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Abstract: We propose a deep-learning-assisted strapdown iner-
tial  navigation  system (SINS)/refraction  celestial  navigation  sys-
tem (RCNS) integrated navigation method to control the adverse
effects  of  atmospheric  density  errors  on  the  accuracy  of  stellar
refraction  navigation  and  enhance  the  reliability  of  SINS/RCNS
integrated  navigation  for  aerospace  vehicles.  This  method  uti-
lizes satellite navigation data and a long short-term memory net-
work to establish a mapping relationship between the navigation
moments,  refraction  angles,  and  the  apparent  height  errors.
Using  deep  learning  algorithm  to  address  complex  time-series
prediction problems, thereby compensates the impact of  atmo-
spheric density deviations on star sensor measurements. Simu-
lation experiments of vehicle navigation in scenarios with atmo-
spheric  density  errors  are  conducted  using  this  method.  The
results show that the deep learning scheme can effectively resist
the adverse effects of atmospheric density errors on navigation,
demonstrating strong reliability.

Keywords: deep learning, long short-term memory (LSTM) net-
work, stellar  refraction  navigation, atmospheric  density  error,
inertial navigation.
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 1. Introduction
Aerospace  vehicles  rely  on  navigation  systems  to  pro-
vide  three-dimensional  position,  velocity,  and  attitude
information  during  maneuvers.  High-precision  auto-
nomous  navigation  is  a  prerequisite  for  aerospace  appli-
cations.  Strapdown  inertial  navigation  system  (SINS),
which  is  one  of  the  most  commonly  used  navigation
methods  for  aircraft,  offers  high  service  frequency  and
good  continuity  [1],  whereas  celestial  navigation,  as  a
completely  autonomous  method,  uses  stars  for  position-
ing  and  orientation,  and  does  not  accumulate  errors,
which  compensates  for  the  increasing  error  of  inertial
navigation over time [2]. The complementary advantages
of  these  two  methods  enable  the  inertial/celestial  inte-

grated  navigation  approach  to  provide  stable  navigation
information without external signals, thereby ensuring the
navigation accuracy of long-endurance vehicles [3–5].

However,  in  practical  applications,  errors  in  atmo-
spheric density models are key factors that limit the accu-
racy of refraction celestial navigation system (RCNS) for
aerospace  vehicles  [6].  Significant  errors  in  atmospheric
density can severely degrade the forecast accuracy of the
stellar refraction angle model, leading to an incorrect esti-
mation  of  navigation  error  states  and  undermining  the
precision level [7,8]. Current methods for combating navi-
gation  failures  caused  by  inaccurate  atmospheric  density
primarily  focus  on  two  aspects:  improving  the  stellar
atmospheric  refraction  model,  navigation  error  estima-
tion and compensation [9].  For  model  optimization,  Mai
et  al.  [10]  proposed an atmospheric  refraction prediction
method based on an improved extreme gradient boosting
algorithm, using a comprehensive learning particle swarm
optimization  algorithm  to  enhance  the  accuracy  of  the
atmospheric refraction model. Wu et al.  [11] constructed
a stellar  atmospheric  refraction model  based on the  geo-
metric ray tracing law using a back propagation (BP) neu-
ral  network  to  more  accurately  describe  the  relationship
between  time,  position,  and  refraction  angle.  Peng  et  al.
[12]  proposed  a  spatiotemporal  atmospheric  refraction
model  correction  method  based  on  globally  measured
data,  significantly  improving  the  positioning  accuracy
under  high-viewing-angle  conditions  by  stratifying  the
atmosphere.  Yang  et  al.  [13]  studied  an  adaptive  atmo-
spheric temperature and density model based on National
Centers  for  Environmental  Prediction  (NCEP)  atmo-
spheric  data  to  achieve  high-precision  navigation  under
complex atmospheric conditions through Fourier interpo-
lation  fitting.  To  improve  the  performance  of  SINS/
RCNS integrated navigation systems further, many scho-
lars  conducted  studies  on  estimation  and  compensation
algorithms  for  atmospheric  density  errors  [14–17].  Zhao
et  al.  [18]  proposed  a  tightly  coupled  SINS/RCNS  inte-
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grated  navigation  method  that  improved  the  accuracy  of
the  navigation  system  by  estimating  and  compensating
for atmospheric density errors in real time. Gao et al. [19]
proposed an integrated navigation method based on iner-
tial/triple  star  sensors  and  deeply  coupled  stellar  refrac-
tion  navigation,  which  weakened  the  adverse  effects  of
inaccurate atmospheric refraction models by dynamically
adjusting  the  star  measurement  model.  Xie  et  al.  [20]
established  a  refraction  model  considering  refraction
errors  and  imaging  noise,  and  proposed  a  method  for
simultaneously  estimating  the  atmospheric  refraction  of
starlight  and the  attitude error  of  the  star  sensor,  signifi-
cantly  reducing  the  measurement  error  of  the  navigation
system.

