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a b s t r a c t

This study presents a fast method that can model the pressure depletion around hydraulically fractured
wells accurately. The Gaussian Pressure-Transient (GPT) method has infinite resolution, because no
discrete-grid computations are required − the method solves the pressure field using closed-form so-
lutions. After extensive testing on field cases and calibration against other (independent) solution-
methods, it appeared that the pressure interference of multiple fractures represented by pressure
transients − in the early phases of pressure advance − behaves according to the traditional
superposition-method. However, when pressure interference advances, the traditional superposition
method gives increasingly unrealistic and inaccurate results. Therefore, the traditional superposition
method typically used for steady-state, needs adjustment when applied to transient systems, modeled
here with Gaussian pressure-diffusion probability-density functions. The new solutions are valid for the
advance of pressure changes both in the early and late stages of the well-life. A second new insight
presented here is that the superposition of multiple fractures using Gaussian solutions (together with
pressure-gradient computations and application of Darcy's) can accurately forecast the future pro-
duction rate and cumulative production of the well over the economic well-life, accounting for the
impact of fracture-spacing changes. The new method is validated by history-matching of our Gaussian
forecasts using real well-data to constrain specific reservoir properties (hydraulic diffusivity) and
completion parameters (fracture half-lengths), and then was benchmarked against independent sim-
ulations with CMG-IMEX.

© 2025 Chinese Petroleum Society. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY license (http://creativecommons.

org/licenses/by/4.0/).

1. Introduction

Geological reservoirs are intensively exploited for energy
extraction (hydrocarbons, geothermal fluids), groundwater
sourcing, and for either temporary or long-term storage of fluids
by injection (such as hydrogen, carbon-dioxide sequestration, and
produced water) (Guo et al., 2023). This study outlines fast and
accurate new solution paths (closed-form) that have come of age

to model fluid flow in subsurface reservoirs and offer considerable
advantages over traditional reservoir modeling tools (numerical).
The Gaussian Pressure-Transient (GPT) method has been suc-
cessfully used in a variety of applications, including the study of
pressure-induced stress-reversals during hydraulic fracturing
(Wang and Weijermars, 2021), and competition between molec-
ular diffusion and pressure diffusion in shale gas reservoirs
(Afagwu et al., 2024; Weijermars and Afagwu, 2022). This study
presents new algorithms and results using a novel closed-form
reservoir-modeling tool based on the recently developed
Gaussian Pressure-Transient (GPT) solutions. A brief review is
given below to place the various approaches (numerical and
closed-form) in perspective.
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Numerical solutions: Mainstream solution methods (widely
used in both industry and academia) for modeling pressure
depletion (production wells) and pressure increases (injection
wells) and the associated flow in subsurface reservoirs are based
on discrete element computations. Under the commercial reser-
voir simulators, widely applied by industry in conventional res-
ervoirs, are CMG-IMEX, an industry-standard black-oil simulator;
compositional simulator GEM and a thermal compositional
simulator STARS. KAPPA-Rubis is a numerical simulator from
KAPPA petroleum engineering software, which also offers a
Decline Curve Analysis (DCA) module (Citrine), Pressure Transient
Analysis (PTA) module (Saphir), and Rate Transient Analysis (RTA)
module (Topaz) (Bai et al., 2024; Clarkson, 2012).
Eclipse is a commercial reservoir simulator, originally devel-

oped by Exploration Consultants Limited and currently owned by
Schlumberger; Intersect is a high-performance simulator jointly
developed by Schlumberger, Chevron and Total, with the com-
mercial rights owned by Schlumberger. Numerous additional
commercial platforms for reservoir modeling of conventional
fields exist, such as Echelon, a high-performance reservoir simu-
lator jointly developed by Stone Ridge Technology (SRT) and Eni
(commercial rights are owned by SRT), and tNavigator, a high-
performance reservoir-simulator developed by Rock Flow Dy-
namics. Nexus is a simulator originally developed by Amoco and
currently owned by Landmark graphics.
Commonly used numerical solution methods for fluid-solid

coupling problems include finite difference methods (FDM)
(Wang et al., 2022), finite volume methods (FVM) (Lei et al., 2024;
Wang et al., 2023), and finite element methods (FEM) (Zhang et al.,
2022). Reservoir model plug-ins for complex fracture networks
have recently become available, such as Embedded Discrete Frac-
ture Models (EDFM) to explore the degrees of connectivity of the
complex spatial distributions of natural fractures for import in
CMG to conduct sensitivity studies of well performance (Yu et al.,
2021). Simulators previously developed for conventional reser-
voirs have their merits for modeling the performance of hydrau-
lically fractured well systems, but continue to compete for market
share with integrated fracture-simulation/production-modeling
software platforms (e.g., ResFrac).
Flow-physics based models may be based on either proprietary

codes, or open source codes such as the MATLAB Reservoir
Simulation Toolbox (MRST), which provides new solutions based
on unstructured grids that can be applied to large and complex
systems (Lie, 2019). The Black Oil Applied Simulation Tool (BOAST)
is an IMPES, (finite-difference implicit pressure-explicit satura-
tion) numerical simulatorwhich finds the pressure distribution for
a given time step first, and then calculates the saturation distri-
bution for the same time step (Fanchi et al., 1982). The Open
Porous Media (OPM) initiative is supported by Equinor and pro-
vides open source tools and methods for upscaling and simulating
fluid flow in porous media (Alvestad, 2021).
Numerical simulators are capable of providing flow simulations

while accounting for complex heterogeneity of subsurface geology
and multi-phase fluids. Although grid-construction in such nu-
merical models used to be cumbersome,many improvements have
been made (unstructured grids, etc.). Nonetheless, for cases with
sparse subsurface data (such is invariably the case in the early
stages of field development), the complexity and costly compu-
tation times of numerical simulators are arguably less practical for
the rapid iteration and history-matching of early field data (Ji et al.,
2017). Therefore, there still is a niche to fill for solution tools and
methods to model subsurface flow: closed-form solutions are
invariably faster than simulations based on discrete element
computations. Another reason for using closed-form solution
methods is that these require neither gridding nor upscaling,

which ensures infinite resolution in combination with fast
computation times (Ji et al., 2017).

