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a b s t r a c t

This study presents a novel framework for evaluating slope stability in spatially variable soils by inte-
grating a newly developed sequential limit analysis based on the Hellinger-Reissner functional, utilizing
the node-based smoothed finite element method (NS-FEM), with a newly proposed deep learning (DL)
approach termed multi-downsampling hybrid Linformer-convolutional neural networks (CNNs). The
NS-FEM-based mixed formulation of limit analysis (MFLA) enhances computational accuracy and
convergence by smoothing strain fields and mitigating numerical discontinuities commonly encoun-
tered in standard finite element methods (FEMs). This method generates reliable datasets for stochastic
simulations of slope stability under both static and seismic loading conditions. To address the
computational expense of specific simulations, we propose the multi-downsampling hybrid Linformer-
CNN model, a sophisticated DL architecture that employs dual parallel pathways with distinct down-
sampling strategies – AveragePpooling1D for medium-scale feature extraction and MaxPooling1D for
coarse-scale feature extraction. Each pathway integrates one-dimensional (1D) CNNs for local feature
extraction and Linformer-based self-attention mechanisms to efficiently capture global dependencies.
The parallel downsampling strategies balance computational efficiency with feature granularity,
enabling the model to leverage both local and global data characteristics effectively. The extracted
multi-scale features are concatenated and further processed through fully connected networks (FCNs) to
accurately predict the factor of safety (FoS) of slopes. Comparative analyses demonstrate that the hybrid
Linformer-CNN model outperforms traditional FCN and CNN architectures, achieving robust and precise
predictions with a mean absolute percentage error (MAPE) below 10 %. Additionally, the proposed
framework significantly reduces computational time, highlighting the potential of integrating NS-FEM-
based MFLA with advanced DL architectures for rapid and reliable slope stability assessment in
geotechnical engineering.
© 2026 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Published by Elsevier B.V.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Landslides are among the most serious natural disasters
worldwide, characterized by rapid onset, long runout distances,

and massive movements of materials (Xing et al., 2014; Tang et al.,
2015; Dang et al., 2016). Large numbers of fatalities can be
attributed to very rapid and extremely rapid landslides, which
move faster than a person can run (Turner, 2018). Landslides have
complex and changeable inducing factors, such as rainfall infil-
tration, earthquakes, and human activities (Gariano and Guzzetti,
2016). Landslides are probably the most destructive secondary
geotechnical hazard associated with earthquakes and ground vi-
brations (Valagussa et al., 2019). Accurate prediction of seismic
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landslides is essential to ensure safety and mitigate risks. Slope
stability analysis (e.g. assessing FoS and forecasting potential
failures) emerges as a fast and effective method that can provide a
comprehensive understanding of the likelihood of landslide
occurrence and help to implement preventative measures.
Deterministic analyses are typically employed for evaluating

slope stability in geotechnical engineering, wherein only mean
values of soil properties are considered in simulations. However,
soils exhibit significant spatial variability due to complex sediment
deposition processes, such as weathering, transportation, and
erosion (Phoon and Kulhawy, 1999). Deterministic calculations
that disregard this spatial variability can significantly underesti-
mate the risk of slope failure (Griffiths and Lane, 1999; Griffiths
and Fenton, 2004; Chen et al., 2021; Liu et al., 2023). To solve
this problem, random field theory is introduced to account for the
spatial variability of soils. The random finite element method
(RFEM) has been widely developed for estimating the probability
distribution of slope stability (Liu and Wang, 2021; Wang et al.,
2021a, b; Hsiao et al., 2022; Xu et al., 2022) and landslide runout
distance (Chen et al., 2021, 2025; Liu et al., 2023; Ren et al., 2023).
RFEM combines finite element analysis with random field theory
to transform the stability analysis of spatially variable slopes into a
probabilistic analysis problem with uncertainty.
Traditional RFEM performs brute-force analysis based on

