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Abstract: This paper investigates the nonlinear vibration isolation problem of simply supported beam bridge structures under
displacement excitation, employing the Incremental Harmonic Balance Method (IHBM) to derive an approximate analytical solution
for the nonlinear vibration response of the beam. The research focuses on a coupled system consisting of a quasi-zero stiffness (QZS)
isolator, constructed using a three-spring system, and a simply supported beam bridge. Based on the classical Euler-Bernoulli beam
theory, the governing equations of motion under displacement excitation are established and systematically solved using the IHBM,
with the entire analytical process thoroughly derived. The study transforms the final solution into a linear matrix equation using
generalized coordinates, achieving a procedural and standardized computational process. To validate the reliability of the IHBM
approximate analytical results, the study compares the IHBM computational results with numerical solutions obtained using the
fourth-order Runge-Kutta method (ODE45). The results demonstrate that the IHBM method exhibits significant advantages in
computational stability and result completeness. Additionally, through parametric analysis, the study explores the influence of key

isolator parameters on system amplitude, further confirming the effectiveness and engineering practicality of the IHBM in nonlinear
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vibration isolation research. The research outcomes provide new theoretical foundations and methodological references for the

nonlinear vibration isolation analysis of simply supported beam structures, offering important guidance for engineering practice.

Key words: [HBM; quasi-zero stiffness (QZS) isolator; Euler-Bernoulli beam bridge; nonlinear vibration
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Fig.1 Schematic diagram of the calculation model for a Fig.2 Schematic diagram of the mechanical model for a

quasi-zero stiffness vibration isolator quasi-zero stiffness vibration isolator
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beam bridge with a mid-point quasi-zero stiffness vibration isolator
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Tab.1 Physical and geometric parameters of the beam bridge and QZS vibration isolator

Item Notation Value
Young's modulus of the beam E 5.5 GPa
Density of the beam P 800 kg/m3
Length of the beam L 1.5m
Width of the beam b 0.045 m
Height of the beam hy, 0.012m
External damping of the beam Cy 10 N-s/m’
Viscosity damping of the spring C 0.5 N-s/m
Initial length of the horizontal spring Ly 0.1m
Horizontal length of the horizontal spring ay 0.067 m
Horizontal spring linear stiffness ko 5000 N/m
Vertical spring stiffness k, 5000 N/m
The position of the QZS vibration isolator Xo 0.5L
Initial excitation displacement Zy 0.05L,

2.1 HREHIEEIIEIE
& 4~1&1 7 SR FH THBM 5 ODE45 ZRA5 18 Richir G4 1] 9% 311 (14— B 22 DU 7 A2 e A g 1 %) L]

0.008 0.006
g e |HBM e |HBM
” = ODE45 + ODE45
&
0.006 t% 0.0060 . é
F . 0.004 - i
\g\:.ﬂﬁﬁ * -
< s & [\
< 0.004 o ' <
] T R 0.002
0002 0.2 0.4 0.6 08
0.000 L n S—————— 0.000 L L !
10 15 20 0 5 10 15 20
w w
4 — s SHRiE X L K5 RS RIE X L
Fig.4 Comparison of first-order steady-state amplitudes Fig.5 Comparison of second-order steady-state amplitudes

Al LU E THBM RO T 45 0 5 ODE4S YA 45 R —80. i —2, BRI BN, BIME 5
SIR3L AR5, FRAG T B S RIS AR R RS FE R B9xt LI, anfEl 8 .

1 8 7T LA BT 45 e R T 2 3 Bt sk O 2 S L A S E G 1. 288 % SRR 1 5Tk
., SRS ST LR FH = B RIS B 1 15 45

22 ZHOH

K0 IHBM M T AN po LT A (BRSO ORI 22 SCHR b 9B B 9,5 = 4.0, a = 0.50;
Yazs = 7.9,a = 0.30; Yazs = 26.1,a = 0.15; Yazs = 55.6,a = 0.10), M 25 5 DU By e A% S S T A
SERUEATR L, SR 9~E 12 s



3 BAFR, 5. LT THBM AYTR SR IE L e R IF T 701

0.0045 X
0.004 |
0.0030 0.00030
< <
0.002 F ogmss
0.0015 000010
0.0000 0.000
0 0 20
w )
K6 =Brid SRS &7 MBS ASR RS
Fig.6 Comparison of third-order steady-state amplitudes Fig.7 Comparison of fourth-order steady-state amplitudes
—3 —3
g 710 . —10
& o N=3
k-3
s N=4
brag ~—N=5 ]°
a4
g ) g o N3
2 & _—
A4R B N4 4,
;o NS

K8 AR EIHEE T — B . B RS IR X H

Fig.8 Comparison of first-order and second-order steady-state amplitudes under different expansion accuracies

g X107 %1073
e [HBM « [HBM
4] * ODE45 + ODE45
A1
=S 60t
=
1 iﬁ H
g *
<3l
0 . . ]
0 5 10 15 20 15 20
w [}
K9 yozs = 400 —BrEaZSIRIEXS Lb FE10 94,6 = 7.9 I — B SR IEXS b
Fig.9 Comparison of first-order steady-state Fig.10 Comparison of first-order steady-state
amplitudes at y,,5 = 4.0 amplitudes at y,s = 7.9

