) Comparison between the simulation results and the
theoretical predictions using Egs. (14)-(15) for the position of the bulk
wave-packet in k space and real space. The position is identified with

the location of the maximum of the wave-packet distribution

We consider a Hermitian Honeycomb lattice with real
hopping parameters inside a non-Hermitian chiral cavity.
The Hamiltonian that captures the interaction between a
charged particle and the photonic mode in the cavity is
given by

N 1 ~ .
H=—P-qA)°+ V() +hwa'a,
2m

. (24)
A = A, (fa Fat), Ag= [———,
o(fa+yfa), Ao V 2l Veo
where
f 1(1 i)cos0 1(1')' 0 (25)
= —=(1,—-1)CoS0 + —=(1,1)S1n
V2 V2
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represents the superposition of right- and left-handed
polarized light. Here, 6 = 0(7r/2) corresponds to right-
handed (left-handed) circular polarization. A prefactor
y # 1breaks hermiticity by making Af # A.In other words,
for y # 1, we are considering ‘non-Hermitian photons’
Thus o, = '“;,—C‘ (Iyl = 1) is complex when y is complex.
Positive/negative Im(y) corresponds to dissipation/ampli-
fication of the cavity, respectively. Finally, m is the mass of
the particle, V(r) is an external potential.

We then use a similarity transformation U =exp [—i%f)-
ﬁ'] to asymptotically decouple the photon and matter

g h -
Ly e The parame

degrees of freedom, where & =

2
ter g = % quantifies the strength of the light-matter

coupling. Conveniently, the introduced parameter £ ap-
proaches zero in both the weak/strong-coupling limits
(52, 53]. Moreover, 7 =i (yf*a" — fa) represents the pho-
tonic momentum operator and satisfies the commutation
relation [ftx,fty] = iy cos(20).

After applying the above transformation and expanding
the resulting expressions to the first-order in &, we obtain
the effective Hamiltonian,

Hy=U"HU

A A 2 .
~ (P—gA®) +V (t) + hoegd'a + VV ()&,

2Meff
(26)
where
meﬂ$2
A(r) = y cos(20) (e, x VV(1)), (27)
2qh

meg =m (1+g%y), (28)
weer = (1 +g%). (29)

The detailed derivation of these results is provided in Ap-
pendix D.

An inversion symmetric potential for the honeycomb
lattice is then assumed as V(r) = Z?zl Voel™, where n; =
+b;, +by, £ (b; — by). The minima of the potential where
the atoms sit form the honeycomb lattice. A representation
of the honeycomb potential is provided in Fig. 8(a) with the
black spots representing the atomic positions. We then use
Peierls substitution to calculate how the gauge field A(r) ef-
fectively modifies the hopping constants in the honeycomb
lattice. This minimal coupling can be then implemented
following

) i
ty — t;@%, ¢y = —% / A(r) - dr, (30)
.

i

where £; are the hopping constants from site i to site j in
the lattice.
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(@)

2

coupled with light

Figure 9 (a) Inversion symmetric potential V(r) with Vp =1 forming a
honeycomb lattice. (b) An illustration of how light-matter interaction
modifies the NNN hopping parameters and makes the system
non-Hermitian

For NN hopping, a direct evaluation of Eq. (30) implies
¢ij = 0. On the other hand, the interactions between mat-
ter and non-Hermitian light strongly modify the original
NNN hopping parameter t,. In particular, this hopping pa-
rameter splits into an anticlockwise hopping £, and a clock-
wise hopping parameter ¢ that in the limit of y # 1 are dif-

ferent (see illustration in Fig. 8(b)). For the ‘anticlockwise’
+g’y) Vorr

NNN hopping, ¢; = ya, where a = cos(260)

(1+g2?  wc *

From there, we can derive that:
té — tzeiaRe(y)e—rx Im(y)’ (31)
ty = e @ Re) gaIm(y) (32)

This implies that the NNN hopping mechanism is now
non-reciprocal and the hopping parameters acquire an
imaginary part induced by the coupling to non-Hermitian
chiral light. Figure 9(a) shows a schematic of the potential
V(r), while Fig. 9(b) illustrates how the light—matter inter-
action modifies the NNN hopping parameters.