Closed-form solutions: To overcome the constraints of grid-
based solutions, alternative solution-methods (other than
discrete element computations) have been developed. For multi-
fracture horizontal wells (MFHW), some researchers claimed the
rectangular drainage area is more in line with the actual situation
on site, and linear flow is the main flow mechanism during the
well productive life. Brown et al. (2011) utilized the tri-linear
concept of Lee and Brockenbrough (1988) and proposed a “tri-
linear flow” model, which divides the reservoir into three regions:
USRV region, SRV region, and HF region to study the transient
pressure response of MFHW. Subsequently, the five-linear model
Stalgorova and Mattar (2012) and the seven-linear model (Yuan
et al., 2012) were proposed to analyze the pressure response and
production performance of complex fracture networks. The linear
flow and seepage models of MFHW employ a Laplace trans-
formation, perturbation method and Stehfest numerical inversion
(Ji et al., 2017). However, the pressure distribution in the various
drainage regions is solved independently, with impractical sudden
pressure jumps across flow boundaries, which precludes the
calculation of accurate well rates.
Complex Analysis Methods (CAM) have been developed to

sidestep many of the aforementioned computational simplifica-
tions. The CAM code has been successfully used to model the flow
paths and drained rock volume (DRV, or fluid withdrawal) around
hydraulically fractured wells, accounting for natural fractures. The
CAM results have been visualized and history-matched using in-
dependent solution methods using commercial simulators
(Khanal andWeijermars, 2019; Nandlal et al., 2020; Parsegov et al.,
2018; van Harmelen and Weijermars, 2018; Weijermars et al.,
2020a). One of the strengths of CAM models is that flow near
discrete fractures can be studied and visualized in great detail
(Weijermars et al., 2019).
The insight from CAM models was subsequently applied to

develop a so-called flow-cell model (FCM), which is a spreadsheet-
coded solver to forecast well productivity with physics-based ad-
justments to the flow-cells (well-spacing, fracture-spacing, frac-
ture half-length, height and well length) using a type-curve
(Weijermars and Khanal, 2019). The FCM-based solutions were
extensively tested using real well data (oil, dry gas, wet gas) from
US shale basins and benchmarked against independent production
forecasting tools (Eclipse, Kappa, CMG, ResFrac), which confirmed
the accuracy of the solutions (Waters and Weijermars, 2021). One
drawback of CAM-solutions is that these are intrinsically limited to
the description of steady-state flow problems. Transient flow
which dominates the early well behavior can be approximated by
time-stepping and superposing CAM-solutions (Van Harmelen
and Weijermars, 2018). But the superposition of such time-
stepped steady-state solutions becomes computationally com-
plex again. This time-stepped superposition is no longer needed in
a recently developed approach where the pressure changes in the
reservoir are modeled using Gaussian Pressure Transients (GPT)
(Weijermars, 2021, 2022). The GPT solution method is grid-less,
which provides infinite resolution and therefore has superior ac-
curacy as compared to any other solution method (Ji et al., 2023),
and GPT solutions have been benchmarked against independent
solution methods (Weijermars, 2021; Weijermars and Afagwu,
2022).
The present study takes the analysis using GPT-based solutions

a fundamental step further, by critically assessing how pressures
frommultiple sources are interfering (Section 2). This has led us to
a new insight that the traditional pressure-superposition method
becomes inaccurate during later runtimes when used to solve
pressure-transient problems. A new coupled pressure-
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superposition method is proposed, and validated against inde-
pendent solutionmethods. Thewell rates of MFHW can be fast and
accurately calculated based on the pressure gradient of the
coupled GPT model (Section 3). Application of GPT-solutions to
real well data is given (Section 4), followed by a discussion (Section
5) and conclusions (Section 6).

2. Reservoir pressure changes

Modeling fluid flow in subsurface reservoirs in petroleum
engineering applications aims to quantify and predict how
well-interventions will affect the pressure-change process. Such
interventions lead to pressure depletion in the reservoir due to
fluid withdrawal, and pressure-increase when fluid injection is
applied. Once the pressure everywhere in the reservoir is solved,
the pressure gradient can be utilized to determine the local flow
direction and flow rate. While the individual computational steps
are well-known, our work revealed that for transient pressure
changes in the reservoir, the traditional superposition method
becomes increasingly inaccurate for larger run-times. Examples
are given, after first systematically developing our fundamentally
new approach that forms the basis for proposing an improved
pressure-superposition method. The new pressure superposition
scheme must be used when multiple wells, or a single well
with multiple fractures acting as individual pressure-change
sources, drain or fill a reservoir with pressure interference. Such
interference of the pressure transients originating from different
sourcess must be simultaneously accounted for in the model
computations.

2.1. Revisiting the pressure transient solution

Consider one vertical hydraulic fracture at the onset of pro-
duction which imposes a constant pressure, PBH, which acts as a
pressure diffusion source for the adjacent reservoir with original
pressure, P0. Taking the (y, z)-plane of the reference frame to
coincidewith the fracture, the pressure state, P(x, t), at location x in
the reservoir space and for time t in the reservoir life since the
onset of the pressure disturbance is given by:

P(x; t) = P0 + ΔP(x; t) (1)

Eq. (1) assumes an uni-directional diffusion of the pressure
disturbance, ΔP, normal to a planar source (1D-diffusion) of the
pressure differential ΔP (0,0) applied in the fracture. This pressure
differential propagates into the reservoir space by pressure diffu-
sion, which is compactly represented in the 1D-diffusivity equa-
tion (Crank, 1975; Weijermars, 2021):

∂2ΔP
∂x2

=
1
Dh

∂ΔP
∂t

(2)

Rearranging Eq. (1) and introducing a probability function, p(x,
t), we may assume a solution of Eq. (2) is given by:

ΔP(x; t)= P(x; t) − P0=(PBH − P0)p(x; t) (3)

Revisiting the classic textbook by Crank (1975) with mathe-
matical solutions for a variety of diffusion cases, it appears that the
applicable solution for 1D-diffusion into a semi-infinite medium
with a constant physical quantity on one side of the half-space is
given by the following Gaussian probability function, p(x, t):

p(x; t)=1 − erf
x

2
̅̅̅̅̅̅̅̅
Dht

√ (4)

The probability function p(x, t) has a specific physical meaning,
namely corresponding to values of the pressure change

everywhere in the reservoir, normalized by the initial reservoir
pressure, as becomes immediately obvious from re-arranging Eq.
(3):

p(x; t) =
ΔP(x; t)

ΔP0
(5)

with ΔP0 = PBH − P0.
However, the Gaussian solution of Eq. (4) for the

pressure diffusion Eq. (2) can give us the dimensional pressure-
change, when multiplied by the initial pressure change in the
reservoir p(x, t)ΔP0. After normalization, as in Eq. (5), the
dimensionless pressure change is obtained, which shows how the
initial pressure P0 of the reservoir will be changed by the presence
of the fractured well with planar sources of pressure disturbance.
The advance of the pressure change in the reservoir space due to
the fractures is graphed for different times in Fig. 1, according to
Eq. (4). Diffusivity used is 1 and curves shown are for steps of 5
time-units and arbitrary non-dimensional time ranging between
0 and 100.
More precisely, Fig. 1a shows an injection well case, with

PBH > P0, such that the p(x, t) of Eq. (5) is a positive probability
function, for which case Fig. 1a has the correct sign. The original
reservoir pressure is unchanged at y= 0, at the lower border of the
graph of Fig. 1a, with a dimensional value of P0, which remains
constant and unchanged for t ≤ 0. However, for t > 0, the active
injection will change the initial reservoir pressure as indicated by
the curves in Fig. 1a. For example, for t→∞, the pressure in the
reservoir will everywhere have attained the non-dimensional
pressure-change value of +1, which corresponds to a dimen-
sional pressure value of PBH for an injection well.
For the productionwell case, PBH < P0, such that the p(x, t) of Eq.