Due to the complex and variable nature of atmospheric
density  influenced  by  multiple  factors,  the  aforemen-
tioned model correction and error compensation methods
struggle to overcome navigation failures caused by atmo-
spheric  density  changes  under  complex  environmental
conditions, and room for further improvement in naviga-
tion  accuracy  still  exists.  With  the  further  expansion  of
the  research  field,  neural  networks  are  applied  to  some
extent  in  the  field  of  navigation  [21–24].  Deep-learning
algorithms, with their largescale data processing capabili-
ties  and  good  adaptability,  can  make  reasonable  deci-
sions  based  on  current  inputs  and  historical  information
[25–27].  High-quality  historical  data  are  key  to  effec-
tively  train  a  deep  neural  network.  Global  navigation
satellite system (GNSS) can provide high precision navi-
gation  information  throughout  the  day  and  night  [28].
However,  due  to  its  susceptibility  to  interference  and
deception [29], GNSS has certain limitations in aerospace
vehicle applications. However, when the electromagnetic
environment  is  stable,  the  GNSS  receivers  can  still  be
turned on for  a  certain  period to  accurately  calculate  the
navigation  information  of  the  vehicle.  Inspired  by  this,
this  paper  proposes  a  method  to  roughly  identify  atmo-
spheric density bias based on GNSS data, and a deep neu-
ral  network  assisted  method  to  counteract  the  adverse
effects  of  inaccurate  atmospheric  density  models  on  the
accuracy  of  SINS/RCNS  integrated  navigation  for
aerospace vehicles.  The main contributions of  this  paper
are as follows:

(i)  A  GNSS-assisted  atmospheric  density  bias  rough
identification method is proposed. Based on the exponen-
tial  model,  the  atmospheric  density  is  represented  as  a
coefficient  form  of  the  theoretical  model.  The  atmo-
spheric  density  error  coefficient  is  roughly  identified
using the GNSS positioning results,  and the atmospheric
density  error  of  the  stellar  refraction  navigation  is  com-
pensated.

(ii)  A  deep  learning  assisted  SINS/RCNS  integrated
navigation method is  proposed. This method uses GNSS
data to train a deep neural network during the initial flight
phase of a vehicle. When the GNSS stops working, a well-
trained network is called to forecast the correction of the
apparent height measurement of RCNS, ensuring that the
measurement  information  is  accurate  and  available,  and
maintain  the  precision  and  reliability  of  the  integrated
navigation system.

Compared  to  the  traditional  BP  neural  network  algo-
rithm, the simulation results show that our proposed deep
learning  assisted  navigation  algorithm  can  significantly
compensate  for  errors  in  atmospheric  density,  offering
higher navigation accuracy and providing a new approach
for  the  robust  navigation  of  aircraft  in  adverse  atmo-
spheric conditions.

The  remainder  of  this  paper  is  organized  as  follows.
Section  2  introduces  the  integrated  navigation  system
model.  Section  3  introduces  the  impact  of  atmospheric
density  bias  on  RCNS  and  the  method  to  roughly  iden-
tify atmospheric density errors using GNSS data. Section 4
introduces the SINS/RCNS integrated navigation method
based on deep learning algorithm. Section 5 presents the
verification  of  the  simulation  experiment,  and  Section  6
presents the conclusions.

 2. SINS/RCNS integrated navigation model
 2.1    SINS dynamics model

In  the  geocentric  inertial  coordinate  system,  the  basic
equation for SINS can be expressed as follows:

Ċb
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where  and  represent  the  position  and  velocity  vec-
tors,  respectively  in  the  inertial  frame.  represents  the
transformation  matrix.  is  the  angular  rate  vector. 
refers  to  apparent  acceleration.  represents  the  gravity
vector.

Assuming that the perturbation consists of constant and
random parts,  the  discrete  form of  the  error  propagation
equation for  SINS in  the  geocentric  inertial  system is  as
follows: 
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where  and  represent  the  position  and  velocity
errors  of  the  inertial  navigation  system;  is  the  mis-
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b f bω
δ f b δωb

ib

Φk,k−1

Γk

alignment  angle;  and  are  the  bias  errors  of  the
accelerometer and gyroscope, respectively;  and 
are the random noise of the accelerometer and gyroscope,
respectively;  is the state transition matrix from time
k−1 to  time k,  and  is  the  noise  transfer  matrix  of  the
system. The detailed expression is provided in [30].

According  to  the  covariance  propagation  law,  the
covariance  prediction  equation  of  the  system  can  be
obtained as

Pk =Φk,k−1 Pk−1Φ
T
k,k−1+ΓkQkΓ

T
k (3)

Qkwhere  is  the  covariance  matrix  of  the  random  mea-
surement noise of the inertial measurement units.