Connecting to our original model described in Sect. 3.1,
via a mapping defined as

m = tye” ™) cos[a Re(y)] (33)
a = te ™) sin[ar Re(y)] (34)
1 = te* ™) cos[a Re(y)] (35)
b = —t,e*"™Y) sin[a Re(y)], (36)
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we can directly match this system to the non-Hermitian
model described in Sect. 3.1. More precisely, we derive
that the chirality of light changes the sign of cos(26), which
in turn changes the sign of a and b, thereby controlling
the Chern number of the non-Hermitian honeycomb lat-
tice. The non-Hermitian nature of the cavity makes the
tight-binding Hamiltonian non-Hermitian and influences
the sign of m — n. When the cavity exhibits dissipation,
Im(y) < 0, we naturally obtain m > n. The situation is re-
versed in the case of amplification.

In summary, we have demonstrated that by coupling a
Hermitian tight-binding model in a honeycomb lattice to a
non-Hermitian cavity we can obtain a non-Hermitian hon-
eycomb lattice model and map it directly to the theoretical
model considered in this manuscript. This suggests that
our framework could, in principle, be realized in an exper-
imental setup. By tuning the properties of the cavity, one
could control both the topology and the non-Hermitian
characteristics of the electronic spectrum.

5 Discussion and outlook

In this work, we derive the semiclassical equations of mo-
tion that describe the dynamics of a wave packet with
Gaussian shape, but also with more general wave-vector
distribution, in non-Hermitian topological systems char-
acterized by complex Berry curvature. Our results show
that the real part of the Berry curvature gives rise to an
anomalous velocity, while the imaginary part induces a
non-Hermitian Hall-like force — features that are absent in
Hermitian systems. We confirm the validity of the derived
EOM by direct comparison with numerical simulations.

After a general analysis of the wave-packet dynamics,
we focus on a non-Hermitian honeycomb topological lat-
tice with nonreciprocal NNN hoppings, characterized by
m + ia and n + ib. We introduce the concept “complex
chirality” of NNN hoppings, defined as Sg = sign(n — m)
and Sy = sign(b — a). When a # b, the sign of S; dictates
the Chern number of the bulk bands and the handedness
(counterclockwise/clockwise) of the edge states. In con-
trast, when m # n, the sign of Sg governs the imaginary
Berry curvature, controlling the gain or loss of edge states,
thus revealing a potential novel bulk-boundary correspon-
dence. In other words, our theory reveals the topological
origin of chiral edge states and their associated gain or loss
in the non-Hermitian Haldane model.

Finally, we propose a potential experimental realization
of the non-Hermitian honeycomb lattices using a non-
Hermitian chiral cavity, which serves as a representative
platform to control the chirality and gain or loss of edge
states. More generally, the theoretical framework devel-
oped in this work for non-Hermitian wave-packet dy-
namics is not restricted to chiral optical cavities. We ex-
pect future experimental studies based on recent advance-
ments in high-quality-factor photonic nanocavities and
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chiral cavities [38, 40—42], non-Hermitian chiral phonon-
ics [43, 54—56], as well as Hermitian and non-Hermitian
realizations of the Haldane model [57, 58]. Our analysis
and proposal therefore apply not only to electronic sys-
tems, but also to a broad class of non-Hermitian topolog-
ical platforms, including photonic and phononic systems.
Additionally, we anticipate that future studies will focus on
a comprehensive investigation of the precise mathemati-
cal proof for the novel bulk-boundary correspondence, as
well as the development of a master equation approach
to describe chiral light-matter coupling in dissipative cav-
ities. We also note that the present analysis does not in-
corporate the non-Hermitian skin effect (NHSE), and the
wave-packet dynamics is formulated in the conventional
Brillouin zone rather than the generalized Brillouin zone
(GBZ) [59]. Extending the semiclassical framework to in-
clude NHSE remains an open problem for future work.

Appendix A: Relation between wave-packet

maxima and expectation values
In this Appendix, we compare the evolution of the wave-
packet maximum with the corresponding expectation val-
ues.
In full generality, the expectation value of an operator A
is defined as

ey < WOIAIW @)

(37)
(WOIW®)

Applying this definition in momentum space and writing
Wk, 1)) = |Yr(k))p(k, £), the expectation value of the mo-
mentum operator reads

k) - J 19001 Kk |p(k, 1)|* dik
S 1RO |pe, t)|* dk

(38)

If the amplitude |yr(k)| varies slowly with k over the scale
of the wave-packet width A, as we assumed in the main
text, this expression simplifies to

i = LKl D di )
Jp )2 dk

For a Gaussian distribution p(k, t), the expectation value

therefore coincides with the position of the wave-packet

maximum in momentum space.

Due to Fourier duality, a Gaussian wave packet in mo-
mentum space also corresponds to a Gaussian wave packet
in real space, and the same correspondence holds for the
real-space expectation value and the wave-packet maxi-
mum.