AR, B pous MR, — B EIIRAGEIRIE R B RN K. fE yo,s /DT 7.90F, PIFE
2SR/, AEMRBURES T (BIR L o 76 0.3 BTG ) ODE4S 51551 L Y 41k iR 21 THBM 55
TR, X AT IR S A B B IR RN, T L2

s s ed RS- RGP, W iE SR S A Z S IREZ L, @ TR L KO
ARSI BI A RGPz s RCR, RAEBRERE REREA MR A RS, RIHPE iR Erk. 78
i A SO F) A b, 1 3~ 9 5 TR 3~ 8T 10 70 SRS AN R] o IF— B0 208 36 328 Bl 2388 A E AT 1 X e br . O
5 n BTEAS Y QZS Bkt 1 4 Xt Bh il R e Xl

3 |W"|max 3 |‘]n|max sin (nmx) A sin (nmx)

| z| Zy Zy

max

(20)

an



702 F15ZE) 46 %

0.2
e |HBM IHBM

* ODE45 ODE45

A( 7 75=55.6)

s

0.0
0 10 15 20 10 15 20
w [2)
BT ygps = 26.1 I — B FAZS JRIRRT B12 yos = 55.6 I —BrEazsfiRiga 1
Fig.11 Comparison of first-order steady-state amplitudes Fig.12 Comparison of first-order steady-state amplitudes
at yozs = 26.1 at Yoz = 55.6

X EE A E P 13 FE 14 BT .

15
of X
R |
Q
=
[\F -15 o
i
& 301
_45 k-
0 5
€13 THBM A p o, 40T 12 S 1 18 56 €114 ODE45 iHH Ay, 4012 S L1 5
Fig.13 IHBM calculates the absolute motion transmissibility Fig.14 ODEA4S5 calculates the absolute motion transmissibility
at different y at different y

WL PRNE R T LIE S, THBM P RMGEAR L8611 ODE4S Y G I H BE T A [R) #2520 8 5 .
TEZAMHMES R sh 5, WERILRNE R, T RS R MR, UL B85 R a3t I,
B X AN [R) kARAS ) — i 2 Xz AL i R AT X b, a5 S aniE 15 FniE 16 s .

0 . k=l 0
° k=5 *
4 k=10 k!
-15 * k=20 -15

20log(T,,)/dB

=30 =30 ']
-45 —45}
0 5 10 15 20 0 5 10 15 20
w w
15 THBM JHE R AR [l ki 4 %5 3 1% 3 % 16 ODE45 T3 T AN ki 2 %) iz 5 fe i 4
Fig.15 Absolute motion transmissibility under [IHBM Fig.16 Absolute motion transmissibility under ODE45
calculation for different & calculation for different &

MR EA I3, — BB AT 3 0 5B & ORI SIS U3, SRk
REAENGIX [ A BUB R U1 58, AP 580/ JF FLYE ODE4S Skl WML B3 A L o 1
0.3 WHIERI MBI HCARTF L, SELHE— B EINE T B 12538 10 LE T



3 BAFR, 5. LT THBM AYTR SR IE L e R IF T 703

3 Hig

A SO SRS 2 MR -AR SR D AR TRV E T, e W B R ik i 5 1 SRR AR A B 1 AR
AR PRAAY s H R ] IHBM 4 S H 2z 8 0 T BU 5 d5c )5 F THBM (1L 5 ODE4S (1 8UE fi it 47
P, Bk TSR R, JFIRSE T UEF W EE R IR a8 TUA] Fo ) 3 gk, e S NI B AE S 0E A T AR
SRS 20 iz S L AR R BRSO, g

(1) TEARMICIR, B o s UG K, TRASIRIEAWIE K, BARMGHA I, FOR EE  BA
A 5

(2) B 9ops BUH KK, HEXTE B R RIS S, EAERE L 9 BT B0 T 550 B 1
BRER (58 R AR AR SCHIZ R rh A AE , HEBR T RIME S B DA RSk B s, BARE A R —
o)

(3) TER EMR LIRS T, ODE4S Bk 125 45 5y th Bk sh W 4 S5 RN Fe e B4, i THBM (7 ity 2 10
HHXF G R

S 3K :

[1] BE, FALEs, P fRobd T IhRERS LR A iidR3h B BRERYI AL A )], 1521, 2024,
45(4):1076-1087.

Huang H Q, Zhou X M, Sun Z. Analysis of free vibration of functionally graded beams under thermal shock using
B-spline material point method[J]. Chinese Quarterly of Mechanics, 2024, 45(4):1076-1087(in Chinese).

[2] 5KER, ZREEHE, JE/NR], S, S-ERBrRG b L ek [ RSN, ST, 2024, 45(3): 877-886.
Zhang J, Wei P J, Zhou X L, et al. Free vibration of cracked beams on fractional-order viscoelastic
foundation[J]. Chinese Quarterly of Mechanics, 2024, 45(3):877-886(in Chinese).

