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A Method for Identifying Cornering Stiffness Based on Real-time

Estimation of Lateral Force and Slip Angle

FANG Yu-ying, WANG Peng-wei*, CUI Kai-chen, GAO Song, ZHANG Rong
(School of Transport and Vehicle Engineering, Shandong University of Technology, Zibo 255000, China)

[ Abstract] The cornering stiffness of automobile tires is closely linked to the vehicle’s handling characteristics, and accurately esti-
mating the tire cornering stiffness in real time is of significant importance for enhancing the stability of vehicle handling. Addressing the
challenge of direct measurement of cornering stiffness, a real-time identification method based on the estimation of tire lateral force and
slip angle was proposed. Firstly, considering the influence of longitudinal force on lateral force, a tire lateral force estimator was de-
signed based on the yaw dynamics model and sliding mode observer algorithm, followed by the design of a slip angle feedback estimator
based on the estimation error of lateral force. Secondly, a nonlinear tire force model that describes the relationship among tire lateral
force, slip angle, and cornering stiffness was established. Taking the real-time estimated lateral force and slip angle as inputs, a recur-
sive least squares online identification algorithm with limited memory was designed to address the issue of estimation error due to “data
saturation” and improve identification accuracy. Finally, joint simulation experiments using Simulink and CarSim were conducted. The
experimental results indicate that the estimation error of tire lateral force is approximately 4. 153 9% on average, while the estimation
error of tire slip angle is 3. 285 2% on average. The identification model based on the recursive least squares method is robust to chan-
ges in road conditions, demonstrating good tracking accuracy and stability under both high and low adhesion conditions, with an average
estimation accuracy of tire cornering stiffness of approximately 98. 379 3% .

[ Keywords] lateral force; slip angle; nonlinear characteristics; recursive least squares method ; identification of cornering stiffness
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Fig. 1 Influence of pavement adhesion coefficient on

cornering stiffness
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Fig. 2 Influence of vertical load on cornering stiffness
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Fig. 3 Layered structure of tire cornering stiffness identification
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SCHTFER FH BR 72 012 19 36 4 e /N — 3% (recursive
least squares with limited memory, RLS-LM) , iffl 12 2
LI B B A ROCAC I L, Rt i U5, 15501
S A S aOB s B PR R I m] LA 2B
Ak B A ]

b i dre /N AR TR P

0(k+1) = 0(k) +K(E+L)[y(k+1) -

@ (k+1)0(k)
P(k)p(k +1)

K(k+1) = T
I+ (k+1)P(k)e(k+1)
Plk+1) =[I-K(k+1)g"(k+1)]P(k)
(35)
KX (35) Beit Ay & 77 36k 4 d5e /> — 3 v 1) M

W EHFR BRI AT RS 56 b+ L - 1 U8 7 5
e A B I B N oy (B + L - 1),
o(k+L-1) RBENE b DREMTEERS b+ L -1
A 0 B 22 1) 45 8 A 000 A B9 2 A SR 0 (e ke
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+L-1)  DhI7 225600 P(k ok + L — 1) 365 56 1
KKk k+L=1) SRIGHHEEE b+ L ERF 505
B, R T DUHITE SR kS0 BRI b+ L
BIZ M aEHEE N, 0(kk + L) P(kk + L),
K(k,k+ L), afLif5

O(kk+L) =0(kk+L-1) +K(kk+L) x
[y(k+L) —¢" (k+L) x
Ok k+1-1)]

P(kk+L) =[I-K(k,k+L)¢'(k+L)] x
P(kk+L-1)

K(kk+L) =P(kk+L-1)e(k+L) x
(I+¢" (k+L)P(kk+L-1) x
e(k+L)] -1

(36)

R T HERFBUE I 50 16 B UCR FE I Y IC A2 K
LS US| ABIE b+ L DEOR TSR 5%
B JEUA B AR B OBOE F 9 B9 THBCNE , LA 57 5 91 19
P RRAE A B S A A i) — 2otk . 2 BRIB 80 5 58
E+1 S0 BER S b+ L & ik B 2 18] 6 & 15
BH.0(k+1,k+L) P(k+1,k+L) K(k+1,

k+ 1),
DT 56 P (k) A
P(k) = (@) = iso(i)sf(i) = 0,9,
i (37)
P(k-1) = (®_®,_)" = Eso(i)so“(i)
=@ D, . (38)

