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Abstract: Validation for simulation models often confronts chal-
lenges with small samples due to the costs of time and money.
To address this issue, this paper presents a validation method
for small-sample dynamic outputs based on Gaussian process
regression (GPR) models. Firstly, a validation framework based
on Bayes statistics is proposed, shifting the focus from merely
analyzing validation data to a more comprehensive analysis of
posterior distributions. Subsequently, the posterior distributions
of both the simulation outputs and the reference data are sepa-
rately captured through segmented GPR. Then, the consistency
of these posterior distributions is evaluated in terms of the cen-
tral tendency and the distribution range. This consistency serves
as a quantitative measure of the simulation model’s credibility,
expressed as a value ranging from 0 to 1, where a value closer
to 1 indicates higher credibility. Finally, the effectiveness of this
validation method is demonstrated through a numerical exam-
ple and an application example, highlighting its capability in
uncertainty description and adaptability to small samples.
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1. Introduction

Nowadays, simulation technology has entered into a new
stage focused on complex system simulations [1]. Due to
the complexity of the simulation models, issues such as
lack of reference data, coupling between sub-models,
uncertainty and variety of outputs have raised concerns
about model validation [2]. Validating simulation results
is a common method for assessing the credibility of the
simulation models by measuring the consistency between
the simulation outputs and the reference data [3,4].

To validate the simulation results under uncertainty, it
is necessary to analyze the consistency of two sets of
multi-sample validation data. Various methods have been
proposed to solve this problem, including validation
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methods based on copulas [5], Bayesian networks [6],
differences in multivariate probability distributions [7],
grey cloud clustering [8], and improved Bayesian factor
[9]. However, due to prolonged experimental cycles, sub-
stantial costs, and intricate processes, the outputs of both
real systems and simulation models are typically small
samples, which makes these methods unsuitable. For
instance, in experiments such as airplane flights and
rocket launches, the sample size of validation data is sig-
nificantly limited.

Small-sample data is defined as the data with a sample
size not exceeding 30 [10]. Various scholars have
explored simulation validation techniques designed for
small samples, but the broader practical application of
these methods remains somewhat limited. The validation
method based on bootstrap and Bayes parameter estima-
tion [11], as well as the validation method based on the
clustered cloud model [12], are only applicable to static
outputs. The Bayesian inference-based method focuses on
assessing the credibility at the system level [7]. The
method based on transfer learning and discrete sequence
generative adversarial networks could be used to validate
the small-sample dynamic outputs [13]. However, it is
hard to meet the data dependency required by transfer
learning in practice. There is still a lack of effective vali-
dation methods for small-sample dynamic outputs.

Validation methods for dynamic outputs have evolved
from directly measuring the original data to approaches
based on data features or even data models. Common
methods of measuring original data include grey rela-
tional analysis (GRA), and theil inequality coefficient
(TIC) [14]. However, directly measuring the consistency
of original data often reveals only superficial similarities
and fails to capture the intrinsic characteristics of the
data. Additionally, this approach can be significantly
influenced by the uncertainty in the data. Validation
methods based on data features assess the consistency of
the features such as mean, standard deviation, kurtosis,
period, autocorrelation coefficient, and spectral density
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[9], which are designed and selected according to the spe-
cific tasks and types of data involved. Nevertheless, it is
challenging to propose guidelines for selecting features
for specific systems. Model-based validation methods, in
contrast, compare the intrinsic structure and patterns of
the data, providing a deeper level of consistency informa-
tion [15]. These methods can effectively learn the intrin-
sic structure and capture underlying trends, even in small
samples. Therefore, this paper aims to explore a model-
based validation method for small-sample dynamic out-
puts.

The representative models used for time-series model-
ing and validation mainly include the autoregressive (AR)
model [16], the vector AR moving average (VARMA)
model [17], the Markov chain model [18], the hidden
Markov model [19], and the Gaussian process regression
(GPR) model [20]. GPR exhibits strong performance in
modeling data uncertainty and complex nonlinear rela-
tionships [21,22]. By employing various kernel functions,
it can effectively analyze different types of time series
data [23]. Thus, we model both the simulation outputs
and the reference data by GPR and analyze the consis-
tency between the GPR models.