(5) is better replaced by a negative probability function:

p(x; t) =
ΔP(x; t)
|ΔP0|

= erf

(
x

2
̅̅̅̅̅̅̅̅
Dht

√

)

− 1 (6)

Such a negative probability function is a prime example that
natural processes are sometimes aptly described by negative
probabilities, something argued already in a seminal paper by
Feynman (1952). Fig. 1b graphs the production well case, where
the original reservoir pressure is unchanged at y = 0, at the top
border, with a dimensional value of P0, which remains constant
and unchanged for t ≤ 0. However, for t > 0, the active production
will change the initial reservoir pressure as indicated by the curves
in Fig. 1b. For example, for t→∞, the pressure in the reservoir will
everywhere have attained the non-dimensional pressure-change
value of − 1, which corresponds to a dimensional pressure value of
PBH for a production well.

2.2. Dimensional pressure-transient solutions

If we revert to Eq. (1) and use for ΔP(x, t) the Gaussian solution
of Eqs. (4) and (5) we immediately see that the dimensional
pressure state, P(x, t), anywhere in the reservoir at location x, and
at any one-time t, is given by the initial reservoir pressure, P0, and
the added change due to the engineering intervention of drilling
the well with the changed bottom-hole pressure:

P(x; t)= P0 + (PBH − P0)

(

1 − erf

(
x

2
̅̅̅̅̅̅̅̅
Dht

√

))

(7)

Eq. (7) describes how the original reservoir pressure, P0, be-
comes progressively affected by thewell pressure as it diffuses into
the ambient reservoir space. Interestingly, the same pressure so-
lution can be obtained, rearranging Eq. (7) such that the focus is on
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how the bottom-hole pressure PBH of the fracture will advance into
the reservoir space:

P(x; t) = PBH + (P0 � PBH) erf

(
x

2
̅̅̅̅̅̅̅̅
Dht

√

)

(8)

Eq. (7) uses the original reservoir pressure, P0, as the reference,
while Eq. (8) uses the bottom-hole pressure, PBH, as a reference.
However, Eqs. (7) and (8) are mathematically identical.

In order to help better understand how the non-dimensional
results of Fig. 1a and b translate to dimensional values, specific
examples are given in Fig. 2a and b. We assumed an infinite
reservoir with an initial pressure of 5000 psi. If there is an injection
well with constant bottom pressure of 9000 psi, or a production
well with constant bottom pressure of 1000 psi, Fig. 2 shows how
the presence of the well affects the initial state P0 of the reservoir
according to Eq. (1). If time is long enough, the pressure near the
well will continue to evolve and changes the pressure inside the
reservoir asymptotically, as controlled by the advance of the
pressure transients, until the finite reservoir space is equalized to
the bottomhole pressure after infinite time.

2.3. Traditional pressure-superposition method

Based on the pressure solutions of Eqs. (7) and (8), it is possible to
critically examine the traditional method for superposing the pres-
sure disturbance due to the presence of multiple hydraulic fractures
in a single well. We found the traditional method gives physically
unsound results (see later in this section), which is why we propose
a new, coupled pressure-superposition method (Section 2.4).

We initially assumed that for the superposition of pressure
changes due to multiple pressure change sources, such as in an

array of hydraulic fractures acting as pressure-change sources, the
pressure change [starting out from Eq. (1)] would be given by:

P(x; t) = P0 +
∑n

k=1

ΔP(xk; tk) (9)

With ΔP(xk,tk) representing the individual contributions of each
pressure-change source k. The hydraulic diffusivity, Dh, captures
the intrinsic properties of the reservoir and as all the wells are
supposed to interfere in the same reservoir, we assume no varia-
tion of the hydraulic diffusivity may occur in the homogeneous
reservoir space between the fractures. Furthermore, an instanta-
neously applied bottom-hole pressure, PBH, is assumed to be held
constant in all fractures of the well throughout the production
period, as would be reasonable when the well is on pump.

According to the Gaussian probability function (Eq. (4)) of a
single fracture and applying traditional pressure superposition
method (Eq. (9)), the pressure distribution equation in a multi-
fracture reservoir can be obtained as:

P(x; t) = P0 + (PBH � P0)
∑n

k=1

(

1 � erf

(
xk

2
̅̅̅̅̅̅̅̅̅̅
Dhtk

√

))

(10)

From Eq. (10), the pressure change distribution probability
function of multi-fracture reservoir can be obtained as:

p(x; t) =
∑n

k=1

(

1 � erf

(
xk

2
̅̅̅̅̅̅̅̅̅̅
Dhtk

√

))

(11)

Fig. 3 shows an example of the pressure changes between two
adjacent hydraulic fractures which are part of a production well,
newly inserted in the reservoir space. The pressure-change curves

Fig. 1. Normalized pressure-change for (a) Injection well case, according to Eq. (4). b) Production well case, according to Eq. (4).

Fig. 2. Reservoir pressure field evolution curves for (a) Injection well, b) Production well. Dh = 1 ft2/day.
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are given for twelve successive times (see legend), according to the
traditional superposition method of Eq. (9) (Dh = 1 ft2/day). The
dashed horizontal lines represent (1) the original reservoir pres-
sure (top dashed line), (2) the bottom-hole pressure (middle
dashed line), and (3) the zero reservoir-pressure level (bottom
dashed line). The fractures, with PBH = 1000 psi, will over time
lower the original reservoir pressure (P0 = 5000 psi), which is in
Fig. 3 shown for an assumed hydraulic diffusivity (Dh = 1 ft2/
day). The pressure drawdown is shown after 20–1000 days since
the onset of production, with the fractures acting as the sole

sources of the progressive pressure perturbation.
However, applying the superposition according to Eq. (9), termed

here the traditional method, we discovered after finite times, the
pressure may either drop below the bottom-hole pressure (in case of
production) or exceed the bottom-hole pressure (in case of injec-
tion). This limitation of the traditional pressure superposition
method was already signaled in an earlier study of our group
(Alotaibi et al., 2023), due to which a runtime limit needed to be used
to prevent the pressure from becoming non-physical (i.e. not
attaining a value beyond the bottom-hole pressure). The non-
physicality of the traditional pressure superposition method of Eq.
(9) becomes very clear when the production time is long enough:
the calculated reservoir pressure will asymptotically go to �3000
psi; the dimensionless pressure change will asymptotically go to �2.
The implication of the simple example of Fig. 3 is that the traditional
pressure superposition method will cause the pressure to exceed the
difference between the bottom-hole pressure and the reservoir
pressure, which is against the laws of physics. The reservoir pressure
may never drop below the bottom-hole pressure of 1000 psi, which
was the initial PBH imposed in the example of Fig. 3.