Monte Carlo sampling (Kroese et al., 2014; Chen et al., 2022;
Aminpour et al., 2023a, b; Xu et al., 2023). However, the brute-
force Monte Carlo approach, where the FoS of each Monte Carlo
sample is evaluated using the numerical model, is both time-
consuming and computationally intensive, especially when eval-
uating a small failure probability of structures (Chen and Li, 2017).
Response surface method (RSM) was initially proposed to reduce
the sample size required for reliability analysis (Kaymaz and
McMahon, 2005; Allaix and Carbone, 2011). This method approx-
imates the limit state functionwith a polynomial expression using
the function value at a specific point. By replacing the exact limit
state function with this analytical approximation in Monte Carlo
simulations, RSM significantly reduces the computational efforts
required to assess the reliability of structural systems. However,
RSM requires a prior specification of a suitable fitting function
(usually a polynomial function) (Desai et al., 2008). Owing to the
inherent complexity of many real-world problems, polynomial
estimates may struggle to adequately represent the objective
function, resulting in reduced accuracy (Abbasi and Mahlooji,
2012).
In recent years, the use of machine learning (ML) techniques to

develop surrogate models has gained tremendous popularity (He
et al., 2020; Phoon and Zhang, 2023). This updated approach in-
volves generating random field samples, conducting a relatively
small number of random finite element simulations, training ML
models, and subsequently using thewell-trainedmodels to predict
slope stability and perform statistical analysis (such as failure
probability). The integration of ML into geotechnical engineering
has unlocked new possibilities for handling complex stochastic
problems with reduced computational resources. Surrogate
models, including support vector machines (SVMs) (Kang et al.,
2016) and artificial neural networks (ANNs) (He et al., 2020),
have demonstrated exceptional potential for lower computational
costs while maintaining prediction accuracy. By leveraging high-
fidelity models built from a limited set of finite element simula-
tions, ML techniques enable researchers to efficiently perform
probabilistic analyses and estimate slope stability.
Deep neural networks are the most successful deep learning

(DL) method. The term ‘deep’ can refer to a structure of more than
one hidden layer in ANNs. A convolutional neural network (CNN) is
a commonly used DL model, which is widely used in image and

pattern recognition (Szegedy et al., 2015; He et al., 2016) in the
computer field, and has been extended to other fields, such as
foundation bearing capacity problems (He et al., 2024) and slope
stability problems (Liu et al., 2014; He et al., 2020; Wang and Goh,
2021; Zhang and Zhang, 2021; Wang, 2022; Aminpour et al.,
2023a, b; Huang et al., 2023; Xu et al., 2023) in geotechnical en-
gineering. Hidden CNN layers usually include several stacks of
convolutional and pooling layers, which are then connected to a
fully connected layer to build the regression model. Convolutional
layers use kernels to extract spatial features from input data. In
contrast, pooling layers can reduce the resolution of convolutional
outputs while preserving key information. It has been proven that
trained CNNs are an alternative approach to computationally
demanding physics-based simulation models for Monte Carlo
simulations, which can learn the high-level uncertainty of both
input and output data. Also, there are some variants of CNNs, such
as locally connected networks (Xu et al., 2023; He et al., 2024).
Classic deep neural network (DNN) structures include recurrent
neural networks (RNNs), transformers, etc. RNNs can be used to
process language models (Mikolov et al., 2010) and speech
recognition (Graves et al., 2013). Long short-term memory (LSTM)
is a popular variant of RNNs. The recently very popular ChatGPT
from OpenAI is based on the transformer architecture (Brown,
2020). DNNs usually have many layers and millions of parame-
ters, which can help models fit the training data closely. However,
overcomplicatedmodel structures can lead to overfitting problems
(the generalization of the trained model is poor). This problem is
usually avoided using regularization or trimming connectivity
(dropout, etc.).
Local connected neural networks (LCNs) are a type of neural

network architecture that allows for localized connectivity pat-
terns in layers. They are similar to CNNs but without the weight-
sharing characteristic of CNNs. In LCNs, each neuron in a given
layer is connected only to a small, localized region of the previous
layer. This unique feature allows the network to capture local
patterns without requiring a full connection to all neurons. Unlike
CNNs, where the same kernel weights are applied across the entire
input, LCNs have distinct weights for each local connection,
providing them with a high degree of flexibility in learning fea-
tures specific to different input regions. This adaptability makes
LCNs particularly useful in scenarios where distinct local features
must be captured, but global features are either irrelevant or can
be handled differently. They can be applied in tasks such as image
recognition and processing, especially when objects vary in size
and position within the input space. The computational cost can
dramatically increase due to the more significant number of pa-
rameters compared to convolutional layers, as each local region
has its own unique set of weights. While they differ in weight
sharing, LCNs share some benefits with CNNs, such as translational
invariance to local features, which can aid in tasks requiring
pattern recognition. It is reasonable to conclude that LCNs provide
an alternative approach to capturing localized features without
enforcing the constraints of weight sharing found in typical CNN
architectures.
A central component of the transformer model is the self-

