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A New Triangular Element and Its Application
in Vibration Analysis of Membranes
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Abstract: The free vibration analysis of membranes is of significant importance in engineering structures, especially in the design
and optimization of membrane structures. This paper presents a new type of triangular element, aiming to improve the
computational accuracy in free vibration analysis of membranes. Traditional 3-node triangular elements in membrane vibration
analysis typically rely on polynomial shape functions, but this method often suffers from insufficient accuracy in complex vibration
modes and high-order frequencies. To address this issue, this paper constructs a 10-node triangular element with the shape function
incorporating trigonometric functions. The proposed 10-node triangular element consists of three corner nodes, two points of
trisection for every edge, and the centroid node with its shape functions derived using the area coordinate method. The stiffness
matrix and mass matrix are derived, and the frequencies and modes for free vibration of the membrane are computed, thereby the
dynamic characteristics can be studied. To evaluate the effectiveness of this element, several typical examples are chosen, including
the free vibration analysis of rectangular membrane and triangular membrane. By comparing with theoretical solutions and the 3-
node element calculations in Ansys, the obtained results show that the 10-node triangular element can approximate the theoretical
solutions with few computational elements. And the precision of the presented 10-node element is similar with that of the standard

10-node triangular element. The high precision of the proposed element is demonstrated in analysis of free vibration of membrane,
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which has the potential of further research and promotion.

Key words: free vibration of membrane; finite element analysis; triangular membrane element; shape function
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Tab.1 First eight natural frequencies of the periphery-fixed rectangular membrane vibrating freely using different elements

Th tical Ansys simulation results/Hz The present numerical solution/Hz
eoretica
(m n) solution/Hz 120 elements 270 elements 2502 elements 26 elements 52 elements 542 elements
DOF =102 DOF =226 DOF =2 350 DOF =97 DOF =202 DOF =2 338

an 23,506 22.260 22.546 23.140 23.401 23.389 23.506

’ (5.30%) (4.08%) (1.56%) (0.45%) (0.50%) (0%)
) 29,733 28.554 28.786 29.375 29.653 29.557 29.732

’ (3.97%) (3.19%) (1.20%) (0.27%) (0.59%) (0.003%)
G1) 37.902 36.898 37.047 37.491 37.842 37.660 37.900

’ (2.65%) (2.26%) (1.08%) (0.16%) (0.64%) (0.005%)
(12) 43343 44.597 43.111 43.145 43.407 43.280 43.340

’ (2.89%) (0.54%) (0.46%) (0.15%) (0.15%) (0.007%)
22) 47012 48.901 46.679 46.602 46.889 46.910 47.008

’ (4.02%) (0.71%) (0.87%) (0.26%) (0.22%) (0.008%)
@1 47012 53.054 47.548 46.941 47.554 47.069 47.008

’ (12.85%) (1.14%) (0.15%) (1.15%) (0.12%) (0.008%)
32) 52,561 63.890 54.285 52.488 54.050 52.731 52.556

’ (21.55%) (3.28%) (0.14%) (2.83%) (0.32%) (0.009%)
1) 56.610 64.767 57.536 56.324 57.439 56.558 56.605

’ (14.41%) (1.64%) (0.13%) (1.46%) (0.09%) (0.009%)
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Tab.2 Natural frequencies of a fully clamped rectangular membrane using two types of 10-node triangular elements

Theoretical Standard T10  The present Standard T10 The present Standard T10 The present
(m ) solution 26 elements (DOF =97) 52 elements (DOF = 202) 542 elements (DOF = 2 338)
(1 23,506 23.508 23.517 23.506 23.510 23.506 23.505
(0.009%) (0.04%) (0%) (0.02%) (0%) (0.004%)
@ 20,733 29.746 29.757 29.735 29.740 29.732 29.731
(0.04%) (0.08%) (0.007%) (0.02%)  (0.003%) (0.007%)
G 37,902 37.917 37.959 37.906 37.926 37.902 37.900
(0.04%) (0.15%) (0.01%) (0.06%) (0%) (0.005%)
(12) 13343 43.573 43.566 43.457 43375 43.342 43.341
(0.53%) (0.51%) (0.26%) (0.07%)  (0.002%) (0.005%)
22) 47012 47.093 47.117 47.022 47.037 47.011 47.010
(0.17%) (0.22%) (0.02%) 0.05%)  (0.002%) (0.005%)
@ 47012 47.182 47.235 47.029 47.057 47.011 47.010
(0.36%) (0.47%) (0.04%) (0.10%)  (0.002%) (0.004%)
32) 52561 52.734 52.842 52.590 52.637 52.558 52.560
(0.33%) (0.53%) (0.06%) (0.14%)  (0.006%) (0.002%)
5 1) 56,610 56.632 56.788 56.743 56.675 56.606 56.609
(0.04%) (0.31%) (0.23%) (0.11%)  (0.007%) (0.002%)
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Fig.5 Comparison of the first four modes of free vibration of a periphery-fixed rectangular film
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Fig.6 Isosceles right triangle membrane fixed at the boundary
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Tab.3 First eight natural frequencies of periphery-fixed isosceles right-angled triangle membrane vibrating freely using different

elements (or freedoms)