 2.2    Star sensor attitude measurement model

Using  the  misalignment  angle  information  output  from
the  star  sensor  as  the  measurement,  the  measurement
equation is as follows:

θ̂ = −Cs
bθ−θs+ε (4)

θ̂

θs

Cs
b

ε

where  represents  the  misalignment  angle  observed  by
the  star  sensor,  is  the  installation  misalignment  angle
of the star sensor,  is the installation matrix of the star
sensor relative to the inertial navigation system, and  is
the attitude determination error that can be selected based
on experience using classical algorithms.

 2.3    Stellar  refraction  apparent  height  measurement
model

After  identifying  the  star  image  point  imaging  informa-
tion  and  performing  refractive  star  detection,  if  a
refracted star is  found, the apparent height can be calcu-
lated using the stellar refraction model [31] according to
the following equation:

ha = h0−H · lnR+

H · ln
[
k(λ) ·ρ0 ·

√
2πRe/H

]
+R
√

H ·Re/(2π) (5)

ρ0

k(λ)

where  refers to atmospheric density, H is the height of
the atmospheric density scale, R is the angle of refraction,
h0 refers  to  the  reference  density,  is  the  dispersion
parameter, Re refers to the radius of earth.

Additionally,  the  relationship  between  the  apparent
height and the position of the star sensor is given by

ĥa =

√
rTr− (e′Tr)Te′Tr−Re (6)

e′where  is  the  direction  vector  of  starlight  after  refrac-
tion.

The difference in the apparent height calculated by the
stellar  refraction  model  and  star  sensor  position  is  taken
as  the  measurement  quantity,  from  which  the  measure-
ment equation can be derived as

δha = ha− ĥa = −
(ri− e′e′Tri)Tδri

√
riTri− riTe′e′Tri

+υa (7)

ha

ĥa υa

where  is  the  theoretical  value  of  the  apparent  height,
 is the apparent height calculated from (6), and  is the

random error of the apparent height caused by the atmo-
spheric model and refraction angle errors.

 3. GNSS-assisted  atmospheric  density  error
compensation method for RCNS

 3.1    Impact of atmospheric density errors on the
accuracy of RCNS

From  the  geometric  relationship  between  the  apparent
height  of  the  refracted  star  and  the  observation  position,
we can derive:

ha =
√

r2−u2+u tanR−Re (8)

r = |r| r
u = |u| = |r · e| e
where ,  denote  the  vehicle  position  vectors.

,  is  the  starlight  direction  vector  before
refraction.

By  substituting  (5)  into  (8)  and  differentiating,  the
position error can be expressed as

d
√

r2−u2 = H ·dρ0/ρ0−H ·dR/R−
u ·dR+ (HRe/(2π))1/2dR, (9)

d
√

r2−u2

dR dρ0

which describes the relationship among the vehicle posi-
tion  error ,  refraction  angle  measurement  error

, and density error .
At  a  height  of  25  km,  according  to  the  U.S.  Standard

Atmosphere: 
H = 6.366 km
ρ0 = 40.084 g/m3

R = 148.1′′
(10)

1% error in atmospheric density can cause a vehicle posi-
tion error of about 63.7 m, while even the most accurate
existing  atmospheric  models  can  have  atmospheric  den-
sity errors of around 5% in a certain area. Therefore, it is
of  great  significance  to  conduct  research  on  methods  of
stellar  refraction  navigation  that  resist  atmospheric  den-
sity errors.

 3.2    Rough online identification method for
atmospheric density error

As analyzed above, the apparent height can be calculated
based  on  the  refraction  angle  and  atmospheric  density
according  to  the  stellar  refraction  model.  It  can  also  be
calculated  based  on  the  position  of  the  vehicle  through
geometric  relationships.  When  an  error  is  present  in  the
atmospheric  density  model,  the  apparent  height  calcu-
lated  by  stellar  refraction  model  deviated  from  the  true
value,  whereas that  calculated by the geometric relation-
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ship is unaffected. Therefore, the magnitude of the atmo-
spheric density error can be determined by the difference
between the apparent heights obtained using the two dif-
ferent methods. As widely used sources of external mea-
surement  information,  satellite  navigation  systems  can
continuously provide high-precision positioning informa-
tion. It  is assumed that the apparent height calculated by
the  GNSS  positioning  result  is  a  theoretical  value  with-
out  error,  so  the  error  in  the  apparent  height  caused  by
atmospheric  density  can  be  obtained,  thereby  estimating
the atmospheric density error.

Based  on  this  concept,  this  subsection  presents  an
online  identification  method  for  atmospheric  density
errors assisted by GNSS. In the early stage of the naviga-
tion  of  the  vehicle,  GNSS receiver  and  star  sensor  work
simultaneously,  recording  the  difference  in  apparent
heights  calculated  by  GNSS  data  and  the  stellar  atmo-
spheric  model;  after  GNSS  is  turned  off,  the  true  atmo-
spheric density is solved using the weighted least squares
criterion to identify the atmospheric density error.