We subsequently endeavored to correct the pressure super-
position model by using a coupled method, newly proposed here,
where a runtime limit is no longer needed. The derivation of our
new, coupled pressure-superposition method is given below
(Section 2.4).

2.4. Coupled pressure-superposition method

The traditional pressure superposition model treats each frac-
ture as an independent source, which results in a doubling of the
pressure changes. Key steps in designing the improved, coupled
superposition method are explained in Appendix A, using exam-
ples of 2 and 3 fracture pressure-change sources.

For a reservoir with n wells or fractures, the coupled pressure
superposition method when a reservoir-pressure-centric
approach is taken (as in Eqs. (1)–(3)) is as follows:

with ΔP(xΣn�1; tΣn�1) = P(xΣn�1; tΣn�1) � P0.
ΔP(xn; tn) is the pressure change caused by a single fracture n,

while ΔP(xΣn�1; tΣn�1) is the pressure change previously caused by
the other fractures.

Now consider the relatively simple case of two adjacent fac-
tures, contributing to pressure change in the reservoir at the same
time. When only two fractures are involved, the pressure change in
the reservoir space between the fractures is given by:

P(x; t) = P0 + ΔP0

×

(
ΔP(x1; t1)

ΔP0
+

ΔP(x2; t2)

ΔP0
�

ΔP(x1; t1) × ΔP(x2; t2)

ΔP2
0

)

(13)

It can be seen from Eq. (12) and Eq. (13) that the new pressure
superposition model differs from the traditional pressure super-
position model of Eq. (9) in that a correction coefficient is added
(the final term in Eq. (13)), which accounts for the pressure
interference between fractures. The fracture-pair will act as two

different, effective diffusion sources with rates
(

1 �erf x1

2
̅̅̅̅̅̅
Dht

√

)

and
(

1 � erf x2

2
̅̅̅̅̅̅
Dht

√

)

, respectively. Now assume Fracture 1 is located at

(xa, y), such that x1 = x-xa; Fracture 2 is located at (xb, y), such that
x2 = x-xb. According to the coupled pressure superposition model,
we can obtain the pressure field distribution in the reservoir from:

P(x; t) = P0 + ΔP0 ×

⎛

⎜
⎜
⎜
⎜
⎜
⎝

(

1 � erf
x1

2
̅̅̅̅̅̅̅̅
Dht

√

)

+

(

1 � erf
x2

2
̅̅̅̅̅̅̅̅
Dht

√

)

�

(

1 � erf
x1

2
̅̅̅̅̅̅̅̅
Dht

√

)

×

(

1 � erf
x2

2
̅̅̅̅̅̅̅̅
Dht

√

)

⎞

⎟
⎟
⎟
⎟
⎟
⎠

= PBH + (P0 � PBH) × erf
x1

2
̅̅̅̅̅̅̅̅
Dht

√ × erf
x2

2
̅̅̅̅̅̅̅̅
Dht

√

(14)

The physical meaning of the new pressure superposition model
can be seen from Eq. (14), that is, the ratio of residual pressure
caused by multiple fractures is equal to the product of the ratio of
residual pressure caused by each single fracture.

Generalizing the result of Eq. (14) for any finite number n of
multiple fractures, one can obtain the pressure distribution in the
formation. Referenced to the initial pressure of the reservoir, Eq.
(14) can be rewritten into a simpler form:

Fig. 3. Dimensionless pressure-change plot and reservoir pressure distribution for
reservoir space containing two hydraulic fractures placed at x = �25 ft and x = +25 ft,
respectively, and spaced 50 ft. Pressure plot is valid for orientation perpendicular to
the vertical fractures.

P(xΣn;tΣn)=P0 +ΔP0 ×

(
ΔP(xΣn�1;tΣn�1)

ΔP0
+

ΔP(xn;tn)

ΔP0
�

ΔP(xΣn�1;tΣn�1) × ΔP(xn;tn)

ΔP2
0

)

(12)
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P(x; t) = P0 + ΔP0

(

1 �
∏n

k=1

erf
xk

2
̅̅̅̅̅̅̅̅
Dht

√

)

(15)

When using a bottom-hole centered approach (Appendix A):

P(x; t) = PBH + (P0 � PBH)
∏n

k=1

erf
xk

2
̅̅̅̅̅̅̅̅
Dht

√ (16)

The P(x, t) according to Eq. (16) and Eq. (12) are
identical. Further proof for this superposition method is given in
Appendix A.

When there are multiple sources of pressure change in the
reservoir region of concern, the form of Eq. (12) becomes rather
complicated, so Eq. (15) is recommended for use when multiple
pressure sources are involved. According to Eq. (15), we can get the
Gaussian probability function of a multi-fracture reservoir from:

p(x; t) = 1 �
∏n

k=1

erf
xk

2
̅̅̅̅̅̅̅̅
Dht

√ (17)

Fig. 4 shows the pressure change probability curves near two
fractures according to Eq. (14). The fracture space is 50, and Dh

used is 1. As production proceeds, the dimensionless pressure
change curve gradually approaches �1 from 0, and is infinitely
close to �1, indicating that the reservoir pressure gradually de-
creases to the bottom-hole pressure.

Fig. 5 includes the pressure distribution curves given for twelve
successive times (see legend), according to the traditional super-
position method of Eq. (9) (dashed curves) and according to the
new coupled pressure-superposition method of Eq. (15) (solid
curves). During the first 100 days of production, the two types of
curves basically coincide. This means that the pressure interfer-
ence in the reservoir of multiple fractures (or multiple well-
systems) represented by pressure transients � in the early pha-
ses of pressure advance � behaves according to the traditional
superposition-method. However, after 100 days, differences begin
to appear, and after 200 days the coupled pressure-superposition
model solution lags behind the traditional pressure-
superposition model.

Importantly, after 500 days, the reservoir pressure computed
with the traditional pressure-superposition model dips below the
bottom-hole pressure (and eventually becomes negative), giving
increasingly physically unrealistic and inaccurate results. In
contrast, the pressure distribution curve calculated by the coupled
pressure-superposition model gives a realistic pressure drop. The
pressure profile between the two fractures drops further over
time, and asymptotically assumes the bottom-hole pressure. Our

new superposition model suggests that the traditional pressure
superposition model is less suitable for calculating transient
pressure changes in a reservoir with superposed fractures. The
same holds true for reservoirs with superposed vertical well sys-
tems, where pressure transients will interfere.