For non-Gaussian distributions, however, the two quan-
tities may differ. In particular, while a linear dispersion pre-
serves the Gaussian shape of the wave packet, a nonlinear
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Figure 10 Comparison between the 2D wave-packet maxima and the corresponding expectation values for a linear dispersion. (@) Comparison in
momentum-space where each symbol indicates the time evolution of the maximum ki and the average wave-vector (k) in the interval t € [0, 3].
(b,c) Amplitude of the wave function in momentum space at (b) t = 0 and (c) t = 3. (d) Comparison in real-space where each symbol indicates the
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t=0and (f) t = 3. For all these examples, we consider a complex Berry curvature B= 1+ 0.5/ and a linear dispersion
Ex = 0.3k, + 0.1k, +i(0.1k, + 0.2k, ). The wave-packet width is A = 0.5, and a constant force F = (0.2,0) is applied. The black arrows in panels (a) and (d)
indicate the time-evolution direction

dispersion generally distorts it. As shown in Fig. 10(a), for
a linear dispersion, the wave-packet maxima in momen-
tum space agree well with the corresponding expectation
values. Figures 10(b) and 10(c) show the momentum-space
evolution of the wave packet. A similar agreement in real
space is shown in Fig. 10(d), while Figs. 10(e) and 10(f) dis-
play the real-space evolution of the wave packet. In con-
trast, as shown in Figs. 11(b) and 11(c), for a nonlinear
dispersion the wave-packet distribution sharpens in mo-
mentum space because the components with larger Im(Ey)
dominate the evolution. As a result, Fig. 11(a) shows that
the wave-packet maxima remain close to the correspond-
ing expectation values in momentum space. By contrast,
as shown in Figs. 11(e) and 11(f), the wave packet broad-
ens in real space, and therefore Fig. 11(d) shows that the
wave-packet maxima deviate from the expectation values
there.

Appendix B: Quantum metric and fidelity number
Let us consider a Hermitian system and define the distance
between quantum states in wave vector space,
dst =1 - |(D'(k)|D'(k + dk)) %, (40)
where |®!(k)) is the ith eigenstate of the Hermitian Hamil-
tonian. For infinitesimal displacements dk, this distance

can be written in terms of a quantum metric tensor (QMT)
g;w,]_[ (also called Fubini Study metric),

dspy =g, ydk" dk". (41)
By ensuring gauge invariance, the QMT of the ith band can

be defined as the real (symmetric) part of the quantum ge-
ometric tensor (QGT) [60, 61],

‘ (0, ®'(k) | 9, @' (k)

wuv,H =

, , , . (42)
(0, (k) | D'(K)) (D' (k) | 9, D' (k).

Moving to a non-Hermitian system, left and right eigen-
vectors of a non-Hermitian Hamiltonian satisfy the bior-
thogonality condition (1//£(k)|1p{3(k)) = §;; and the general-
ized completeness relations Y, |yEK)) (Vi (k)| =
> i) (Yh(K)| = I [32,47]. Since the bra and ket spaces
are not Hermitian conjugates, the inner product must be
redefined.

Therefore, the generalized quantum distance is now
given by

ds? = (Yl (k+d)| — (Wi WDk + dk)) — [y5K)))
~ (0,9} (k) | 9, Yp(k)) dk™ dk". (43)
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To ensure gauge invariance, the quantum geometric tensor
(QGT) for a non-Hermitian system is finally defined as:

o = (0,010 | 9,951

— (0, ¥ (&) | YpO) (i) | 8, ¥p))

$ (wi0) [o, 1o | 0 (w100 10, H (o o)
(Eith) - Bitk))’

j .
(44)

Using Schrodinger’s equation for right and left eigenvec-
tors,

, q .
Hi| (k) = iﬁllﬂé(k)%
(45)

: .
(Y ()| Hc = —i&W/i(k)l,

we find that the time derivative of the QGT identically van-
ishes, 9Q/dt = 0.In general, the QGT is divided into a sym-
metric and an antisymmetric part, Q '

jw = gfw - %Bﬁw, where
each part can be complex in non-Hermitian systems. The
QMT, g, = 5(G},, + G} ), is the symmetric part of the

QGT and it is real in Hermitian systems. This definition

is also consistent with the expression for the generalized
fidelity,

Fi( K +dk) = (Y (K) | Yrr(k +dk) (Y] (k + dK) | Yr5(K))
=1-g, dk"dk", (46)

provided in Ref. [61].
Moreover, the Berry curvature is defined by the antisym-
metric part of the QGT,

By = (V x A =i(Q1, - &), (47)
which is consistent with Eq. (22). For our system, B, =
B},

We notice that previous studies proposed different def-
initions of QGT, QMT, and Berry curvature in non-
Hermitian systems [14—18, 62]. Our definitions involve
left and right eigenstates as bra and ket states, respectively.
This choice ensures that 0Q/d¢ = 0.