The  coefficient  of  influence  of  all  factors,  except
height, on the atmospheric density is denoted as

c =
ρ

ρ0
(11)

ρwhere  is  the  actual  atmospheric  density  with  an  error.
Here, the apparent height can be calculated as

h̃a = h0−H lnR+H·
ln[k(λ) · c ·ρ0

√
2πRe/H]+R ·

√
HRe/(2π). (12)

Combining (5) and (12), the apparent height error due
to the atmospheric density error is expressed as

δhac = h̃a−ha = H lnc. (13)

c∑
c

The theoretical value of the apparent height can also be
calculated from the GNSS positioning result according to
(6).  Substituting  (12)  and  (6)  into  (13),  when  the  GNSS
stops working, according to the least squares method, the
estimate  of  the  atmospheric  density  coefficient  and  its

variance  can be solved as

ln ĉ = [WH]−1WT ·δhac∑
c

=
Ra

H
(14)

W W = Ra
−1 Rawhere  is  the  weight  matrix,  and .  is  the

apparent  height  error-covariance  matrix,  which  can  be
expressed as

Ra =

√HRe

2π
− H

R

2Rr (15)

Rrwhere  represents  the  refraction  angle  noise  variance
matrix.

Once the  atmospheric  density  coefficient  is  estimated,
the  true  atmospheric  density  can  be  calculated.  Thereby
the true value of the refracted apparent height is obtained,
ensuring the accuracy of RCNS measurements.

 4. Deep learning assisted SINS/RCNS
integrated navigation method

In Section 3, we estimate the atmospheric density coeffi-
cient  using  GNSS  data  and  calibrate  the  density  error
online.  However,  the  atmospheric  density  error  coeffi-
cient  is  not  always  constant,  and  may  contain  random
noise.  When  the  GNSS  stops  operating  over  time,  the
accuracy of SINS/RCNS integrat navigation may deterio-
rate.  Therefore,  we  employe  an  artificial  inteligence
method,  specifically  a  long  short-term  memory  (LSTM)
network, to forecast the correction of the apparent height
in RCNS, aimed to better overcome the impact of atmo-
spheric  density  error  fluctuations  on  the  navigation  sys-
tem.

 4.1    Design of LSTM network

The  LSTM network  is  a  variant  of  the  traditional  recur-
rent  neural  network  (RNN),  which  adds  three “gates” to
the hidden layer neurons of the RNN, enabling it  to bet-
ter  handle  complex time series  prediction problems.  The
structure of the LSTM model is shown in Fig. 1.
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Fig. 1    LSTM model structure
 

The  hidden  units  of  the  LSTM  are  used  to  store  and
transmit information, with three gates: the input gate, the
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output  gate,  and  the  forget  gate.  The  forget  gate  deter-
mines the information that the memory cell needs to dis-
card, the input gate decides the information that needs to
be updated, and new information generated at this time is
added to  the  memory cell  to  form new memory;  finally,
the  output  gate  determines  the  information  that  the  me-
mory cell needs to output.

In this paper, an LSTM framework with eight layers is
constructed  to  better  predict  time  series.  The  network’s
hidden  layers  include  two  LSTM  layers,  one  dropout
layer, two fully connected layers, one rectified linear unit
(ReLU) activation layer,  and one huber regression layer.
The specific training process is as follows:

(i) Network initialization. The LSTM network has two
layers, containing 128 and 64 hidden units respectively; a
dropout  layer  is  used,  which  randomly  disables  neurons
with a probability of 30% during each training to reduce the
probability  of  model  overfitting;  in  the  regression  layer,
the huber loss function is used, which uses mean squared
error (MSE) when the predicted value is close to the true
value  and  mean  absolute  error  (MAE)  when  it  is  far
away, to reduce the impact of outliers on model training.

x = {x1, x2, · · · , xn}
x′ = {x′1, x′2, · · · , x′n}

(ii)  Dataset  normalization.  To  eliminate  the  influence
of  different  dimensions  between  data,  the  original  time
series dataset needs to be normalized using Min-Max nor-
malization. The original dataset is , and
the  normalized  dataset  is ,  with  the
formula as follows:

x′ = (x− xmin )(xmax − xmin ). (16)

(iii)  Dataset  division.  After  shuffling  the  data,  it  is
divided into 80% training set and 20% test set.

(iv)  Network  training.  The  hyperparameters  of  the
LSTM model and other settings are as follows:

i) Optimizer: The adaptive moment estimation (Adam)
optimizer is chosen;

ii) Maximum number of iterations: 800;
iii)  Learning  rate:  The  initial  learning  rate  is  set

to  0.001,  with  a  piecewise  learning  rate  adjustment
strategy;

iv)  Regularization  parameter:  The  L2  regularization
strength  is  set  to  0.001  to  control  the  model  complexity
and prevent overfitting;

v) Gradient clipping strategy: When the gradient value
is greater than 5,  clipping is performed to prevent gradi-
ent explosion.