This paper proposes a validation method based on GPR
for small-sample dynamic outputs. The remainder of this
paper is structured as follows: Section 2 primarily
describes and analyzes the problem of validating small-
sample dynamic outputs. Section 3 elaborates a small-
sample validation method based on GPR. Within this sec-
tion, Subsection 3.1 establishes a validation framework
based on Bayes statistics, outlining a two-stage valida-
tion process that includes segmented GPR and consis-
tency measurement. These two stages are thoroughly
described in Subsection 3.2 and Subsection 3.3, respec-
tively. Section 4 provides two examples to demonstrate
the effectiveness of the proposed method in describing
uncertainty and validating small samples. Finally, the
conclusions and future work are presented in Section 5.

2. Problem description and analysis

The outputs of real systems and simulation models often
exhibit uncertainty due to variations in input parameters
and the intrinsic randomness of the system. In such cases,
it is inaccurate to validate uncertain simulation results
based on the outputs of a single experiment. To address
this issue, multiple experiments are typically conducted,
allowing for the validation of simulation results that
include multi-sample simulation outputs and multi-sam-
ple reference data. However, complex simulation models
cannot be repeated frequently due to high computational
costs and extensive time consumption. Moreover, the
number of experiments that can be conducted on many

real systems is even more limited, considering the costs
in terms of money and time. This leads to a common
issue: the validation data are often small samples. Hence,
our aim is to validate univariate, dynamic, and small-
sample outputs.

Suppose that R denotes the real system while S denotes
the simulation model. Let R and S run N times and Ng
(Ng,Ng <30) times respectively. Yz = [}’szJ’;ze»“‘ 7.)’%"] is
an Ny X M matrix which represents N samples of refer-
ence data across M timestamps. Similarly, Yy =
[y§,y§,-~~ ,yg“] represents Ny samples of simulation out-
puts across M timestamps. A single sample y”"
(n=1,2,---,Ng+Ny) within Y, or Yy can be denoted as
y'= [yf, S APEEE ,y}i,] where t,,1,,--- ,), are the time points.

Simulation result validation methods obtain the simula-
tion credibility by measuring the consistency between the
simulation outputs and the reference data. Suppose that
C(Ys,YR) denotes the simulation credibility, and let
C(Y,,Yp)€[0,1]. C(Ys,Yr)=1 when Yy and Y, are
completely consistent, and C (Ys,Yz) — 0 as the consis-
tency between Yg and Y diminishes. Since model-based
validation methods capture the intrinsic characteristics of
the validation data and require only small-sample data
[24], we intend to explore a model-based validation
method for small-sample dynamic outputs.

Subsequently, we will study a model-based validation
method for small-sample dynamic outputs from two
aspects:

(1) We will select an appropriate regression method to
model the small-sample dynamic outputs and to capture
both the intrinsic characteristics and the uncertainty in the
validation data.

GPR is not only applicable to modeling complex data,
such as nonlinear and non-smooth data, but also capable
of describing the uncertainty in data [25,26]. Hence, the
relationship between the outputs and their influences can
be fitted by GPR to capture the intrinsic structure and pat-
terns of the validation data. Assuming that factors other
than time do not influence the outputs, and given two sets
of validation data and the corresponding timestamps, we
employ two distinct GPR models to individually describe
the reference data Y and the simulation outputs Y. The
elements in Y and Y5 can be respectively regarded as
Ni X M samples and Ny X M samples obtained from their
corresponding models.

(i1) We will measure the consistency between the simu-
lation outputs and the reference data based on the charac-
teristics captured by the GPR models.

The posterior distributions obtained by GPR describe
both the intrinsic characteristics and the uncertainty in the
data. According to Bayesian statistical method [27,28],
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we use the posterior distributions to make inferences
about the consistency between two sets of validation data.

3. Model validation method based on GPR
3.1 Validation framework based on Bayes statistics

In response to the above two aspects, we propose a small-
sample validation framework based on Bayesian statis-
tics, as shown in Fig. 1, which mainly consists of two
parts: segmented GPR and consistency measurement.
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Fig.1 Validation framework for small samples

We adopt GPR models, suitable for modeling small-
sample time series, to model the validation data. Given
the same prior distribution, we model the simulation out-
puts and the reference data separately by segmented GPR
and obtain the posterior distributions.