Finally, the fidelity number is defined as the integral of
the QMT

. d*k .
N = ik )
7Y (27Z )ngw( )

(48)
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representing the average distance between quantum states.
This quantity can also be interpreted as the overlap of
Wannier states [63, 64]. For our system, the fidelity num-
ber satisfies the relations NI, = N},, Ni, = Ni,, and N! =
N2

We calculate the QMT and fidelity number of the lower
band. Our results are shown in Fig. 12. The dependence
of the fidelity number on hopping parameters is depicted
in Figs. 12(a)-(d). Interestingly, the imaginary part of the
QMT and the fidelity number change sign with Sg and Sy.
We show the QMT in Figs. 12(e)-(i).

Appendix C: Chiral edge states on armchair edges
We now consider a strip of the same honeycomb lattice
with the armchair edge in the y-direction, as shown in
Fig. 13(a). The energy spectra are presented in Figs. 13(b)-
(f).

The chirality of the edge states on armchair edges, de-
termined by the Chern number, is consistent with that of
the edge states on zigzag edges, as shown in Figs. 5(b)-(f)
and Fig. 13. More precisely, the chirality is not influenced
by the shape of the edge. When S; < 0/Sp > 0, anticlock-
wise/clockwise propagating topological edge states exist.
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Similarly to the spectrum for zigzag edges, Sg controls
the behavior of Im(Ey). In Fig. 13, we set a = —b so that
the Hamiltonian is Hermitian and Im(Ey) = 0 when m = n.
Then, the shape of Im(Ey) flips relative to the horizon-
tal axes, Im(Ex) = 0, when Sg changes sign. When a # b,
Im(Ey) does not simply change sign with Sg, but Sg still in-
fluences the behavior of Im(Ejy).

Appendix D: Non-Hermitian chiral cavity
By using the time dependent vector potential A(t) =
Ao (fae™ " + yF 4’ e”<!), we obtain the electric field as

IA()

E@) = - iwcAg (Fae e — yFa'e®). (49)

Since onlya’a and aa' give finite contributions to (n|E2|n),
the energy associated to the electric field is given by

%0 dv<n|f32|n>=y%waAg<n|(&"‘&+2¢2ﬂ)|n> (50)
%4

1
=yeoVaAy(n + 7 (51)
where # is the quantum number of the photonic mode fol-
lows a'aln) = n|n). The energy of the electric/magnetic
field is then given by

1 1
E=2yeVaolAi(n+ 3) = hen+2). (52)

— Jocl

Thus, A() = >
make Aj real. Thus w, is complex when y is complex.
Notice that sign(Im(y)) controls the topology and non-
Hermiticity of the tight-binding honeycomb lattice, as ex-
plained in Sect. 4. Here, positive/negative Im(y) corre-
sponds to negative/positive Im(w,), which relates to the
dissipation/amplification of the cavity, respectively. We
choose Im(y) > 0 to retain the stability of the system.

We then apply a similarity transformation u =
exp [—i%f) - 7] to the Hamiltonian in Eq. (24):

. We can set o, and |y| =1 to

__h
2w:Vegy

A~ A

Hy =U'HU

f)2 %-2
= + V| r+&m —ycos(20)=—p x ez)
2Me ( s v th (53)

+ ha)eff&T&,

Meft :m(l +g2y), Weff = W (1 +g2),

where £ = 20— _¢ -/ —— to eliminate the linear term
MW l+g mwe

A n . 2 . .

p- A, and g is set to be g = %, which quantifies the

strength of the light-matter coupling. We use the photonic
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momentum operator # =i (yf*a’ — f4) and its commuta-
tion relation [fzx, ﬁ'y] =iy cos(20) in the derivation. Notice
that {77! = exp [1%13 . ft], and does not coincide with U
in non-Hermitian systems. Moreover, we also make use
of the Hadamard’s lemma, eBe 4 = B + [A, B] + %[fl, (A,
B]] +---, in the derivation.

Finally, we expand the potential V' into the first-order
in £ to obtain

A 2
1~ (P - qA(r))

+ V() + hoega'a + VV(0)ER,
Zmeff

- (54
eff

A(r) = y cos(26) 2qh

(e, x VV(r)).

Following all these steps, one can recover the result pre-
sented in the main text, Eq. (30).
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