(v)  The  output  data p is  de-normalized  to  obtain
the  final  prediction  result y,  with  the  formula  as
follows:

y = p(xmax− xmin )+ xmean. (17)

 4.2    SINS/RCNS navigation method based on LSTM
network

Tk

∆Tk = Tk −Tk−1

δR

δha ,RCNS

The  deep  learning  module  based  on  the  LSTM  network
consists  of  two  working  modes:  the  training  update  (as
shown  in Fig.  2)  and  forecasting  (as  shown  in Fig.  3)
modes.  The  network  input  includes  the  navigation
moment of the observed refracted star , the time inter-
val  of  star  observation ,  the  refraction
angle R and refraction angle error ; the network output
is the correction of the apparent height at the correspond-
ing moment .
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Fig. 2    Neural network training update mode system architecture
 
 
 

LSTM

Refraction 
angle and 

error
Navigation 

moment

Time
interval

Modified 
apparent height 

measurement

+Apparent height 
correction +

Fig. 3    Neural network forecasting mode system architecture
 

ha

h̃a

δha,GNSS

When  GNSS  signals  are  available,  stellar  refraction
navigation does not participate in filtering, and the LSTM
network operates in the training update mode. The train-
ing  sample  database  records  the  current  moment  input
data. Simultaneously, the apparent height  is calculated
from the  GNSS positioning results  according to  (6),  and
the  difference  is  taken  with  the  measured  value  of  the
apparent height  output by the star sensor. The obtained
difference  is used as the target output of the neu-
ral network:

δha,GNSS = ha− h̃a. (18)

δha ,RCNS

When the GNSS is not operating, RCNS participates in
filtering  and  corrects  the  SINS positioning  error.  At  this
time, the LSTM module switches to the forecasting mode
to forecast the correction of the apparent height in stellar
refraction  navigation ,  and  then  obtains  the  cor-
rected refracted apparent height:

ha ,RCNS = h̃a+δha ,RCNS. (19)
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A  well-trained  neural  network  error  model  can  fore-
cast  the apparent  height  error  caused by the atmospheric
density error at the current moment. This predicted error
value is then used for RCNS apparent altitude correction.
The  method  can  accurately  correct  the  apparent  height
error  within  a  certain  range of  atmospheric  density  error
fluctuations,  thereby  ensuring  the  reliability  of  the  navi-
gation system.

 5. Experimental verification
 5.1    Design of simulation experiment

A  suborbital  flight  trajectory  is  generated  to  verify
the  effectiveness  of  the  proposed  algorithm.  The
designed  simulation  trajectory,  velocity,  and  attitude
information are shown in Fig. 4–Fig. 6. The initial launch
position is 37°N and 97°E, and the coordinated universal
time  (UTC)  corresponding  to  the  launch  is 1 200 h  on
July 1,  2020, with a total  flight time of 1 462 s.  The ini-
tial position, velocity, and attitude errors at launch are set
to 200 m, 0.5°, and 0.1°, respectively.
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Fig. 7 depicts the navigation scheme and the composi-
tion  of  the  navigation system for  aerospace  vehicle.  The
parameters  of  the  accelerometer,  gyroscope,  GNSS
receiver, and star sensor used in the simulations are listed
in Table  1.  SINS  is  operated  at  a  frequency  of  200  Hz
throughout the process. The star observation time periods
of star  sensor are set  to [210, 250] s,  [410,  450] s,  [610,
650] s, [810, 850] s, [1010, 1050] s, and [1210, 1250] s,
with a sampling frequency of 1 Hz, the rest  of the flight
time is used for other tasks such as maneuvering and atti-
tude adjustment.  GNSS receiver is  turned on from 200 s
to 650 s to identify atmospheric density errors or train the
neural network.
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Table 1    Sensors simulation parameters

Device Parameter Value

SINS

Accelerometer bias 1×10−5 g

Accelerometer bias stability 1×10−5 g

Gyroscope bias/(°/h) 1×10−2

Gyroscope bias stability/(°/h) 5×10−3

GNSS
Pseudo range/m 5

Pseudo range variability/(m/s) 0.2

Star sensor

Field/(°) 12×12

Pixel 1 024×1 024
Installation misalignment

angle accuracy/(″)
10

Star pixel coordinate
extraction accuracy/pixel

0.01

 

 5.2    Analysis  of  the  impact  of  atmospheric  density
errors on integrated navigation system

To verify the impact of atmospheric density errors on the
accuracy  of  the  SINS/RCNS  integrated  navigation,  the
GNSS receiver  is  turned off  throughout  the process,  and
50  Monte  Carlo  targeting  experiments  are  performed
under the conditions of 0, 3%, and 10% atmospheric den-
sity  errors.  The  results  of  the  navigation  root  MSE
(RMSE) at various flight moments are shown in Fig. 8.
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Fig.  8      Navigation  accuracy  under  different  atmospheric  density
error conditions
 