The consistency between the simulation outputs and
the reference data is assessed by comparing the consis-
tency of their posterior distributions in two ways. Firstly,
we compare the central tendencies of the two sets of data
support by measuring the consistency of the posterior
mean vectors. Secondly, we compare the distribution
ranges of the two sets of data exhibit by measuring the
consistency of the prediction intervals.

3.2 Segmented GPR for modeling the validation
data

3.2.1 Applicability of GPR for modeling small-sample

time series

A Gaussian process (GP) is a stochastic process com-
posed of Gaussian random variables, where any finite

number of these variables follow a joint Gaussian distri-
bution, as shown in Fig. 2.
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Fig.2 Overview of GP

According to the central limit theorem, the superposi-
tion of a large number of independent random variables
exhibits a normal distribution when influenced by multi-
ple small, independent uncertainty factors [29]. There-
fore, the output data obtained from a single run of a simu-
lation model or a real system can usually be regarded as a
single realization of a GP. When the response of a real
system or a simulation model is a single dynamic vari-
able with uncertainty, the outputs obtained by repeatedly
running are multi-sample time series with the data at each
time point following a Gaussian distribution. GPR is a
regression algorithm based on a Bayesian approach, rely-
ing on observations to model and predict data through the
definition of a GP prior [30]. Hence, we could train two
independent GPR models to model the simulation out-
puts and the reference data.

A GP is specified by a mean function u(r) and a
covariance function k(z,¢'), thereby the validation data
are modeled as follows:

yi=f®+e o

I~ GP (@), k(1))
where y/ is the element in y" corresponding to the time
point ¢; ¢ and ¢ are any two points in [t,%, - ,#y]; f 1S
the unknown function which models the potential rela-
tionship between the validation data and time;
&£~N(0,0?) is the variance, assumed to be indepen-
dently and identically distributed at different points, indi-
cating the uncertainty in the validation data. The mean
function u(f) defines the expected value of the function
given the input ¢ and is often assumed to be constant or a
linear function. The covariance function k(z,¢) (also
known as the kernel function) defines the covariance
between the function values at any two time points ¢ and
t', capturing the dependencies and structure in the data.
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GPR infers the posterior distribution from the prior dis-
tribution and the observations. The mean vector and
covariance matrix of the posterior distribution can be
considered as the characteristics of the time series. The
mean vector provides the optimal estimate for each time
point and represents the central tendency of the time
series. The covariance matrix describes the correlation
between the time points and reflects the uncertainty in the
time series.

3.2.2 Modeling process of validation data based on seg-
mented GPR

To model the small-sample validation data based on the
one-dimensional GPR model, the data need to be prepro-
cessed firstly. Subsequently, we apply the same prior dis-
tribution to the unknown functions, selecting an appropri-
ate kernel function based on the characteristics of the val-
idation data. Next, we train and optimize two distinct
GPR models, adjusting the model parameters accord-
ingly. After that, two sets of posterior distributions are
obtained, which are then used for further consistency
analysis. The process is shown in Fig. 3.
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Fig.3 Process of segmented modeling

Data preprocessing includes three parts: matrix trans-
formation, normalization and segmentation. Since we
model the validation data based on the one-dimensional
GPR, before being input into the regression model, Y
needs to be converted from an Ny X M matrix to a vector
of length NxM, denoted as Y. Similarly, Y5 needs to be
converted from an Ny X M matrix to a vector of length
NsM, denoted as Y;. Two sets of validation data and
their corresponding time data, T}, and T are as follows:

[ 1 2 cee Nk cee 1 2 v Nk
{YR - [th’th’ ’th,’ ’yR/M’yR/M’ ’yR’M](lxNRM) (2)

TIIQ = [tb'” ’tla"' 9tM"“ 7tM](l><NRM)

{Yé ) [y;“,... SRR M ’ylsviw]uxMM) (3)

T;‘ = [t]"" 9t19”"tM7“' 7tM](l><N5M)

where y, (n, =1,2,-++ ,Ng,t =t;,1,,--- , 1)) is the element
in the n;th sample of reference data corresponding to the

time point #; and y¢’(n, =1,2,---,Ns) is the element in
the n,th sample of simulation outputs corresponding to
the time point ¢.