3. Well rates solutions

Next, a practical solution scheme can be developed for the
superposition of any finite number of evenly spaced planar
fracture-sources in a hydraulically multi-fractured well-system
(Fig. 6). The principal aim of solving for the pressure transients is
to subsequently forecast the corresponding well rates.

For a single fracture case (Fig. 6a), one should use Eq. (4) as the
starting point to compute the spatial and temporal pressure
gradient, which has the following solution:

p(x; t)
dx

=
�1
̅̅̅̅̅̅̅̅̅̅
πDht

√ e� x2
4Dht (18)

The equivalent wellhead production rate, qWH (bbls/day), of this
fracture (x = 0) follows from Darcy's Law:

qWH(t) =
kA(PBH � P0)

μB
∂p
∂x

=
kA
μB

(P0 � PBH)
̅̅̅̅̅̅̅̅̅̅
πDht

√ e
�

x2

4Dt

=
C1C2

C3
4yf hf

k
μB

(P0 � PBH)
̅̅̅̅̅̅̅̅̅̅
πDht

√

(19)

with the half-length, yf (ft), of the fracture that is effectively
propped, height of the reservoir corresponding to fracture height,
h (ft), fluid viscosity, μ (cPoise), reservoir permeability, k (mD),
initial reservoir pressure, P0 (psi), and well-fracture system
bottom-hole pressure, PBH (psi), assumed constant throughout the
well life. The formation volume factor, B, accounts for the fluid
volume change as the fluid moves from the well system at the
reservoir level to the wellhead at the surface. The factor 4 in the
nominator of Eq. (19) accounts for 2-sided pressure diffusion from
2 times the fracture half-length planar surface (Fig. 6).

The conversion factor C1 = 0.178108 bbls/ft3 arises because the
input units in ft on the right-hand side lead to cubic ft (per time
unit), which needs conversion to oil bbls (per time unit) for the
output well-rate on the right-hand side. The required conversion is
1 ft3 = 0.178108 bbls. If we work with gas wells, the conversion
factor C1 = 0.001 Mcf/ft3, because 1 ft3 = 0.001 Mcf, and the pro-
duced gas volume will be expressed in Mcf (per time unit).

The conversion factor C2 = 1.06235 × 10�14 ft2/mD arises to
convert square ft units of permeability and prorated for inputs in

Fig. 4. Dimensionless pressure change curves for two adjacent fractures with PBH < P0

(production case) of the coupled pressure superposition model.

Fig. 5. Reservoir pressure distribution for reservoir space containing two hydraulic
fractures placed at x = �25 ft and x = +25 ft, respectively, and spaced 50 ft.
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mD. The required conversion factor is 1 mD = 1.06235 × 10− 14 ft2.
The conversion factor C3 = 1.67868 × 10− 12 psi⋅day/cPoise is

needed if the viscosity input is in cPoise, then conversion of vis-
cosity to psi⋅day will result in output for well rate in stb/day. The
required conversion factor is 1 cPoise =1.67868 × 10− 12 psi⋅day.
For the multi-fractured well with n fractures, the well rate

resulting from the superposed fracture sources spaced by xf, can be
computed applying the method of Eq. (16):

p(x; t)=
ΔP(x; t)

ΔP
=1 − erf

(
x

2
̅̅̅̅̅̅̅̅
Dht

√

)

× erf

(
x − xf
2
̅̅̅̅̅̅̅̅
Dht

√

)

(20)

The expression of Eq. (20) for a pair of fractures placed sym-
metric about the y-axis is:

p(x; t)=
ΔP(x; t)

ΔP
=1 − erf

(
x − xf

/
2

2
̅̅̅̅̅̅̅̅
Dht

√

)

× erf

(
x+ xf

/
2

2
̅̅̅̅̅̅̅̅
Dht

√

)

(21)

We can now translate the pressure gradient of Eq. (21) to a well
rate due to cumulative fluid flowing into n number of fractures
spaced at x = ±xf =2:

qWH(t)=
C1C2
C3
4nyf hf

k
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(22)

The result of Eq. (22) is a main finding of our study, which is
more accurate than prior solutions (Weijermars, 2021), now
adequately accounting for pressure interference between the
space fractures as their spacing becomes tighter.

A common assumption is that the hydraulic diffusivity (Dh, ft2/
day) can be computed from primary properties as follows
(Weijermars, 2022; Zhang and Ayala, 2019; Zimmerman, 2018):

Dh=
C2
C3

k
ϕμCt

(23)

Where ϕ is reservoir porosity, and Ct is total compressibility,
psi− 1, given by Ct=(1-ϕ)Crock+ϕCfluid.
Further one may choose to remove the duplicity of parameters

k and μ in Eq. (22), and replace them using a theoretical expression
relating the hydraulic diffusivity to primary values:

qWH(t)=C14nyf hf (P0 − PBH)
ϕCt
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(24)

In order to further verify our results, we compare in Section 4
the results of the coupled pressure-superposition model with
those of a commercial CMG-simulator using reservoir and pro-
duction data from an Eagle Ford study well in a lease region in
Brazos County, East Texas.

4. Verification of coupled pressure-superposition model

The results of the new coupled GPT model are computed here
with a CMG simulation applied to a case study of progressive
pressure depletion in a Wolfcamp well (Neal 346AH) from the
Permian Basin (Delaware Basin, West-Texas). Next, we carried out
production history matching using well data from the Eagle Ford
Shale (Brazos County, East Texas). The analyzed wells have been
extensively studied and the pressure depletion and the drained
rock volume were visualized in several prior studies using com-
mercial simulators (Khanal and Weijermars, 2019; Weijermars
et al., 2020b, 2020c; Weijermars and Khanal, 2020; Weijermars
and Nascentes Alves, 2018).

4.1. Pressure curve matching

A 2014 study well (Neal 346AH, Upton County, West Texas),
with a 6524 ft long lateral landed and completed in the Wolfcamp
Formation, Midland Basin, was history matched and analyzed in
some detail. The well is hydraulically fractured, with 60 ft perf
cluster spacing assumed to originate 109 discrete hydraulic frac-
tures with enhanced fracture conductivity (Zakhour et al., 2015).
The history-matched reservoir simulationmodel for Neal 346AH is
used here to generate pressure depletion maps and pressure
depletion profiles for different times during the assumed 30-year
production life of the well (Khanal et al., 2019). Although the
entire well is simulated, our analysis focuses on the pressure
changes near the three central fractures (no. 54–56). Focusing on
the central fracture stage allows studying of the pressure deple-
tion, at high resolution, in the matrix blocks between the indi-
vidual fractures.