attention mechanism, which simultaneously models de-
pendencies between every element (token) in a sequence and all
other elements, thereby extracting global contextual information
in a single computation (Vaswani et al., 2017). Practically, self-
attention assigns three vectors to each element: query (Q), key
(K), and value (V), and uses the dot product between Q and K to
determinewhich positions in each element of the sequence attend
to. By employing multiple attention heads (multi-head attention)
in parallel, the model can focus on diverse features from different
subspaces, enhancing the richness and precision of the extracted
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information (Vaswani et al., 2017; Devlin, 2019). Compared to
traditional recurrent or convolutional structures, self-attention
does not rely on stepwise sequence processing or fixed receptive
fields, thus exhibiting significant advantages in parallel computa-
tion and global information capture. However, the computational
complexity of the standard self-attention mechanism increases
quadratically with sequence length, making it prohibitively
expensive for long-sequence tasks. In theory, the computational
cost for a standard transformer is O

(
N2; ⋅d

)
, where N is the

sequence length and d represents the hidden dimension. In this
study, as N expands to 1400, the resulting quadratic growth leads
to substantial increases in attention computation, memory con-
sumption, and runtime. Various solutions have been proposed to
tackle these challenges, and among them, Linformer provides a
particularly practical approach by applying a low-rank approxi-
mation to the key and value matrices, reducing complexity from
O
(
N2
)
to O(N) (Wang et al., 2020). Crucially, Linformer preserves

the capacity for global dependency modeling while significantly
cutting down onmemory and computation, thereby enhancing the
feasibility of transformers for long-sequence processing.
Compared to other alternatives that aim to mitigate quadratic

complexity, such as sparse transformers (Child et al., 2019),
Performer (Choromanski et al., 2020), and Longformer (Beltagy
et al., 2020), Linformer offers a cleaner and more generally appli-
cable solution. Sparse transformers address complexity by
focusing on a limited set of positions, while Longformer and
Performer rely on specialized patterns or kernel approximations.
In contrast, Linformer's linear projection of keys and values pro-
vides a more straightforward, theoretically grounded method that
maintains a full global receptive field (Wang et al., 2020). This
simplicity and universality, free from windowed constraints or
complex kernel functions, make Linformer a more practical and
versatile choice for this study, ensuring that the benefits of
transformers can be realized without incurring prohibitive
computational and memory costs.
Building on the above optimizations, the proposed hybrid

Linformer-CNN integrates one-dimensional (1D) convolutional
layers (Conv1D), locally connected layers, Linformer-based self-
attention, and fully connected layers to achieve a balance between
feature extraction quality and computational efficiency. Specif-
ically, Conv1D layers effectively capture local patterns within the
input sequence, while locally connected layers – unlike standard
convolutions – do not share weights across the entire input,
thereby providing flexible mapping capabilities suitable for more
fine-grained local patterns (Taigman et al., 2014). Incorporating
Linformer self-attention allows the model to efficiently model
long-range dependencies at linear complexity (Vaswani et al.,
2017; Wang et al., 2020). Finally, the fully connected layers
transform the integrated features nonlinearly, enabling hybrid
Linformer-CNNs to achieve robust global contextual understand-
ing and resource-efficient performance, thus presenting a prom-
ising architectural choice for long-sequence tasks.
On the other hand, the accuracy of surrogate models heavily

depends on the quality of the finite element simulations used for
training. Traditional finite element methods (FEMs) often
encounter accuracy and convergence issues, particularly in the
context of limit analysis of slope stability. The node-based
smoothed FEM (NS-FEM) addresses these limitations by smooth-
ing the strain field within elements, thereby reducing numerical
errors and enhancing solution quality (Liu et al., 2006, 2007; Liu
and Trung, 2016). In particular, the newly developed mixed
formulation of limit analysis (MFLA) based on NS-FEM offers sig-
nificant advantages in solving slope stability problems (Nguyen,
2023; Nguyen et al., 2025a). Prior contributions (Nguyen, 2021a,
2023; Nguyen and Vo-Minh, 2022a; Vo-Minh and Nguyen, 2022;