In Fig.  8,  the  red  solid  line  represents  the  theoretical
navigation  accuracy  under  conditions  with  no  atmo-
spheric density bias; the blue and green dashed lines rep-
resent the navigation accuracy when the atmospheric den-
sity has errors of 3% and 10%, respectively. It can be seen
from Fig. 8 that before 210 s,  star sensor is  not working,
the  three  curves  almost  coincide,  indicating that  the  inte-
grated  navigation  system  maintains  a  stable  accuracy
without the influence of atmospheric density errors. From

210 s, when the star sensor begins to work, the navigation
error  decreases  when  the  refracted  star  is  observed;  the
positioning and velocity accuracy curves of 10% and 3%
atmospheric  density  errors  exceed  the  accuracy  curve
without error, and the navigation error variances of 0, 3%,
and  10% errors  increase  in  turn.  The  navigation  accura-
cies  at  the  end  of  the  statistical  analyses  are  listed  in
Table 2. Fig. 8 and Table 2 show that atmospheric density
errors  have  a  non-negligible  deteriorating  effect  on  the
positioning  and  velocity  accuracy  of  SINS/RCNS  inte-
grated navigation, and the greater the atmospheric density
error. Moreover, with the increase of the atmospheric den-
sity error, the greater the accuracy decreases. The attitude
error  curve  shows  that  under  the  three  atmospheric  den-
sity conditions, the attitude accuracy does not change sig-
nificantly, indicating that atmospheric density errors have
little effect on attitude.
  

Table 2    Navigation accuracy at the endpoint

Error Positioning/m Velocity/(m/s) Attitude/(″)

No error 89.75 0.11 6.28

3% error 444.20 0.50 5.74
10% error 863.71 1.04 6.34

 

 5.3    Analysis of integrated navigation results without
atmospheric density error compensation

A random constant error of 1%−10% is incorporated into
the  atmospheric  density  model. Fig.  9 presents  a  single
experiment  showing  the  position,  velocity,  and  attitude
estimation  error  curves  obtained  using  the  SINS/RCNS
integrated  navigation  method  without  atmospheric  den-
sity error correction.
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Fig. 9    Navigation error without atmospheric density error correction
 

The dark blue dashed line in Fig. 9 represents the navi-
gation error curve, and the red solid line represents three
times  the  theoretical  error  standard  deviation  line  (3σ).
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Fig.  9 shows  that  the  SINS  navigation  error  diverges
slowly, and at 200 s, when the star sensor starts working,
the  celestial  navigation  system  corrects  the  vehicle  atti-
tude  error.  Before  810  s,  the  navigation  error  is  always
below  the  3σ line,  indicating  that  the  navigation  system
works normally when RCNS does not participate in filter-
ing.  Starting  from  810  s,  RCNS  participates  in  filtering,
the  positioning  and  velocity  error  curves  show a  sudden
increase  and  gradually  diverge,  exceeding  the  3σ line.
The endpoint  positioning error reachs 770.30 m, and the
velocity  error  is  0.83  m/s,  indicating  that  atmospheric
density errors severely affect the positioning and velocity
accuracy of the navigation system, leading to filter diver-
gence.  Observing  the  attitude  error  curve,  when  the  star
sensor  observes  stars,  the  attitude  theoretical  3σ line
decreases, and throughout the operation of the navigation
system, no case of attitude error exceeding the line exists,
which  is  consistent  with  the  above  statement  that  atmo-
spheric  density  errors  have  no  significant  deterioration
effect on attitude.

 5.4    Analysis  of  GNSS-assisted  atmospheric  density
error rough compensation experiment

To evaluate the effectiveness of the GNSS-assisted atmo-
spheric  density  error  rough  identification  algorithm,  we
set the atmospheric density error to a random constant of
1%−10% and  apply  the  rough  identification  method  to
the  SINS/RCNS integrated  navigation  system.  The  posi-
tion,  velocity,  and  attitude  estimation  errors  obtained
from  100  Monte  Carlo  targeting  experiments  are  illus-
trated in Fig. 10.
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Fig.  10     Navigation error with rough identification method under
constant atmospheric density error
 