Hi5(37) AX(38) #E T AT 1R

k+L

P'(k+1,k+L) = Y ()¢ (i)

=P (kk+L) -p(k)e' (k)
(39)
A P e P v 2 5 mT A
[A+BCD]™" = A" —A"'B(C" + DA"'B)DA™"
(40)
T 15
Plk+1,k+L) = |1+ P(kT’k +Le(k)e' (k)
I - (K)P(kk + L)e(k)
P(k,k +L) (41)
HP S5 K(k) = P(k)e(k) AR 3Eih 4f
e R /NI RE S = R E ST W
O(kk+1) = [@ (kk+L)Dk,k+1)]" x
D (kk+L)Y(kk+L) x=P(k,k+1L)
D" (kk+L)Y(k,k+1) (42)

Ok +1.k+1) = [@ (k+1.k+1L) x
Dk+1,k+L)]" x® (k+1,k+1L)
Y(k+1,k+L) =P(k+1,k+L) x

D (k+1,k+L)Y(k+1,k+1L) (43)
LA SLimpL

Ok +1 k+L) =0k k+L) —P(k+1.k+L)o(k) x
[y(k) - " (k)0(k,k +L)] (44)

S Kk+1,k+L) =P(k+1,k+L)e(k) I
P B S e A ARA T 15
K(k+1,k+L) =P(k,k+L)e(k) x
(1 -@"(k)P(k,k+L)e(k)]™ (45)
X (36) ~ 2 (45) FATRIR, a5 RRE 1LY
/N AR HER TR AR
Ok k+L) =0k k+L-1) +K(kk+L) x
[y(k+L) —@"(k +L)0(k .k +L - 1)]
K(k,k+L) =P(k,k+L-1)e(k+1L) x
1+ (k+L)P(kk+L-1)e(k+L1L)]"
P(kk+L) =[I-K(k,k+L)o"(k+L1)] x
Plkk+L-1)
é(k+1,k+L) = é(k,k+L) +K(k+1,k+L) x
[y(k+L) —@"(k+L)0(k,k +L)]
K(k+1,k+L) = P(k,k+L)e(k) x
[I-¢" (k)P(k,k+L)e(k)]™
Plk+1,k+L) =[I+K(Fk+1,k+L)¢" (k)] x

P(kk+L)
(46)
1 (46) P BEBA I — 458 b + L $0E ¥ 50
PALMFE R E T o b = ADAKKRITRSE |

B b+ L Z B F IS5 0 (kL k+ L)
HOERFERE Pk k + L) R IT 220560 K (kb + L) . 8%
JE PR d e, f AT RER A & BR)T S P
BERIRE R IS b+ 1 255 & + L 28 8
FIISHAGH 0 (k+ 1,k + L) 3506 FE P(k + 1,
k+ L) A7 225060 K(k + 1,k + L) . i AW
HATIEAR, AT AR B R S Bk i A B — 4
L AW 5 A8 H5 i e VR, DT v iR 1 38 /N —
Tk B PE AN R B AS R, 3 T S EUb T
RSB