Nguyen et al., 2025a) demonstrate that NS-FEM effectively miti-
gates discontinuities and oscillations commonly encountered in
standard FEMs, resulting in more accurate stress and deformation
predictions. Moreover, NS-FEM facilitates faster convergence of
numerical solutions, reducing both computational time and effort.
In the context of limit analysis, NS-FEM provides more reliable
estimates of slope stability and demonstrates reduced sensitivity
to mesh quality and density.
In addition, we propose a newly smoothed sequential limit

analysis (SSLA) based on the Hellinger-Reissner functional for
post-failure analyses of downward progressive landslides. One
significant advantage of this sequential limit analysis is its ability
to determine the failure pattern and corresponding FoS value at a
specific mesh phase of the progressive landslides by solving
optimization problems within the framework of mixed formula-
tion limit analysis (Nguyen, 2023; Nguyen et al., 2025a). In our
SSLA framework, we integrate the strengths of both mesh-based
and particle approaches. The computational domain is dis-
cretized into two independent components: a set of finite ele-
ments and a set of particles. The finite elements act as a temporary
tool for solving governing equations for which rigorous mathe-
matical formulations have been established. Concurrently, the
particles are utilized to store history variables and establish
equilibrium equations for the subsequent computational cycle. By
solving the mathematical optimization (Nguyen, 2023; Nguyen
et al., 2025a), we obtain both stress and displacement fields.
These updated particle positions facilitate the generation of new
triangle meshes using Delaunay triangulation (Zhang et al., 2023;
2024a). The boundaries of the computational domains are iden-
tified using alpha-shape techniques (Onate et al., 2011; Zhang
et al., 2013, 2014). As a result, the finite element mesh can be
adjusted wholly or arbitrarily regenerated when it becomes dis-
torted, without the need for global variable mapping during these
processes. Although our framework effectively captures the post-
failure patterns of slopes under certain plasticity and large defor-
mation conditions, it is essential to note that it currently has
limitations regarding the analysis of the terminal runout distance
of landslides due to the absence of inertial forces in the governing
equations.
Fang et al. (2023) conducted a study using a centrifuge

modeling test, which is a crucial tool in understanding the defor-
mation and failure behaviors of landslides. Including inertial forces
associated with the increasing speed of soil structures during
progressive landslides might capture the terminated runout dis-
tance more accurately. Centrifuge modeling can provide valuable
data to validate the new numerical scheme, and dynamic param-
eters can be adjusted to enhance its robustness. In particular, the
elastic deformation should be ignored in the dynamic elastoplastic
framework given byWang et al. (2021a) to form the SSLA based on
the θ-method (Bathe and Wilson, 1972). In short, the current
framework of SSLA is based on the Hellinger-Reissner variational
principle, which is a form for quasistatic elastoplastic problems.
Efforts should be devoted to reformulating the governing equa-
tions for dynamic elastoplastic problems (Zhang et al., 2023a;
2024b; Agbaje et al., 2024) for landslide analysis.
Themain objective of this research is to evaluate the robustness

of data-driven surrogate models using various ML algorithms (i.e.
CNNs, fully connected networks (FCNs), and LCNs) for probabilistic
analysis of slope stability in spatially variable soils. The effective-
ness of the surrogate models is benchmarked through two case
studies: one addressing static slope stability and the other
focusing on seismic slope stability. The results reveal that the high-
fidelity surrogate models, built on reliable NS-FEM analysis data,
can generate statistical insights into slope stability within mi-
nutes, providing a time-efficient and, most importantly, reliable
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evaluation process. Key findings highlight the potential of surro-
gate models utilizing various DL algorithms as valuable tools in
geotechnical engineering design, particularly in scenarios
involving spatially variable soils. This paper is structured as fol-
lows. Section 2 provides a methodology in which MFLA coupled
with DL surrogate models using various ML algorithms (i.e., FCNs,
CNNs, and LCNs) is presented for the stability analysis of spatially
variable slopes. In particular, an MFLA is outlined for stochastic
simulations of slope stability with spatially random soils. Subse-
quently, various DL algorithms (i.e. FCNs, CNNs, and LCNs) are
proposed for building data-intelligent surrogate models that
replace stochastic simulations of spatially variable slope stability.
Section 3 validates the numerical analysis of slope stability using
MFLA based on nodal integrations, showcasing its efficacy in
determining slope stability. Section 4 presents numerical analysis
and DL surrogate models for the stability of spatially variable
slopes, where data-intelligent surrogate models are built using
FCNs, CNNs, and LCNs. Some of the highlighted features of the use
of DL surrogate models for the stability analysis of spatially vari-
able slopes are summarized in Section 5.