Fig. 6. Two common cases of hydraulically fractured wells are analyzed in this ap-
pendix: (a) Wells producing from a single hydraulic fracture. (b) Wells producing from
multiple fractures. The surface area that acts as the pressure diffusion source is given
by A.
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The initial reservoir pressure in the Wolfcamp Formation
(before any production) was 5161 psi, as used in our prior history
match (Khanal et al., 2019). The progression of the pressure dis-
tribution curve between the two wells was computed for 30 years
using a CMG-IMEX simulator. The well dimensions, completion
and formation parameters are given in Table 1. Fig. 7 shows the
pressure front propagation at twelve different times from one day
to thirty years of production. We can see from the pressure evo-
lution curves that it takes only one month before adjacent frac-
tures (spaced at 60 ft) begin to communicate with each other, in
the sense that their respective pressure fronts meet. After the
pressure fronts of adjacent fractures make first contact, the pres-
sure decline around the hydraulic fractures accelerates. At the end
of year 1, the bottom-hole pressure (PBH) is nearly established near
to the hydraulic fractures and is close to 1000 psi. The pressure
saddles in the matrix blocks between the hydraulic fractures have
been reduced to 2500 psi, or about half the original reservoir
pressure (5161 psi). The average pressure in the grid blocks be-
tween each pair of the central fractures at year 5 has moved closer
to the minimum bottom-hole pressure (1000 psi) and the pressure
saddles occur at 1500 psi. After 10 years, the pressure between the
fractures has basically stabilized at 1000 psi and almost no longer
changes with time.
Reservoir pressure simulations based on the analytical model

(Eq. (7) and Eq. (15)) critically depend on the hydraulic diffusivity.
We extracted the peak pressures between two fractures and the
bottom-hole pressure at different times from CMG model results
(Fig. 7), and used the coupled GPT model (Eq. (15)) for curve
matching (Fig. 8). By adjusting Dh and using the Pearson correla-
tion coefficient as the matching index, the pressure evolution
curve that best matches the CMG model results was obtained. The
history-matching of Dh gave 2.32 ft2/day. According to the primary
parameters used in the CMG model, the theoretical Dh = 2.51 ft2/
day, computed from the primary parameters using Eq. (24). The
close agreement between the history-matched Dh value of 2.32 ft2/
day and the primary-value-computed Dh-value of 2.51 ft2/day af-
firms the accuracy and reliability of the coupled pressure super-
position method.
Fig. 8 includes a curve which predicts the pressure value mid-

point between the fracture pair of Fig. 7 and shows again that
the traditional superposition method wrongly suggests the reser-
voir pressure continues to fall, eventually becoming lower than the
bottom-hole pressure and even negative, which is physically un-
feasible. The black solid line is the peak pressure between fractures
at various times simulated by CMG, the green solid line is obtained
by matching using the coupled pressure superposition method
(Dh = 2.32 ft2/day), and the blue solid line is obtained using the
traditional pressure superposition method. The orange dotted

curve is the bottom-hole pressure during the CMG simulation,
which gradually decreases from 3500 psi to 1000 psi. The Pearson
coefficient of 0.994 between the CMG simulation of the mid-point
pressure and the coupled superposition method using the GPT
method validates the accuracy of the fast analytical solutions.
Since the CMG model and analytical model use two different

calculation systems, minor mismatches may remain. For example,
during the calculation process, the bottom-hole pressure in the
CMGmodel is not constant, but decreases gradually from 3500 psi
to 1000 psi. This also explains that in the early stage of production,
the reservoir pressure calculated by the CMG model is slightly
higher than the results adopting analytical solution method
(Fig. 8). But overall, the Pearson correlation coefficient of 0.994
means the matching result is excellent.
After 10 years, the respective pressure curves based on CMG

and coupled GPT history matching practically coincide, proving
the reliability of the coupled GPT method. The traditional pressure
superposition method would cause the reservoir pressure to
continuously and significantly decrease, andwill be lower than the
bottom-hole pressure after one year, or even lower than − 2000 psi
after a decade (Fig. 8), which is obviously incorrect, which is why
use of the coupled pressure superposition method of Section 2.4 is
warranted.

4.2. Production curve matching

Predicting the future production curve of a hydraulically frac-
tured well with the GPT method of Eq. (24) requires knowledge of
the fracture design parameters, nyf hf , fracture spacing, xf , reser-
voir porosity, ϕ, formation volume factor, B, and two key reservoir
parameters, Dh and Ct. The latter two parameters can be obtained
from measurements on core samples retrieved from pilot wells
using Eq. (23), or by historymatching of historic production data in
nearby wells. This section will first introduce the real well data
used for history matching, and the independent CMG history-
matching simulation, used here to benchmark the Gaussian pres-
sure forecasts.

4.2.1. History matching field data
The production data used in this study are from three wells in

an Eagle Ford lease that was studied in considerable detail in prior
studies (Weijermars and Nascentes Alves, 2018; Khanal and
Weijermars, 2019; Weijermars et al., 2019). The initial pressure
P0 of the reservoir is 4891 psi, while the bottom-hole pressure is
always maintained at 1000 psi. Due to the difference in the scale of
fracturing, the production is various. These 3 wells are all hori-
zontal wells with multi-stage fracturing, and the fracture infor-
mation is shown in Table 2.
By matching the field production data (Fig. 9) using the GPT

model with the coupled pressure superposition of Eq. (24), we
obtained the hydraulic diffusivity (Dh) and total compressibility
(Ct) for the reservoir region perforated by the three wells (Table 3).
The history matching of the field production data using the
coupled method gave an averaged Pearson correlation coefficient
of 0.999 (0.9981–0.9996), and an averaged root mean square error
(RMSE) of 0.0109 (0.0069–0.016), which proves the superb model
matching accuracy.
Moreover, we found that the Dh and Ct obtained by matching

the production data of each of the three wells are very similar
(Table 3). According to Eq. (23), we can also get the value Dh and a
comprehensive reservoir characterization parameter (k/ϕμ), which
also have similar values for each of the three wells (Table 3).

4.2.2. History matching CMG model outputs
There is operational noise (workover days, shut in) in the field

Table 1
Assumed reservoir and fracture properties used to build the CMG reservoir base
case model of Fig. 7.