In Fig. 10, each blue dashed line represents the naviga-
tion error obtained from the targeting experiment, and the
red  solid  line  represents  the  3σ line.  It  is  observed  that
throughout the operation of the integrated navigation sys-

tem, the positioning and velocity errors are all below the
3σ line.  Compared  with Fig.  9,  it  can  be  stated  that  the
identification and compensation algorithm proposed helps
to resist  atmospheric density errors and ensure the stabi-
lity  of  the  filter.  Observing  the  positioning  and  velocity
error  curves in Fig.  10,  it  is  found that  at  810 s,  1010 s,
and  1210 s,  the  theoretical  3σ line  has  a  certain  decline,
indicating that  when star  sensor  observes  refracted stars,
RCNS  accurately  corrects  the  positioning  error.  The
RMSE of  the  navigation  results  at  the  end  of  the  trajec-
tory  is  194.85  m  for  positioning,  0.21  m/s  for  velocity,
and 6.48″ for attitude. Compared with the results without
atmospheric density error correction, the navigation accu-
racy  after  compensation  is  significantly  improved.  The
results  show that  the  GNSS-assisted  rough identification
method is effective when the atmospheric density error is
constant.

ε ε ∼ N
(
0,0.52

)To  further  simulate  the  real  atmospheric  density  error
variations,  the  random  noise  and  are
added  to  the  random constant  error.  The  error  curves  of
the position, velocity, and attitude estimation obtained by
integrated  navigation  with  the  rough  identification
method are shown in Fig. 11.
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Fig.  11     Navigation error with rough identification method under
fluctuating atmospheric density error
 

In Fig.  11,  starting  from  810  s,  the  blue  dashed  line
indicates  a  sudden  increase  in  the  positioning  and  velo-
city  errors,  and  the  filter  eventually  diverges.  This  indi-
cates  that  stellar  refraction  navigation  makes  incorrect
corrections  to  the  inertial  navigation  errors,  leading  to
navigation failure. This shows that when the atmospheric
density  error  fluctuates,  the  accuracy  of  the  GNSS-
assisted rough identification method is  insufficient,  deep
learning methods are needed to further resist failures and
ensure the navigation accuracy.
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 5.5    Experimental validation of deep learning-
assisted SINS/RCNS integrated navigation
method

To  verify  the  effectiveness  of  the  deep  learning-assisted
SINS/RCNS  integrated  navigation  method,  experiments
are first conducted on the traditional BP neural network-
assisted  method,  under  the  same  noisy  random  constant
atmospheric  density  error  conditions  as  in  the  previous
section; then, experiments on the LSTM-assisted method
proposed  in  this  paper  is  conducted;  finally,  the  orbit  is
changed  for  experiments  with  deep  learning  methods  to
verify the generality of the approach.
Case 1　Traditional BP network-assisted SINS/RCNS

integrated navigation method
In  a  particular  experiment,  the  training  results  of  the

BP network are shown in Fig. 12.
 
 

100
0 10 20 30 40 50 60 8070

Training sample

150
200
250
300
350

O
ut

co
m

e/
m 400

450
500
550

(a) Training set prediction results

100
0 2 4 6 10 12 14 168 18

Test sample

150

200

250

300

350

O
ut

co
m

e/
m

400

: True value; : BP predicted results.
(b) Test set prediction results

Fig. 12    BP network training results
 

In Fig.  12,  the  red  solid  line  represents  the  theoretical
values  of  the  apparent  height  correction  derived  from
GNSS data,  while  the  blue  dashed  line  and  the  green  line
represent  the  forecast  results  of  the  BP  network’s training
and testing sets, respectively. The RMSE of the forecast for
the  testing  set  is  statistically  42.68  m.  Using  the  BP  net-
work  forecast  method,  100  Monte  Carlo  targeting  experi-

ments  are  conducted,  and  the  position,  velocity,  and  atti-
tude estimation error curves obtained are shown in Fig. 13.
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Fig.  13      Navigation  error  with  BP  network  assistance  under
fluctuating atmospheric density error
 

From Fig.  13,  it  can  be  seen  that  during  the  observa-
tion  period  of  [810,  850]  s,  the  positioning  and  velocity
errors represented by the blue dashed line show a reduc-
tion, indicating that the prediction results of the BP neu-
ral network successfully compensated for the errors in the
atmospheric  density  model.  However,  in  the  observation
periods of [1 010, 1 050] s and [1 210, 1 250] s, the error
curves exhibit  sudden changes,  exceeding the theoretical
3σ threshold,  demonstrating  that  the  BP  neural  network
predictions  deviate  from  the  true  values,  rendering  the
compensation  method  ineffective.  These  results  indicate
that  traditional  neural  network  approaches  fail  to  ensure
the  reliability  of  navigation  results,  highlighting  the
necessity of employing deep learning methods.
Case  2　 LSTM  network-assisted  SINS/RCNS  inte-

grated navigation method
In  a  particular  experiment,  the  training  results  of  the

BP network are shown in Fig. 14.
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Fig. 14    LSTM network training results
 