2. Methodology

This section presents a numerical framework that integrates a
newly developed SSLA with the multi-downsampling hybrid
Linformer-CNN model to analyze the stability of spatially variable
slopes. Firstly, we introduce a newly developed numerical frame-
work of an SSLA tailored explicitly for large-deformation slope
analysis. The newly developed numerical procedure is based on
the stress-based upper-bound (UB) limit analysis theory (Nguyen,
2023; Nguyen et al., 2025a), which is crucial for determining the
limit state of a given geometry. Subsequently, we detail how the
displacements of nodes are utilized to update the mesh. We retain
only the number of nodes to mitigate mesh distortions, ignoring
the triangle elements in the next step. Using the alpha-shape
technique (Zhang et al., 2013, 2014, 2021), the updated particle
positions are then employed to generate new triangle meshes. A
key advantage of SSLA is that it preserves and updates all prop-
erties at the nodes from the previous step. Importantly, at any
given step or for a specific geometry, extracting the positions of
nodes and calculating the FoS is a straightforward process. Next,
we introduce the development of the multi-downsampling hybrid
Linformer-CNN model, which employs parallel multi-scale CNN
branches with distinct pooling strategies, followed by Linformer-
based self-attention layers (Wang et al., 2020) to effectively cap-
ture both local and global dependencies within the data. Utilizing a
dataset generated from numerical simulations, this hybrid model
serves as a DL surrogate to accurately predict FoS values. Fully
connected layers are used to integrate and refine the combined
multi-scale features, enhancing the model's predictive capability.
By leveraging the strengths of CNNs for local feature extraction
and Linformer layers for efficient global dependencymodeling, the
multi-downsampling hybrid Linformer-CNN framework provides
a robust and scalable approach for slope stability analysis under
complex geotechnical conditions.

2.1. A newly developed SSLA based on the Hellinger-Reissner
functional using NS-FEM

Considering the medium Ω, which is bounded by the
displacement boundaryΩu and the stress boundaryΩσ, we analyze
the effects of applying tractions t on the traction boundary Γt. In
this context, u and σ denote the displacement and stress fields,
respectively. Additionally, b represents the body force, while t
signifies the traction force, as shown in Fig. 1. The Hellinger-

Reissner functional (Krabbenhøft et al., 2005, 2007, 2012;
Krabbenhøft, 2009) for perfect plastic materials is expressed as
follows:

π(u; σ)=
∫

Ω
σ∇udΩ −

∫

Ω
bTΔudΩ −

∫

Γt

tTΔudΓt (1)

where ∇ is the linear strain–displacement differential operator.
The boundary-value problem (Eq. (1)) can be formulated as a

max-min problem given by

min
⏟̅⏞⏞̅⏟

u

max
⏟̅⏞⏞̅⏟

σ

∫

Ω
σ∇udΩ −

∫

Ω
bTΔudΩ −

∫

Γt

tTΔudΓt (2)

subjected to

F(σ) ≤ 0 (3)

In accordance with standard FEM (see Fig. 2a), the MFLA based on
the variational Hellinger-Reissner functional (Nguyen, 2023;
Nguyen et al., 2025a) can be expressed as

min
⏟̅⏞⏞̅⏟

û

max
⏟̅⏞⏞̅⏟

σ

(
α+ σTBu − αpTu − pT0u

)
(4)

subjected to

BTσ = αp+ p0
F(σ) ≤ 0

}

(5)

where α is the load multiplier; B =
∫

Ω NTσBudΩ; p =
∫

Ω NTubdΩ+
∫

Γt
NTutdΓt; and p0 =

∫

Ω NTub0dΩ+
∫

Γt
NTut0dΓt; Nσ and Nu are the

matrices of shape functions; Bu is the strain gradient matrix of the
linear triangular elements; and p and p0 are the vectors of opti-
mizable and given forces, respectively.
In the context of the MFLA using NS-FEM (Nguyen, 2023;