Additionally, in order to improve model performance
and stability, normalization is performed on Y} and Y; as
follows:

Ve —min yk. % @

max {V, v} — min {5 4}

i
Y Rnorm

,« vi —minfyf, v}
norm = 3 j i i’ (5)
¥s max {y;,yg}—min{yk»yé}

where y, and y; . are the elements in the normali-
zed validation data Ygym and Ygpoms i=1,2,-++ ,NxM;
j=12,---,NgM; ¥ and yé are the elements in the vali-
dation data Y}, and Y}; min yﬁe,%} denotes the minimum
element in Y} and Y§; and max {y};,yé} denotes the maxi-
mum element in Y} and Y.

Due to the numerous matrix inverse operations
involved in the training process of the GPM, the calcula-
tions would increase with the size of the dataset. The
complexity of GPR is O(F) when the length of the
sequence is / [31]. The validation data in simulation vali-
dation problem are usually long time series which would
result in a large amount of computation and long time-
consumption. To solve this problem, we perform seg-
mented GPR with a sliding window for data segmenta-
tion.

The size of the sliding window mainly depends on the
characteristics of the data itself. If the time series is rela-
tively smooth or exhibits no obvious trend changes, the
window can be set to a fixed size based on the amount of
data. For example, for periodic data, the size of the win-
dow can be determined according to the period of the
data. If the time series shows an obvious trend change,
the data can be divided according to the trend changes at
different stages using windows of varying sizes. Posi-
tions in the time series where there is a clear change in
trend or a jump in value are reasonable segmentation
points, and the window size can be adjusted accordingly.
Additionally, the number of samples in each segment
should not be too small; otherwise, the fitting effect of
GPR may be suboptimal. On the other hand, the number
of samples in each segment should not be too large, as it
may affect computational efficiency. Typically, the num-
ber of samples per segment can range between 50 and
200. This ensures both a good fitting effect and manage-
able computational cost.

Assuming that the length of the window is w times-
tamps, we slide w timestamps each time so that two sets
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of normalized validation data, Yg,om and Yg,om, are both
divided into g segments. The xth segment of the valida-
tion data, Y, and Yy,, and their corresponding time data,
Tk, and Ts,, are as follows:

p+1 xw+Npw
Y. = [ ol x ]
Rx YRnorm? > YRnorm (IxNgw) (6)
9
TRx = [txw+l Y S TS DALY ST L txw-*—w](lxNRw)
1 xw+Nsgw
Y = [ AW+ e s ]
Sx Ysnorm» > Y norm (IxNsw) (7)
9
TSx = [txw+l Y T L e txw+w](l><N3 w)

where yh o (xw+1<i<xw+Ngw,i€N) is the ith
q= %; and
Veom GW+1 < j<xw+Nsw, jeN) is the jth element
N Ygnorm-

Let the unknown functions corresponding to (Tx,, Yz,)
and (Ts,,Ys,) be denoted as fi, and fs,, then we aim to
learn the posterior distributions of them. Due to the same
methods and processes for modeling each segment of the
validation data, including the reference data and the simu-
lation outputs, the following is a unified description. The
xth segment of the validation data, the time data and the
function are respectively denoted as Y,, T, and f,, and N
is the sample size of the validation data.

We need to define the prior distribution of the function
after data preprocessing. Let the prior distribution of the
unknown function f, be a GP with zero mean function
and a kernel function, denoted as f, ~ GP(0,k.(z,1)).
GPR effectively learns complex trends and nonlinear
relationships in data by utilizing appropriate kernel func-
tions, making it adaptable to a wide variety of data forms.
Through the selection of suitable kernel functions, GPR
can capture intricate relationships in time series data,
including periodicity, trends, and self-similarity. Com-
mon kernel functions include the Gaussian kernel (also
known as the radial basis function, RBF), Matern kernel,
linear kernel, polynomial kernel, and periodic kernel. The
Gaussian kernel is particularly well-suited for modeling
locally smooth and nonlinear time series data:

element in x=12,--,q,

YRnorm 5

' N ( ||t—t’||2)
rer (6,1) = o exp|— (®)
20

where o7 is the variance, controlling the vertical varia-

tion of the function; and /; is the length scale parameter,

controlling the horizontal smoothness of the function.
And it often satisfies the fitting requirements of valida-

tion data. However, when the validation data exhibit sig-

nificant fluctuations or abrupt changes, the Matern kernel

is more appropriate:

i( \/ﬂ|t—t’|] K( \/E/|t—t’|) ©
) L b

kMatem (tv t/) =

where v is the smoothness parameter; I'(v) is the Gamma
function; I, is the length scale; and K, is the modified
Bessel function.

In addition, other kernel functions, such as the linear
kernel, polynomial kernel, and periodic kernel, can be
chosen based on prior knowledge or observed trends in
the data.

The prior distribution is used to initialize the GPR
models. Then we can optimize the GPR model with the
preprocessed validation data Y, and the corresponding
time data T, as the training data. To ensure the GPR
models accurately fits the validation data, the model’s
parameters, which include the hyperparameters in the
kernel function k, (¢,#) and the variance o, are meticu-
lously optimized by the maximum likelihood method.
This optimization process involves adjusting the parame-
ters through a gradient descent algorithm, iteratively
refining them until the parameters that maximize the log
marginal likelihood (LML) are identified. This method
improves the reliability and effectiveness of the GPR
models in capturing the essential characteristics of the
validation data. LML is calculated as follows:

lep(VT.,00 =3 (VI(K.+o?1) ¥, +
Ig|K, + 01|+ leg(Zn)) (10)

where Y, and T, are the output and input of the GPR
model; 6, denotes the parameters to be optimized; K, is
the covariance matrix of the training time points T, con-
sisting of the elements calculated by &, (¢,1'),t,t € T,; and
o’ is the variance.

After that, we can input test time points into the opti-
mized model to obtain the posterior distribution. Due to
our desire to capture the essential characteristics of the
validation data, we make the test time points 7" consist
of the non-repetitive timestamps corresponding to the vali-
dation data, as follows:

Ti = [txw+l ’ t.\'w+2’ T [xw+w](1><w)' (1 1)

The posterior distribution of the outputs, denoted as y:,
follows a Gaussian distribution with posterior mean u
and posterior covariance X:

YT, T,.Y, ~N(u,,X7),
-1
u.=K(K. +0I) Y, (12)

Z=K-K(K+o’l) (K) 0L, (13)

where K is the covariance between the test time points
T and the training time points T ; and K:* is the covari-
ance among the test time points T".
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3.3 Consistency measurement for model validation

Following Bayes statistics method, we place the same
prior distribution GP(0,k,(#,#)) on the unknown func-
tions fs, and f,; then, given the xth segment of the vali-
dation data and their time data (T,,Ys,) and (Tk,,Yz.),
we obtain their posterior distributions:

y;x ~ N(Il;x’z;;x)’

Vs~ Npg, 25 )

Next, we make inferences about the consistency
between Y, and Y, by comparing the posterior distribu-
tions; finally, the validation results for each segment of
data are synthesized to indicate the simulation model’s
credibility.

The posterior mean vector represents the central ten-
dency of the validation data, while the prediction interval
reflects the range of data distribution, taking into account
the uncertainty of the validation data. If two posterior dis-
tributions are similar in terms of central tendency and dis-
tribution range, it can be inferred that both the intrinsic
characteristics and the uncertainty in two sets of valida-
tion data are consistent. Thus, we simplify the task of
comparing the consistency of posterior distributions to
quantifying the consistency of mean vectors and predic-
tion intervals.

We compare the central tendencies of the function
behavior corresponding to the simulation outputs and the
reference data by comparing the posterior mean vectors.
The Euclidean distance and cosine distance can respec-
tively measure differences in position and direction
between two vectors, respectively. Hence, to assess the
consistency of the two posterior mean vectors p;  and
Hy., we comprehensively measure the differences
between them by Euclidean distance and cosine distance,
as follows:

Dewr = ||, = i ||, (14)
Dcos—x = M (15)
s e

We aim to map the range of consistency between the
two posterior mean vectors to [0,1]. The smaller the
D.,_,, the higher the degree of consistency. The larger the
D.os_,, the higher the degree of consistency. Considering
that D.,_, € [0,+o0] and D._, € [-1,1], we convert the
distance metrics as follows:

1 1 14 Doy
me =5 : )

2\150.. " 2 (16)

where C,, denotes the consistency of the posterior mean
vectors.