Parameters Values

Total Vertical Depth Well, Dw (ft) 8557
Well Length Lateral, L (ft) 6524
Number of Fractures, n 108
Fracture Spacing, xf (ft) 60
Fracture Height, hf (ft) 220
Fracture Half-length, yf (ft) 105
Fracture Width, wf (ft) 0.01
Fracture Permeability, kf (mD) 6000
Reservoir Permeability (base case), k (nD) 100
Initial Reservoir Pressure, P0 (psia) 5161
Reservoir Temperature, T (◦F) 110
Porosity, ϕ (%) 4.2
Oil Viscosity, μ (cP) 2
Total Compressibility, Ct (psi− 1) 3 × 10− 6
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data, which is why we also use noise-free production curves ob-
tained using a CMG reservoir simulator. The CMG reservoir
simulator data matched the wells in multiple realizations and was
used here to also provide product curves for cases using larger and
smaller fracture spacing, relative to the 60 ft spacing used in the
actual completion program for the Eagle Ford legacy wells studied
(Weijermars et al., 2020b). The number of fractures is determined
by well length and perforation cluster spacing; smaller fracture
spacing means a higher number of fractures was used. The core-
sponding production curves are shown in Fig. 10.
Using the Gaussian solution of Eq. (24) to history match the

suite of synthetic cumulative production curves obtained from
the CMG simulation for each fracture spacing in Fig. 10, Dh and Ct
were obtained (dotted lines in Fig. 11). Judging from Pearson
correlation coefficient and root mean square error (RMSE)
matches, the narrower fracture spacing gives outstanding

matches (with RMSE of 0.0179 and Pearson coefficient of 0.9959).
For the largest fracture spacing evaluated (100 ft), the fit is more
outstanding (with RMSE of 0.0088 and Pearson coefficient of
0.9994).

4.2.3. Reservoir characterization
The Dh and Ct used for each curve in Fig. 11 are listed in Table 4,

and the variation trends of parameters with fracture spacing are
graphed in Fig. 12. For fracture spacing less than 50 ft, Dh increases
significantly. The Dh obtained when the fracture spacing is 30 ft is
more than twice (Dh = 4.2 ft2/day) than the result for the 50 ft
fracture spacing (Dh = 1.8 ft2/day). When the fracture spacing ex-
ceeds 50 ft, Dh barely changes (ranging between 1.5 and 1.8 ft2/day).
However, the estimated Ct-values first increase when fracture

spacing increases. Separately, the comprehensive reservoir char-
acterization parameter (k/ϕμ) shows an increase as fracture

Fig. 7. Thirty years pressure depletion (psi) progression for the central 3 fractures in Neal 346AH, a Wolfcamp shale well (Midland Basin, West Texas) constructed using a
production history-matched CMG model. Left column: Map views of pressure depletion in production bench with wellbore horizontal in image and transverse fractures sets
spaced at 60 ft. Right column: pressure distribution normal to the fractures (Khanal et al., 2019).
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spacing gets tighter (red curve in Fig. 12). The escalation effect of
higher diffusivity for tighter fracture spacing is here ascribed to
either a decrease in porosity or increase in permeability, or both
(see discussion in Section 5.3).

5. Discussion

Based on the coupled Gaussian model, we obtained accurate
solutions for the transient pressure field changes between hy-
draulic fractures, and calculated the production based on the
pressure gradient. The results obtained by the coupled-GPT model
and the CMG simulator both were matched against real well data
and showed outstanding matches. This study has achieved scien-
tific progress with significant practical value for analytical pro-
duction forecasting and shale well performance optimization. In
particular, engineering solutions will benefit from three main
findings as highlighted in Sections 5.1 to 5.3.

5.1. Pressure superposition improvement

Using the traditional superposition model, the reservoir pressure
could become lower than the bottom-hole pressure, or even nega-
tive. This is because the traditional pressure superposition model is
onlyapplicable to steady-state pressure fields, that is, it describes the
pressure field theoretically required for a constant flow state. How-
ever, this state is impossible for an infinitely large reservoir unless
there is an aquifer resupply source. For an infinitely large reservoir,
maintaining a constant production rate is impossible because the
bottom-hole pressure cannot be reduced perpetually. When the
bottom-hole pressure gradient advances into the reservoir, there
occurs a limit for which the pressure gradient will no longer provide
sufficient gradient near the well to maintain substantial flow. Over
time, the well rate will asymptotically decline and reach the bottom-
hole pressure imposed by the well's production system, until the
production rate will cease altogether.

The coupled GPT model considers the interference of the
transient pressure fields between multiple wells or fractures. The
transient changes in the reservoir pressure will affect the pro-
duction or injection rate of any well; such wells cannot flow in
steady-state. The model calculation results show that the newly
proposed coupled GPT model can obtain a reservoir pressure dis-
tribution that matches the physical conditions. Its accuracy and
reliability were confirmed by benchmarking against CMG simu-
lation results.

Fig. 8. Matching curves of pressure evolution within 30 years.

Table 2
Fracture information of 3 Eagle Ford study wells.

Parameter Well R Well H Well M

Well length lateral, L (ft) 8630 6550 5950
Fracture spacing, xf (ft) 63 50 50
Fracture half-length, yf (ft) 215 144 137
Fracture height, h (ft) 60 60 60
Fracture number, n 139 131 119
Initial reservoir pressure, P0 (psi) 4891
Bottom-hole pressure, PBH (psi) 1000
Reservoir Permeability, k (nD) 150
Porosity, ϕ 0.05
Oil Viscosity, μ (cP) 2
Total Compressibility, Ct (psi�1) 3 × 10�6

Volume factor, B 1.2

Fig. 9. Field production data and historical matching results of three study wells (Well_R, Well_H, Well_M).
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5.2. Production forecasting improvement

Based on the coupled GPT model, we obtained an analytical
expression for the pressure gradient around the individual fractures,
and obtained the fluid flow rate and wellhead production according
to Darcy's law. According to the history matching of three indepen-
dent wells in the same reservoir, we found that the Dh, Ct and k/ϕμ of
the three wells closely matched. Additionally, the empirical Dh-
values were approximately the same as the values calculated from
primary reservoir parameters using the theoretical result of Eq. (23)
(Table 3), which further supports the validity and accuracy of the
coupled GPT model in forecasting future well production rates.

5.3. Reservoir characterization merits

We used the coupled GPT model for history matching produc-
tion curves considering various fracture spacings. When the frac-
ture spacing is tight (≤40 ft), the equivalent Dh increases

significantly, while the Ct gradually decreases. In the classical
pressure transient analysis, Dh is assumed to be a constant
(Raghaven, 1993). However, Zhang and Ayala pointed out that
when the reservoir is going through significant depletion, the
pressure dependence of the Dh cannot be ignored (Zhang and
Ayala, 2019). In this study, the small fracture spacing resulted in
faster pressure depletion between fractures, which in turn resul-
ted in significant changes in the history matched Dh. Since the Dh is
a composite parameter, jointly controlled by multiple parameters,
we calculated the k/ϕμ of the reservoir according to Eq. (23).
Assuming that the fluid viscosity (μ) remains unchanged, we see
that when the fracture spacing decreases, the fluid flow capacity in
the SRV area is enhanced, and the equivalent permeability (k) in-
creases, or the porosity (ϕ) of the reservoir decreases, or both.