Nguyen et al., 2025a), the computational domain is segmented
into elements similar to the traditional FEM. A distinguishing
feature of the MFLA using NS-FEM is its application of smoothing

Fig. 1. Medium Ω with boundary Ωb = Ωu ∪ Ωσ subjected to tractions t on Γt and
support on Ωu (OptumCE, www.optumce.com).

Fig. 2. Typical meshes: (a) Standard FEM; and (b) MFLA using NS-FEM.
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operations to the strain field over subdomains linked to individual
nodes, which leads to solutions that are significantly more stable
and accurate than those obtained through conventional FEM.
Furthermore, while the MFLA in standard FEM (Krabbenhøft et al.,
2005; Krabbenhoft and Lyamin, 2012) typically relies on approx-
imating two master fields based on individual elements, MFLA
with NS-FEM determines these unknown variables using the
smoothing domains surrounding the nodes. In this numerical
framework, which incorporates NS-FEM and second-order cone
programming (SOCP), the equilibrium conditions and yield criteria
are established on the smoothing domains rather than at Gauss
points, as is customary in FEM. Both stress and strain are treated as
constant across these nodal smoothing domains. As a result, the
numerical framework for MFLA employing NS-FEM (as illustrated
in Fig. 2b) is formulated as follows:

min
⏟̅⏞⏞̅⏟

û

max
⏟̅⏞⏞̅⏟

σ;α

(
α+ σTBû − αpT û − pT0 û

)
(6)

subjected to

BTσ = αp+ p0
F(σ) ≤ 0

}

(7)

where B =
∫

Ω NTσBdΩ.
The stress in the smoothing cells surrounding nodes within the

NS-FEM framework is expressed as a function of σ̂ , the vector of
stress components at the mesh nodes. This relationship can be
approximated by

σ ≈Nσ σ̂ ≈ Nσσ (8)

where σ represents the vector of stress components within the cell,
given that σ = σ. In this context, Nσ serves as an identity matrix.
Similarly, the displacement û is approximated over a three-

node triangular element as follows:

u ≈ Nuû (9)

where û is the vector of displacement components at the mesh
nodes.
The strain in each smoothing domain (i.e. Ωs

k) is estimated as a
weighted average of the strain from all the one-third elements
adjacent to the node. This can be expressed as

ϵk=
1
Ask

∑Ns

i=1

1
3
Aei ϵei = Bk û

e
i (10)

where Bk is defined as

Bk=
1
Ask

∑Ns

i=1

1
3
Aei B

e
i (11)

where i denotes the number of the adjacent element; Ask repre-
sents the area of the smoothing cell associated with node k (i.e.

Ask = 1
3
∑Ns

i=1A
e
i ); Ns is the total number of adjacent elements for

each cell; and Aei ; ϵei ; B
e
i , and ûei refer to the area, strain, strain

gradient matrix, and displacement of the ith triangular element,
respectively. Consequently, the strain over the cell can be
computed as

ϵ=∇u = Bû (12)

For plane-strain problems, the Mohr-Coulomb yield criterion,

which depends on the parameters of cohesion c and the friction
angle φ, is utilized. This yield criterion is applied to all nodal
smoothing cells, and is expressed as follows:

F(σ)=
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
σxx − σyy

)2
+ 4τ2xy

√

+
(
σxx+ σyy

)
sin φ − 2c cos φ ≤ 0

(13)

A new variable, ρ, is introduced into the inequality condition as
the set of conic constraints as follows:

ρ=

⎡

⎣
ρ1
ρ2
ρ3

⎤

⎦=Dσ+d=

⎡

⎣
− sinφ − sinφ 0
1 − 1 0
0 0 2

⎤

⎦

⎡

⎣
σxx
σyy
τxy

⎤

⎦+

⎡

⎣
2ccosφ
0
0

⎤

⎦ (14)