We compare the coverage range of two prediction
intervals to quantify and compare the uncertainty in the
simulation outputs and the reference data. For computa-
tional simplicity and intuitive understanding, we con-
sider the area of the prediction interval as the sum of the
widths of the intervals at each point. Furthermore, we use
the ratio of the intersection area and union area to indi-
cate the consistency of the prediction intervals Cpy,, as
follows:

Area;,
Areay,’

PIx

(17)
Area,, = Z max(min(Us,, Ugs) —max(Lgy, Lgs),0), (18)

Areay, = Z ((Usq—Lsq) + (Ugq — Lgy)) — Area,,, (19)

where Area;, denotes the intersection area; Areay,
denotes the union area; [Lg,, Us,] and [Lgy, Ugy] are the
prediction intervals at time point ¢,(d = xw+ 1L, xw+2,---,
xw+w) corresponding to the simulation outputs and the
reference data:

{LSd =HMsd —Za2°O0sd , (20)

Usa = psa + Zap2* Tsa

{LRd = MRrd —Z2a/2 " ORa ’ @1)
Ura = Hra + Zop2* Ora

where z,,, is the z-score corresponding to the /2 quan-
tile of the standard normal distribution, associated with a
confidence level (1 —a) X% 100%; w5, and ug, are the pos-
terior means at ¢,, which are derived from the posterior
mean vectors u; and u ; o5, and og, are the posterior
standard deviations at f,, which are computed as the
square roots of the diagonal elements of the posterior
covariance matrices 2 and 2 , respectively.

Then, the validation result of the xth segment of the
validation data, denoted as C(Ys,, Yz.), can be calculated

by
C(YSX’ YRX) =W me + O‘)ZCPI)C (22)

where w,; and w, control the contribution of two parts of
consistency to the validation result; w; +w, =1,0 < w,,
w, < 1. In general, assessors prioritize the central ten-
dency of the validation data over its uncertainty. There-
fore, w, is typically assigned a larger value than w,. The
higher the consistency requirement for uncertainty, the
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larger w,.

Since we have completed segmented model validation,
we synthesize the validation result of each segment
C(Ys,,Yg) (x=1,2,---,¢q) into the final validation result
C(Ys,Yy) based on the weighted sum method, as follows:

q
C(¥s,Y) = ) AC(¥s,, Vi) (23)
x=1
where A.(x =1,2,---,q) denote the weight of C(Ys,, Yz,),
generally set equal to 1/g. Besides, the weights could be
adjusted if we focus more on a certain segment of the out-
puts.

4. Experimental studies
4.1 Description of uncertainty

In this section, we evaluate the effectiveness of the pro-
posed validation method for uncertainty description by a
numerical example.

Given two simulation models:

vy = 1+a,sin(0.2nx) + b,
. (24)
v, = 1+ a,sin(0.2nx) + b,
where 0 < x < 19, x € R. We set the parameters of the two
simulation models { = [a;,a,,b,,b,] as
41 ay,a; ~N(1,0.25),b,,b, ~ N(1,0.25),

& ap ~N(1,0.25),a;, ~ N(1,0.5),b,,b, ~ N(1,0.25),
&oar,a, ~N(1,0.25),b, ~ N(1,0.5),b, ~ N(1,0.25),
and carry out three sets of experiments. The two models
are repeatedly run 10 times to get two sets of observa-
tions in each experiment. After training their correspond-

ing GPR models, the posterior distributions are obtained,
as shown in Fig. 4.

0 5 10 15 20

(b) &=,

0 L L L
0 5 10 15 20
X
(0) &G
- :y,_Data; — :y, Mean; 1y PI(95%);
- :y, Data; — :y, Mean; 1y, PI(95%).

Fig. 4 Prediction intervals of two sets of observations

Each parameter in ¢ follows a Gaussian distribution,
and the larger the variance the greater the uncertainty in
the parameter. As seen in Fig. 4, the prediction interval is
larger when the uncertainty in the model parameters is
greater. Hence, the GPR model is able to effectively
describe the uncertainty in the observations.

