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Application of GMRES(m) Algorithm for Discrete Ill-posed Problems
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Abstract: This paper studies the fundamental theory of the discrete ill-posed regularization and the generalized minimal residual
algorithm (GMRES(m)) based on Krylov subspace methods and specially the relationship between residual vector and Krylov
subspace. The techniques are based on the projection process. Discrete ill-posed regularization methods convert ill-posed problems
into posed problems, so the generalized minimal residual algorithm can be used in this kind of ill—posed problems. Numerical
results show the reliability and efficiency of the algorithm.
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Calculation results of the maximum error and the relative error with the right perturb 6

1 0
Table 1
1) m «a
107 50 2.206 313 401 082 070x10~*
107 60 6.108 303 401 082 027x10*
10+ 70 1.206 303 400 082 090x10°
107 80 1.215 313 411 067 070x107

0.058 523 821 599 69
0.043 281 101 466 34
0.027 010 495 333 83
0.018 187 002 313 11

0.067 111 630 115 04
0.060 243 383 360 41
0.033 111 585 177 46
0.022 631 504 569 66
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Fig. 1 Comparison between exact solution (solid line) and
numerical solution (dotted line)
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1 000
2 000
3 000
4 000

1.108 303 401 082 070x107*
6.108 303 401 082 070x10™*
1.108 303 401 082 070x107
1.108 303 401 082 070x10°

0.046 548 779 869 27
0.043 281 101 466 34
0.035 240 395 962 78
0.030 821 392 559 62

0.076 131 841 481 47
0.060 243 383 360 41
0.058 986 619 481 54
0.039 370 284 764 13
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Table 3 Calculation results of discrepancy principle, Tikhonov regularization method and GMRES(m) algorithm

o

Tikhonov

GMRES(m)

1 000
1 500
2 000

1.034 432 704 661 631x107
7.661 174 339 330 052x10™
4.661 187 596 412 336x10™*

0.139 954 934 827 26
0.139 293 383 013 55
0.136 968 034 387 66

0.214 292 595 944 78
0.199 114 848 406 61
0.163 372 187 334 24

0.088 172 986 962 79
0.079 960 387 734 90
0.069 717 165 617 85
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Fig. 2 (a) Comparison between exact solution (solid line)

and discrepancy principle numerical
solution (dotted line) with n=1 000
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Fig. 2 (c) Comparison between exact solution
(solid line) and GMRES(m) algorithm numerical
solution (dotted line) with n=1 000
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Fig. 3 (a) Comparison between exact solution (solid line) and

discrepancy principle numerical solution
(dotted line) with n=2 000
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Fig. 2 (b) Comparison between exact solution
(solid line) and Tikhonov regularization method
solution (dotted line) with n=1 000

0.02
0
-0.02
Y -0.04
-0.06
-0.08 ‘
0 0.5 1.0
X

2(d) n=1000 GMRES(m)
Fig. 2 (d) Error of GMRES(m) algorithm numerical
solution with n=1 000
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Fig. 3 (b) Comparison between exact solution
(solid line) and Tikhonov regularization method
solution (dotted line) with n=2 000
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Fig. 3 (c) Comparison between exact solution (solid
line) and GMRES(m) algorithm numerical solution
(dotted line) with n=2 000

GMRES(m)

4
Galerkin
GMRES(m) ,

o 2

(References)

[1] SAAD Y, SCHULTZM H, GMRES. A generalized minimal
residual algorithm for solving nonsymmetric linear
systems[J]. SIAM J Sci Comput, 1986, 35(7): 856-869.

[2] BROWN P N. A theoretical comparison of the Arnoldi and
GMRES algorithms [J]. SIAM J Sci Stat Comput, 1991, 12
(1): 58-78.

(3] , [M].

, 2004.

ZHANG Kecun, ZHAO Yingliang. Algorithms and analysis

for numerical methods[M]. Beijing: Science Press, 2004.

(4] , , [M].

, 2003.

XIAO Tingyan, YU Shengen, WANG Yanfei. Numerical

method for inverse problems [M]. Beijing: Science Press,

2007

2007

:(1 2006 o
;(2) 2006
; (32006 : 110,

-
eview
(Seire & ackeetogs
0.02
0
-0.02
Y -0.04
-0.06
-0.08 .
0 0.5 1.0
X
3(d) n=2000 GMRES(m)

Fig. 3 (d) Error of GMRES(m) algorithm numerical
solution with n=2 000

2003.

(5] , . (M]. , 2000.
CAl Dayong, BAI Fengshan. Modern scientific calculation
[M]. Beijing: Science Press, 2000.

[6] , . Arnoldi

[J1. , 2003, 24(2):
101-110.
JIA Zhongxiao, CHEN Guizhi. A variant of the refined
Arnoldi method for large scale matrix Eigen problems[J].
Journal of Numerical Methods and Computer Applica-
tions, 2003, 24(2): 101-110.

[7] . GMRES [J1.
, 2001, 23(3): 261-272.

ZHONG Baojiang. A flexible hybrid GMRES algorithm[J].
Numerical Mathematies A Journal of Chinese Universities,
2001, 23(3): 261-272.

[8] BAGLAMA J, CALVETTI D, GOLUB G H, et al. Adaptively
preconditioned GMRES algorithm[J]. SIAM J Sci Comput,
1998, 20(4): 243-269.

[9] HUANG Y, van der VORST H. Some observations on the
convergence behavior of GMRES [R]. Technical report 89
—-90. Faculty of Technical Mathematics and Informatics.

Delft, 1989. (fEEHE KR W)

, , 32 (A 1,

B 10 ,C 21 (
© 2 ). .2007 7
16-25
(http://www.cast.org.cn)

«

) o

2006 78