In Fig.  14(a)  and Fig.  14(b),  the gray solid line repre-
sents  the  theoretical  values  of  the  zenith  delay  correc-
tions  derived  from  GNSS  data,  while  the  blue  and  red
lines  represent  the  prediction  results  of  the  LSTM  net-
work  for  the  training  set  and  the  test  set,  respectively.
Fig.  14(c)  and Fig.  14(d)  show  the  convergence  during
the  network  training  process.  It  can  be  observed  from
Fig.  14 that  the  network  achieves  good  fitting  accuracy

and converges to  a  relatively small  error.  The prediction
error statistics for the test set are as follows: the MAE is
6.96 m, the RMSE is 9.01 m, the mean absolute percent-
age error (MAPE) is 0.06, and the coefficient of determi-
nation  (R2)  is  0.98.  The  network  prediction  method  is
used to conduct 100 Monte Carlo target-shooting experi-
ments, and the error curves of the position, velocity, and
attitude estimations obtained are shown in Fig. 15.
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Fig.  15      Navigation  error  with  deep  learning  assistance  under
fluctuating atmospheric density error
 

From Fig.  15,  it  can  be  seen  that  the  positioning  and
velocity  errors  are  all  below  the  3σ line,  indicating  that
the  navigation  results  are  reasonable  and  effective.  The
RMSE at the end of the trajectory are 240.85 m for posi-
tioning, 0.28 m/s for velocity, and 6.95″ for attitude, indi-
cating  that  the  neural  network  correctly  corrects  the
apparent  height  with  errors.  Compared  with  uncorrected
methods,  GNSS  rough  identification  method  and  tradi-
tional  BP  network  assisted  method,  the  reliability  of  the
deep learning aided method significantly improves under
atmospheric density bias conditions.
Case  3　 SINS/RCNS  integrated  navigation  method

assisted by LSTM network under different orbit
To verify the effectiveness and generalization ability of

the  deep  learning  method  under  different  flight  orbits,
another  spacecraft  trajectory  with  different  launch  direc-
tion  is  generated,  and  the  proposed  method  is  used  to
compensate for the atmospheric density error. The initial
position of the launch site is set at (34°N, 112°E), and the
total  flight  time  is 1 520 s.  The  initial  position  error,
velocity error, and attitude error at launch are set to 300 m,
0.5  m/s,  and  0.1°,  respectively.  The  navigation  sensor
parameters are set as listed in Table 1. SINS operating at
a frequency of 100 Hz throughout the flight. The star sen-
sor observes the stars during three periods:  [200,  250] s,
[700,  750]  s,  and  [1  200,  1  250]  s,  with  a  sampling  fre-
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quency of 1 Hz. The satellite navigation receiver is active
from 200 s to 250 s. In essence, the LSTM network pre-
dicts the apparent altitude correction during the periods of
[700, 750] s and [1 200, 1 250] s. A total of 100 experi-
ments are conducted, and the position, velocity, and atti-
tude estimation error curves are shown in Fig. 16.
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Fig. 16    Navigation error with deep learning assistance of medium
Earth orbit spacecraft
 

In Fig. 16, each blue dashed line represents the naviga-
tion  error  obtained  from  a  single  experiment,  while  the
red  solid  line  represents  the  theoretical  accuracy  of  3σ.
Throughout  the  operation  of  the  integrated  navigation
system,  no  limit-exceeding  phenomenon  occurrs.  Addi-
tionally, during the time periods of [700, 750] s and [1 200,
1  250]  s,  the  positioning  and  velocity  errors  show  a
reduction,  indicating that  the LSTM network makes cor-
rect  predictions  for  the  altitude  correction  factor,  over-
coming the negative effects of atmospheric density errors.
Simulations  on  different  orbits  demonstrate  that  the
method  of  using  deep  learning  to  compensate  for  atmo-
spheric density errors has a certain degree of generality.

 6. Conclusions
To  address  the  problem  of  atmospheric  density  error
restricting  the  RCNS  accuracy  of  spacecraft,  a  deep-
learning-assisted  SINS/RCNS  integrated  navigation
method is proposed in this paper. This method makes use
of  the  characteristics  of  LSTM  dependent  learning  and
the good generalization ability of long-term memory net-
works. It predicts the apparent height correction of RCNS
based on GNSS positioning information, which can effec-
tively  correct  the  navigation  deviation  caused  by  atmo-
spheric  error  and  has  good  stability.  Simulation  results
based  on  the  typical  orbit  of  a  space  vehicle  show  that
when  the  atmospheric  density  error  fluctuates,  the  pro-
posed method can successfully suppress filter divergence.
The navigation accuracy is better than that of the method

that directly identifies errors through GNSS data or tradi-
tional  BP  neural  networks.  This  method  provides  a  new
solution for integrated navigation of aerospace vehicles in
harsh  atmospheric  environments.  However,  since  the
accuracy  of  deep  learning  methods  cannot  reach  100%,
further  exploration  and  solutions  are  needed  to  identify
and  suppress  abnormal  prediction  results,  ensuring  the
robustness of navigation.
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