4.2 Validation for small samples

In this section, we evaluate the effectiveness of the pro-
posed validation method for small-sample validation by
an application example on a force load identification
model of a flight vehicle. Considering the strain error, we
validate the dynamic outputs under uncertainty, focusing
on the axial force F as the target variable.

Let the model be run 20 times with a random strain
error of 1% to obtain 20 validation data samples, with 10
of the samples designated as a set of reference data and
the other 10 as a set of simulation outputs. Additionally,
let the model be run 10 times with a random strain error
of 3% to obtain 10 samples as another set of simulation
outputs. The reference data are labeled as “Data R” and
two sets of simulation outputs corresponding to 1% and
3% strain errors are labeled as “Data_S1”and “Data_S2”,
respectively. The information about the validation data is
shown in Table 1.
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Table 1 Information of validation data

1.0
Strain error/% Sample size Data type Data label 08
: 10 Reference Data R
10 Simulation Data_S1 P 0.6
3 10 Simulation Data_S2 S
0.4
We use axial force data from 1.01 s to 2.00 s as the vali- 0.2
dation data, which are dynamic outputs at intervals of
0.01 s. Each run produces a time series spanning 100 1.0

timestamps. Five samples of validation data each with 1%

and 3% strain error are randomly selected, and the distri-
bution of the data is shown in Fig. 5.

Time/s
(b) Data_S1

10 000 zgg& w
x % %
% * * £
s000 b % ¥ %
z 4 * ¥ Ed
5} 3 X ¥ ¥ p
2 X ¥ 1
& 0F * % % b
= E % X %
k> X % ¥ X
< x X X E
50001 LI ¥
X X % §< Time/s
w % & (c) Data_S2
~10 000, : - gl | -
1. 1.2 14 1.6 1.8 2.0 : PI; —— : Mean; x : Data.
Time/s
% 1%; + : 3%.

Fig. 6 Posterior distributions (a=0.05)
Fig. 5 Original data Fig. 6 shows that the range of prediction intervals of
“Data_S2” is significantly larger. This again indicates
that the prediction intervals effectively reflect the uncer-
tainty in the observations.

As shown in Fig. 5, the axial force data exhibits peri-
odic behavior with a period of 0.50 s. Additionally, the
larger the strain error, the greater the uncertainty in the

model output. Then, we validate the two sets of simula-
tion outputs separately and show the validation process.
For simplicity and efficiency, we set the sliding window
size at 50 and adopt a Gaussian kernel function to fit the
validation data. After training the GPR models, we obtain
the posterior distributions. The posterior distributions of

the first segment of reference data and two sets of simula-
tion outputs are shown in Fig. 6.

1.0
0.8
o 0.6
=
<
~ 0.4
0.2
0
1.0
Time/s
(a) Data R

After that, we can quantify the consistency of the pos-
terior mean vectors and prediction intervals by (17)—(24).
Next, the validation results of each segment of data are
calculated by (25) with w; =0.7, w, =0.3. Furthermore,

let 2, =1,=0.5 in (26) and obtain the final validation
results, as seen in Table 2.

Table 2 Validation results for two sets of simulation outputs

Slr;lilslion Result  The 1st segment The 2nd segment C(Yy,YR)
Chix 0.997 9 0.998 0
Data_S1 Cpix 09334 0.9307 0.978 2
C(Ysy, Ygry) 0.978 6 09778
Chux 0.994 1 0.994 9
Data_S2 Cprx 0.4390 0.471 4 0.8327
C(Ysx,Yry) 0.8275 0.8379

According to the information in Table 1 and the results
shown in Table 2, it is evident that the credibility of the
simulation decreases as the divergence in parameter dis-
tributions increases. This observation is consistent with
theoretical expectations, thereby confirming the effective-
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ness of the proposed validation method in achieving rea-
sonable results.