(31 XUZAR M, WRJy. i 7E B0 2H 8 Rk 55 1 25 (B ML A N 3l g 2 o3 A SR B pe sl ek (0], J12e 2= 1),
2024, 45(3):688-696.

Liu D B, Chen L. Dynamics analysis and vibration suppression impedance control design of space robots
for on-orbit assembly services[J]. Chinese Quarterly of Mechanics, 2024, 45(3):688-696(in Chinese).

[4] Wang Y, Li S, Jiang X, et al. Resonance and performance analysis of a harmonically forced quasi-zero
stiffness vibration isolator considering the effect of mistuned mass[J]. Journal of Vibrational Engineering
and Technologies, 2017, 5(1):45-60.

[5] Carrella A, Brennan M J, Waters T P. Static analysis of a passive vibration isolator with quasi-zero-stiffness
characteristic[J]. Journal of Sound and Vibration, 2007, 301(3):678-689.

[6] Cheng C, Li S M, Wang Y, et al. Resonance of a quasi-zero stiffness vibration system under base excitation
with load mismatch[J]. International Journal of Structural Stability and Dynamics, 2018, 18(1):1850002.

[7] Sonfack-Bouna H, Nana-Nbendjo B R, Woafo P. Isolation performance of a quasi-zero stiffness isolator in
vibration isolation of a multi-span continuous beam bridge under pier base vibrating excitation[J]. Nonlinear
Dynamics, 2020, 100(2):1125-1141.

[8] Liu X T, Huang X C, Hua H X. On the characteristics of a quasi-zero stiffness isolator using Euler buckled
beam as negative stiffness corrector[J]. Journal of Sound and Vibration, 2013, 332(14):3359-3376.



	目次
	Column
	DNA类材料力学性能的研究进展
	超薄芯片卷拉-顶推剥离力学分析与对比研究
	滑移长度对槽道湍流统计特性及结构的影响
	基于DQM的网格夹芯圆柱壳结构分析与设计
	基于UHPC-NC界面粘结性能多尺度表征与模拟的断裂机制研究
	基于双线性插值的多尺度耦合一致性与收敛性研究
	颗粒材料多尺度力学行为模拟及孔隙分形表征
	深海采矿非粘结柔性管内传感器集成加工工艺研究
	陶瓷基复合材料PIP工艺先驱液黏度的表征模型
	一种新型三角形单元及其在薄膜振动中的应用
	基于IHBM的简支梁桥非线性隔振研究
	基于避障路径规划和柔顺控制方法的喂食机器人设计和实现
	功能梯度板固有频率优化的光滑有限元法研究
	石墨烯增强倾斜两相流管道的非线性动力学研究
	开缝衬套孔冷挤压强化工艺参数的灵敏度分析
	熔盐罐基础陶粒层颗粒应力与沉降规律分析
	水滴冲击超疏水压电悬臂梁力电耦合模型研究及实验验证
	基于数值模拟的连铸结晶器拉速优化
	基于能量演化与损伤本构的红砂岩组合多裂纹破坏机理研究
	腻子张拉断裂韧性测试方法改进及计算公式修正


	Contents
	Column
	Research Progress on Mechanical Properties of DNA-like Material
	Mechanical Analysis and Comparative Study of Ultra-Thin Chip Stretching-Ejecting Peeling Process
	Impact of Slip Length on the Statistical Properties and Structure of Turbulent Channel Flow
	Structural Analysis and Design of Grid-Stiffened Sandwich Cylindrical Shells Using DQM
	Fracture Mechanism Evaluation of UHPC-NC Interface Based on Multiscale Interface Bond Characterization and Numerical Simulation
	Interfacial Consistency and Convergence Analysis of Multiscale Coupling Method Based on Bilinear Interpolation
	Modelling of Multi-Scale Mechanical Behaviours and Pore Fractal Characterization of Granular Materials
	Research on Sensor Integration Process in Unbonded Flexible Pipes for Deep-Sea Mining
	Characterization Model of Precursor Viscosity in PIP Process of Ceramic Matrix Composite Materials
	A New Triangular Element and Its Application in Vibration Analysis of Membranes
	Nonlinear Vibration Isolation Study of a Simply Supported Beam Bridge Based on the IHBM
	Design and Implementation of a Feeding Robot Based on Obstacle Avoidance Path Planning and Compliance Control
	Smoothed Finite Element Method for Natural Frequency Optimization of Functionally Graded Plates
	Nonlinear Dynamics of Graphene-Reinforced Inclined Two-Phase Flow Pipeline
	Sensitivity Analysis of Process Parameters in Split-Sleeve Cold Expansion of Holes
	Analysis of Particle Stress and Settlement Patterns in the Ceramsite Layer of Molten Salt Tank Foundations
	Electromechanical Coupling Modelling and Experimental Study of Piezoelectric Cantilever Beam Under Water Droplet Impact
	Optimization of Continuous Casting Mold Pull Velocity Based on Numerical Simulation
	Study on the Failure Mechanism of Combined Multi-Cracked Red Sandstone Based on Energy Evolution and Damage Constitutive Theory
	A Modified Test Method and Formula for Tensile Fracture Toughness of Putty