) Ansys simulation results/Hz The present numerical solution/Hz
(m n) ;F()l}z?ir:rtll/(;; 184 elements 254 elements 1538 elements 37 elements 51 elements 327 elements
DOF = 140 DOF=202 DOF=1412 DOF =133 DOF =196 DOF =1 384
an 60.692 58.312 58.663 59.692 60.719 60.694 60.689
(3.92%) (3.34%) (1.65%) (0.04%) (0.003%) (0.004%)
21 25.832 84.029 84.081 84.666 85.901 85.854 85.829
(2.10%) (2.04%) (1.36%) (0.08%) (0.03%) (0.003%)
(12) 97 863 96.453 95.947 96.705 97.996 97.891 97.860
(1.44%) (1.96%) (1.18%) (0.14%) (0.03%) (0.003%)
G1) 111911 111.550 110.570 110.940 112.312 111.980 111.911
(0.32%) (1.20%) (0.87%) (0.36%) (0.06%) (0%)
22) 121,384 123.600 122.650 120.490 121.867 121.500 121.382
(1.83%) (1.04%) (0.74%) (0.40%) (0.10%) (0.002%)
(13) 135.712 142.350 138.280 135.130 136.332 135.923 135.712
(4.89%) (1.89%) (0.43%) (0.46%) (0.16%) (0%)
@1 138,399 142.840 140.850 138.230 139.415 138.628 138.400
(3.21%) (1.77%) (0.12%) (0.73%) (0.17%) (0.001%)
32) 146.166 152.460 148.500 144.530 147.273 146.504 146.167
(4.31%) (1.60%) (1.12%) (0.76%) (0.23%) (0.001%)

FAE I DI, B e = I8 BT T [ A SR 4 R A AR R R 22 S/, BOTT SR BAOTTENE E BAL T Ansys 1
FROCHA T BRI 2,

e 4 PO AR SO 10719 35 = AMIE ST HARIE T10 = MIZSRoTBUEZS R, WA, PR
JUHRA B R RO TE . W A R R D 133 F, ARSCH TS ARIE T10 B0 BT A5 HIT 6 B [ A R AR X i
ZEMRTE0.5% LAN s & A i BETR] D 196 IF, PR ERITH 6 B [E 4545 2R A X DR 2EHRAE 0.2% LI T A Hh
JBETR 9 1 384 1k, A EAIC TS AT 6 i [ 45 25 2R A AR XS 1R 228015 0.004% LA . IRLIH n] A Sy Il 2050 A 4
AEAHY.

K4 PIRh =AM HTT T 18R B9 AR IE B AR — AR A AR

Tab.4 Natural frequencies of a fully clamped isosceles right triangular membrane using two types of triangular elements

Standard T10  The present  Standard T10 The present Standard T10 The present

Theoretical
(m n) solution/Hz 37 elements 37 elements 51 elements 51 elements 327 elements 327 elements
DOF =133 DOF =133 DOF =196 DOF =196 DOF =1 384 DOF =1 384

an 60.692 60.694 60.719 60.692 60.694 60.692 60.689

’ (0.003%) (0.04%) (0%) (0.003%) (0%) (0.004%)
@1 25.832 85.878 85.901 85.835 85.854 85.831 85.829

’ (0.05%) (0.08%) (0.003%) (0.03%) (0.001%) (0.003%)
12) 97 863 97.925 97.996 97.773 97.891 97.861 97.860

’ (0.06%) (0.14%) (0.09%) (0.03%) (0.002%) (0.003%)
G1) 111911 112.157 112.312 111.942 111.980 111.909 111.911

’ (0.22%) (0.36%) (0.03%) (0.06%) (0.002%) (0%)
22) 121,384 121.749 121.867 121.539 121.500 121.383 121.382

’ (0.30%) (0.40%) (0.13%) (0.10%) (0.001%) (0.002%)
13 135.712 136.284 136.332 135.793 135.923 135.710 135.712

’ (0.42%) (0.46%) (0.06%) (0.16%) (0.001%) (0%)

K7 Je7s T AR5 55 Ansys BT 14 DU Ji] 18 5 25 B A = FE WA i 3 Iz TR Ze 2% 1
Ansys BAFPIIGHS 1~3 s, A0 A LR AASOE AR5 1-3 s . XT3, PIRIASTE
FAITHT AR ARSI — 5, U T ARSI T 1 i IE A PR A



553 1 BPUOG, S R = A RO AR S A 693

-

(a) Ansys Iif855 1 iz &l (b) AL 1 BBl
(a) First mode shape by Ansys (b) Present first mode shape
(c) Ansys [IT15%5 2 prisizs &l (d) ASCITIEEE 2 s &l
(c) Second mode shape by Ansys (d) Present second mode shape
(e) Ansys T35 3 i &l (f) ARSCHF 5 3 BB A R
(e) Third mode shape by Ansys (f) Present third mode shape
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Fig.7 Comparison of the modes of the free vibration of an isosceles right-angled triangular membrane fixed around the periphery
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