To demonstrate that segmented GPR has minimal or no
impact on the overall validation results, validations are
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conducted using “Data_S2” as the simulation outputs in
two cases with window sizes of 20 and 50. The corre-
sponding validation results and times are presented in
Table 3.

Table 3 Validation results under different sliding windows

Window size Result The 1st segment The 2nd segment ~ The 3rd segment ~ The 4th segment The Sth segment C(Yg,Yg) Time/s
Chix 0.996 4 0.9955 0.994 4 0.998 3 0.996 3
20 Cpiyx 0.4453 0.481 6 04118 0.4899 0.4403 0.8335 7.02
C(Ysy,Ygry) 0.8311 0.8413 0.819 6 0.845 8 0.829 5
Window size Result The 1st segment The 2nd segment C(Ys,Yg) Time/s
Cinx 0.994 1 0.994 9
50 Cprx 0.4390 0.471 4 0.8327 8.65
C(Ysx,Yry) 0.8275 0.8379

It shows that the overall validation results are very
close when setting different window sizes for segmented
GPR. Besides, the validation process is less time-consum-
ing with a smaller window. This suggests that segmented
GPR has almost no impact on the final model validation
results but can significantly enhance the validation effi-
ciency.

Furthermore, we test the performance of the proposed
method in validating small samples. Let the force load
identification model run 100 times under a strain error of
1%, and the model outputs form the reference data set.
Then, let the model run 100 times under a strain error of
3%, and the model outputs form the simulation data set.
Following Table 4, in the corresponding validation data
set, randomly select a specified number of validation data
samples for simulation results validation. The final vali-
dation results are also shown in Table 4.

Table 4 Information and results for small-sample validation

Index  Reference data ~ Simulation output  Validation result
1 5 5 0.8376
2 10 10 0.8335
3 20 20 0.836 6
4 30 30 0.838 4
5 5 10 0.838 4
6 5 20 0.8400
7 5 30 0.840 6

It can be seen that the validation results are very simi-
lar, whether only the sample size of simulation outputs is
increased or the sample sizes of both simulation outputs
and reference data are increased. Therefore, the proposed

method can be effectively applied to simulation result
validation under small samples.

To verify the superiority of the proposed method, we
compare the proposed validation method based on GPR
with another simulation dynamic output validation
method based on data features proposed in [9]. The vali-
dation method based on data features is designed to mea-
sure dynamic simulation results under uncertainty based
on Bayesian hypothesis testing and it is assumed that the
simulation outputs are consistent with the reference data
if the validation result exceeds 0.5.

Referring to the validation data information in Table 1,
the model outputs under a 1% strain error are used as the
reference data. Besides, the model outputs under 1% and
3% strain errors are used as two sets of simulation data,
labeled as “Data_S1” and “Data_S2” respectively. The
two methods are applied in three cases with sample sizes
of 10, 30, and 50 for both reference data and simulation
data. The validation results are shown in Fig. 7.
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(a) Validation results based on GPR
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Fig. 7 Validation results by two methods

As can be seen from Fig. 7, the proposed method
always yields reasonable validation results even with
small sample sizes. However, the validation method
based on data features can obtain effective validation
results when the samples are large but its performance is
poor when validating small samples. In summary, the
proposed method demonstrates significant superiority in
small-sample validation.

5. Conclusions

To address the challenge of model validation under small
samples, this paper proposes a validation method based
on GPR to validate small-sample dynamic outputs. We
establish a validation framework based on Bayes statis-
tics, shifting the focus from analyzing validation data to
analyzing posterior distributions. The validation process
is divided into two main stages: segmented GPR and con-
sistency measurement. We respectively model the simula-
tion outputs and the reference data by segmented GPR.
Furthermore, the consistency of the validation data is
assessed by comparing the posterior distributions of the
GPR models, which effectively describe the intrinsic
characteristics and the uncertainty in validation data.

We test the effectiveness of the proposed method in
terms of both uncertainty description and validation for
small samples through a numerical example and an appli-
cation example. The method has been demonstrated to
achieve reasonable results for validating small samples.

However, the proposed method is currently limited to
dynamic and univariate outputs. In reality, outputs may
be multivariate and correlated. Future work will focus on
extending the small-sample validation to accommodate
multivariate and correlated outputs.
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