5 {TEXIEWIE

5.1 iFfrists
XA X R 2 (mean absolute error, MAE) (3477
MR 2% (root mean square error, RMSE) 1 JH—4k 1y
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(mean square error, MSE ) fill T 435 , RMSE 7%= 2% =l
EEMEM, LA RPN TR bR R R AR A THE S :igg .
SR ZA BL, 122 4 B 5IE T, RMISE R LA R
FeXm 20 1 — U I, A R 22 1 B U B
AR 22 K 7, RMSE BEACK T . NRMSE 3l i 4 FIHAAR AT
¥ RMSE [ AR 2 v 0 (1 38 47 05— ’Hﬁ ke Fig. 4 Estimation of: front axlfe longitudinal
0 0 4 1 R RS XY R B, e on bl adhesion
fdi A3 A ) B fls 4R =2 1) Ao A B P i ] LA P LA 10000F . e
NRMSE =0 # /R 5¢ E 8 NRMSE > 100% M| %R z 6000f FofiiHE
BB, HHAR N RN A /\ R
FIHI: 5 = (515000, @ F [~
HIME:y = 1y (48) £ :;‘833_
| & -8.000[
MAE = 15 -, (49) ~10.000—
‘= ETIfﬂ/S
RMSE = Jl (3, = y)? (50) S B R A
sl Fig. 5 Estimation of front and rear axle lateral
1 - ( /\L l force on high attachment
NRMSE = J" & G20 x 100%  (51) 015
max ‘ Yi ‘ 010k
5.2 AESH E o0st /\ \
WA IR I I R SR 8 00—~ AN ‘
HEA R, BE T — & T CarSim A1 Simulink %_g ?(5): ¥ _ Ziggg
AT LS A % T 30 2 B ik R U ~0.15} -0
BB T RE Y, T 4 VP A B B oot 0 M

LT BIE NP, BE PR 0. 85 AL T % T K 4 Y R
A B S B R A0, 45 WIAHLIG 7 6 1 4 2
RN 25 1, BIICRR 5 7 000 3 Oy
Smooth P45 AL & A % 22 K R E , AR LA
D 50 7E S 2558 A PERR , 18 BB VAl 45 il 2%
TEELLZIE T R EE ), I 2 B Smooth B 42 #F17
Pi Ik

FEREE 72 km/h, B 4 R 5 B 20T A
P IS B EZ MR E B 5 FE 6
Ry v B S AT RS b g A0 £ Ak R
HHEIMEZ B ERE, hiRZESPrR 1 L2 1]
DA ATHE S B EZ MR 2ZE RN, 2858
ARG S0 T A R R B T RS A A
RIR S € I (noise adaptive cubature Kalman filter,
NACKF) B35 2 Al i 1 43 35 J5 1% 2% (RMSE)
FEAS[R) I T8I B 25 2% 0 Y8 v T A S s g il 1) g
SHOAETE D 1% 5 AR SC T VR 00 s 71 1% 108 00 35 5 A
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K6 i bhaE T e 000 £ At
Fig. 6 Estimate of front and rear axle slip

angles on high adhesion

®1 BEMEXRGHTRESH

Table 1 Error analysis under high adhesion condition

P IR 27N 1K = 11 N 1K 11V .21 11
EfELN ] 41 O] I 41 Tt P £
MAE 8.2648 118.5942 89.8355 0.0014 0.003 4
RMSE 13.1352 300.3158 182.7399 0.0021 0.004 9
NRMSE/%  2.020 1 5.1130  2.5579 1.1183 5.2267
R2 RMEXRGTRESN
Table 2 Error analysis under low adhesion condition
P L1 N 11171 11 111 11
Bzt By [l 73 L) T i T fa
MAE 5.3306 159.8832 77.2878 0.0012 0.002 4
RMSE 5.463 1 336.8655 115.1829  0.001 7 0.003 1
NRMSE/%  2.954 1 5.8355 3.1092 0.8321 5.9635
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FET AR AR R B TR L A% 00 i DI 2 L R o A IR
LS A 0 e T 1, AR G i W 5 CarSim 8 118 45
A, B0 S 0 gm0 RS BEGR RS B il ik B T
98.348 4% 98. 636 0% , %W 1% J5 76 & Mt & 45 1F
T HEA SRS R,

% 54 km/h, B9 AR BN 5 4514 F il
) A HE S B E 2 B R K, B 10 1
11 AR A5 4w b A0S S e o A0 0w £ Al

160 000
\/\«/\

140 000
120000}

—— LFA-RLSHHHE
- == CarSimi54E

——————————

40 000

g 100000
20000F . . .
0 2 4 6 8 10

t/s

é 80 000 L ______ '
P 7 R G RE

5 60000f
Fig. 7 Identification of front axle cornering stiffness
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