The inequality condition is defined as a cone constraint
(Nguyen, 2023; Nguyen et al., 2025a):

K q=

{

ρ∈ℝ3
⃒
⃒
⃒
⃒ρ1≥

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ22 + ρ23
√ }

(15)

The MFLA (as expressed in Eq. (6)) is formulated as a SOCP
problem:

FoS=max
⏟̅⏞⏞̅⏟

σ;α

α=max
⏟̅⏞⏞̅⏟

σ;α

aTX (16)

subjected to

AeqX = beq
X ∈ K

}

(17)

where X denotes the stress and displacement fields formulated as
cone constraints, such that X ∈ K (Nguyen, 2023; Nguyen et al.,
2025a, 2025b). We coded the framework in MATLAB, formu-
lating the MFLA based on the Hellinger-Reissner variational prin-
ciple as a mathematical optimization problem with cone
constraints. To solve the optimization problem, the conic interior-
point optimizer from the MOSEK academic package (MOSEK ApS,
2015) was employed. For instance, Fig. 3 displays typical mesh
configurations and boundary conditions for a slope, showcasing
FEM (Fig. 3a) and NS-FEM (Fig. 3b) approaches. Notably, while the
framework of MFLA using NS-FEM and SOCP builds upon FEM
meshes, the unknown variables are defined at the nodal smooth-
ing cells rather than within the elements. The FoS value, repre-
sented as α, is computed directly by solving the SOCP problem, as
outlined in Eqs. (16) and (17). For further details regarding the
solution scheme for the SOCP problem, readers are encouraged to

Fig. 3. The typical mesh configurations and boundary conditions for a slope using: (a)
Standard FEM; and (b) MFLA using NS-FEM.
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consult previous studies (Nguyen, 2023; Nguyen et al., 2024b,
2025a, b).
As can be observed in the mathematical optimization (Eqs. (16)

and (17)), the final form of the Hellinger-Reissner variational
principle is framed as a min-max optimization problemwith conic
constraints. The numerical scheme's principle is to solve the
mathematical optimization problem to get both stress and
displacement fields. Here, two master fields are stored at nodes.
We neglect the mesh of the previous computation cycles and just
keep the updated nodes, where the positions of the nodes are
upgraded using the displacement fields. The new mesh is gener-
ated based on the cloud of updated nodes instead of keeping the
old meshes, where the updated position of nodes can lead to se-
vere mesh distortion, especially along the shear band where fail-
ure is formed. In particular, the updated particle positions are
employed to generate new triangle meshes via Delaunay trian-
gulation. Following this, we utilize the alpha-shape technique to
redefine the boundaries of the computational domain by removing
unnecessary meshes. The fundamental concept of the alpha-shape
method operates as follows. Considering a set of points distributed
in space, which are characterized by a separation distance denoted
as h, for a given parameter αsh, any point situated on an empty
spherewith a radius exceeding αsh times the characteristic spacing
(i.e. αshh) is identified as a boundary node. In other words, for each
point within the dataset, we analyze whether it is possible to
position a sphere of radius αshh such that it encompasses only that
particular point. If this is successful, the point qualifies as a
boundary point; if the sphere encompasses more than one point,
the point is classified as an internal point.
In this study, the value of h is chosen as the mean circumradius

of the triangles generated through Delaunay triangulation. Tri-
angles with a circumcircle radius greater than αshh are deleted,
indicating that the computational domain is highly sensitive to the
value of αsh. Previous numerical reports by Zhang et al. (2013,
2014) indicate that the identification of computational domains
is significantly influenced by the αsh value. Numerical studies
(Onate et al., 2011; Zhang et al., 2013, 2014) suggest that a value of
αsh slightly greater than 1 is appropriate and aligns with practical
applications. For instance, for a wide range of coupled fluid–solid
interaction problems, Onate et al. (2011) concluded that a value
of αsh in the range of 1.3–1.5 is suitable. In this study, we find the
optimal range of αsh to be approximately 1.4–1.6. Fig. 4 illustrates
the identification of computational domains for various αsh values.
Specifically, Fig. 4b demonstrates that αsh = 1:5 is the most suit-
able value for defining new computation domains using the alpha-
shape method in the subsequent cycle.
Moreover, we could include two general techniques in the