5.4. Strengths and weaknesses

The coupled GPT model can quickly calculate the pressure field
distribution and production curve of MFHW using only basic reser-
voir parameters, and has considerable practical value. The current
coupled GPT model can be further improved in two obvious do-
mains: (1) When calculating the pressure field distribution, if mul-
tiple wells are used and some infill wells disturb the pressure field at
a later time, then the initiation time (t) in the coupled GPT model
need to be corrected. (2) When calculating the production, only the
production of linear flow on both sides of the fracture is included,
while the production of radial flow at the fracture tip is ignored. This
is because the transient pressure field distribution equation for
radial flow in a single well with constant bottom-hole pressure was
only recently solved (Weijermars and Afagwu, 2024). However, the
contribution of the fracture tip to the total production can be ignored
in the early stage of production; only when the time is long enough
for the pressure in the SRV area to be nearly exhausted, the fracture
tip will make a significant contribution to the production rate (Tian
and Weijermars, 2024). If the pressure field distribution between
wells can be obtained based on the coupled pressure superposition

Table 3
Reservoir parameters obtained by history matching.

Well Names Dh (Eq. (23)) Dh Ct Dh × Ct = k/ϕμ

ft2/day ft2/day 1 × 10�5 psi�1 (1 × 10�5 ft2day�1psi�1)

Well_R 3.167 3.24 2.626 8.507
Well_H 3.128 2.759 8.631
Well_M 2.846 2.762 7.859
Average 3.071 2.716 8.332

Fig. 10. Production curves for different fracture spacing simulated by CMG.

Fig. 11. Matching results of production curves for different fracture spacing. The solid
line is the result of CMG simulation, and the dotted line is the result of matching.

Table 4
Reservoir parameters obtained by history matching with various fracture spacing.

Fracture Space Dh (Eq. (23)) Dh Ct Dh × Ct = k/ϕμ

ft2/day ft2/day 1 × 10�5 psi�1 (1 × 10�5 ft2day�1psi�1)

xf_30 1.637 4.192 1.896 7.95
xf _40 2.483 2.27 5.636
xf _50 1.806 2.584 4.668
xf _60 1.603 2.802 4.492
xf _70 1.568 2.908 4.56
xf _80 1.644 2.94 4.833
xf _90 1.699 2.987 5.074
xf _100 1.729 3.052 5.277

Fig. 12. The changing trend of equivalent reservoir properties for various fracture
spaces.
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model, the accuracy of the coupled GPT model in predicting the
production curve can be further improved.

6. Conclusions

This paper studies the pressure field evolution of MFHW and
points out the limitations of the traditional pressure superposition
model. The coupled GPT model based on the coupled pressure
superposition model shows significant advantages in pressure
calculation and production prediction of multi-fracture systems.
The main conclusions are as follows:

(1) The traditional pressure superposition method will produce
unreasonable pressure when running for a long time. The
newly proposed coupled pressure superposition method
improves the calculation accuracy of the pressure field by
introducing a correction coefficient. Its application in multi-
fracture systems shows higher accuracy.

(2) Based on the closed-form solution, the GPTmethod provides
a fast calculation tool for forecasting well rates even prior to
drilling; the pressure field is resolved with infinite resolu-
tion as no gridding is involved. Compared with numerical
simulation methods, the coupled GPT model has obvious
advantages in calculation speed and accuracy, and is
particularly suitable for data iteration and history matching
in the early stage of reservoir development.

(3) For MFHW, the matching results show that as the fracture
spacing decreases, the hydraulic diffusion coefficient (Dh)
and the equivalent permeability (k) in the SRV region in-
crease, and the equivalent porosity (ϕ) decreases. The
Gaussian GPT method can be used as a practical tool for
reservoir characterization.
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Appendix A. Proof of Pressure Superposition for Transient
Flow of Multi-Fracture Systems

We adopt a representation of the spatial pressure-change over
time by a pressure-transient probability density function (Eq. (8)):

ΔP(xk; tk)= (PBH − P0)

(

1 − erf

(
xk

2
̅̅̅̅̅̅̅̅̅̅
Dhtk

√

))

(A1)

Where
(

1 − erf
(

xk
2
̅̅̅̅̅̅̅
Dhtk

√

))

is the ratio of the pressure drop caused

by the fracture k (Crank, 1975; Weijermars, 2022).
Eq. (9) in the main text is only applicable to steady-state

seepage conditions, and assumes that the pressure change at a
point in the formation is ultimately becomes equal to the su-
perposition of the pressure changes of all fractures at that point.
As for the unsteady or transient pressure change conditions,
this paper puts forward a new solution according to Eq. (12):
the pressure change caused by a fracture depends on the
pressure difference between the bottom-hole and the
formation.
The hydraulic diffusivity, Dh, captures the intrinsic properties

of the reservoir and as all the fractures are supposed to interfere
in the same reservoir, we do not assume any variation in diffu-
sivity between fractures. An instantaneously applied bottom-
hole pressure, PBH, is assumed to be held constant in the well
and its hydraulic fractures throughout the production period. If
all fractures have the same PBH and start operating at the same
time, t.
If only fracture 1 exists, the pressure distribution in the for-

mation at time t is (in a bottomhole centered approach):

P1= P0+(PBH − P0)×

(

1 − erf

(
x1

2
̅̅̅̅̅̅̅̅
Dht

√

))

= PBH+(P0 − PBH)× erf

(
x1

2
̅̅̅̅̅̅̅̅
Dht

√

) (A2)

If two fractures exist at the same time, considering the inter-
ference between fracture 1 and 2, we obtain the pressure distri-
bution in the formation according to Eq. (14):

P1+2= PBH+(P0 − PBH)× erf

(
x1

2
̅̅̅̅̅̅̅̅
Dht

√

)

× erf

(
x2

2
̅̅̅̅̅̅̅̅
Dht

√

)

(A3)

If there are 3 fractures, the pressure distribution in the for-
mation according to Eq. (12) is:

P1+2+3= P0+ΔP0×

⎛

⎜
⎜
⎜
⎜
⎜
⎝

(

1 − erf
x1

2
̅̅̅̅̅̅̅̅
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√ erf
x2

2
̅̅̅̅̅̅̅̅
Dht

√

)

+

(

1 − erf
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)

−
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2
̅̅̅̅̅̅̅̅
Dht

√ erf
x2

2
̅̅̅̅̅̅̅̅
Dht
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)

×
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1 − erf
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⎟
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= PBH+(P0 − PBH)× erf

(
x1
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̅̅̅̅̅̅̅̅
Dht
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)

× erf

(
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× erf
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)
(A4)
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Similarly, for multiple fractures, based on Eq. (12), we can
obtain the pressure distribution (in an initial reservoir pressure
centered approach):

P(x; t) = PBH + (P0 − PBH)
∏n

k=1

erf

(
xk

2
̅̅̅̅̅̅̅̅
Dht

√

)

(A5)

The solution of Eq. (A5) is given in Eq. (16) and the proof given
in this appendix shows that both Eqs. (12) and (16) are in fact
mathematically identical, but were derived using, respectively,
bottomhole and initial reservoir pressure centered approaches.
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