numerical schemes to deal with the potential instability associated
with the newmeshes’ dependencies on the chosen αsh value. First,
we need to identify the triangle elements with a circumcircle

radius greater than αshh. Next, we further add either (1) a node at
the centre of the triangle element (technique 1) or (2) a node on
the longest edge of the triangle element (technique 2). These
techniques involve adding new nodes to the cloud of existing
nodes, which are then used to generate a new mesh through
Delaunay triangulation. The computation domain is then identi-
fied using the alpha-shape technique with αsh = 1:5. These tech-
niques mitigate the potential instability of sensitivity analysis by
identifying the computational domain using the alpha-shape
technique.
To summarize, the entire computational cycle of the sequential

limit analysis is illustrated in Fig. 5. A critical issue in each step is
identifying the computational domain based on the updated cloud
of points. The primary advantage of the SSLA is that it preserves
and updates all properties at the nodes from the previous step,
eliminating the need for variable mapping. The use of low-order
elements enhances the computational efficiency of the numeri-
cal scheme. This proposed numerical approach, combined with an
updated geometry, is well-suited for simulating large de-
formations. Furthermore, the integration of MFLA with particle
characteristics, inherited from the particle FEM framework, facil-
itates the study of progressive slope failure.
Following Nguyen (2023), 1000 samples of seismic accelera-

tions are generated to assess the effect of seismic forces on FoS
values. Horizontal (αh) and vertical (αv) seismic accelerations are
random vectors generated by the quasi-random sequence, as
shown in Fig. 6, where the magnitude of αh and αv varies from 0 to
0.5. Herein, the FoS value is a function of spatially variable soil
properties and seismic accelerations (i.e. FoS(χ) = f (c(x); φ(x); αh;

Fig. 4. Generation of nodal smoothing cells: (a) A cloud of particles; (b) Meshes generated by Delaunay triangulation and identification of the computational domain using the
alpha-shape method; and (c) Construction of smoothing cells for MFLA.

Fig. 5. Computational cycles of the sequential limit analysis: (a) Cloud of particles
with meshes generated by Delaunay triangulation at step n; (b) Triangular elements
obtained from the alpha-shape method at step n; (c) Solving equations to determine
the FoS; (d) Updated deformed mesh at step n+ 1; and (e) Updated particle positions
at step n+ 1 for generating new meshes.
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αv), where c(x) and ϕ(x) are the spatial random fields and x is
denoted as the spatial coordinate. The numerical scheme adopts
the pseudo-static approach (Nguyen and Vo-Minh, 2022a, b;
Nguyen, 2023) for seismic acceleration, in which the equivalent
seismic forces are treated as additional loads acting on soil. In
particular, the horizontal seismic acceleration results in extra
static forces, which are proportional to the soil weight and the
horizontal seismic acceleration values. Integrating such extra
forces into the body forces in the numerical procedure is
straightforward. A similar procedure is applied to vertical seismic
accelerations. The pseudo-static approach, with its simplicity and
efficiency, plays a key role in assessing seismic stability. However,
its reliability can vary considerably based on the purpose for which
it is applied. It can be appropriate for less critical structures or
during early design phases. For high-risk applications or complex
structures, more accurate dynamic analysis methods are recom-
mended to ensure safety and performance. This is because the
pseudo-static approach does not capture the time history of
seismic accelerations, which can significantly influence the soil
responses and properties during an earthquake.

2.2. Overview of DL surrogate models for slope stability analysis

In the evolution of ML and DL, numerous advanced algorithms
and architectures have been successfully applied across various
scientific and engineering domains. Early studies (Goh, 1994a, b,
1995a, b, Goh, 1996) introduced ANNs into geotechnical engi-
neering, providing novel solutions for predicting soil and rock
mechanical behavior and stability. As computational power and
algorithmic sophistication have improved, a wider range of ML
methods, including SVMs, ANN variants, and random forests, have
been employed to tackle increasingly complex geotechnical
problems (Byvatov and Schneider, 2003; He et al., 2020; Baghbani
et al., 2022; Zhang et al., 2022). More recently, DL techniques such
as CNNs, RNNs, transformers, and emerging attentionmechanisms
have provided highly efficient, flexible, and data-driven modeling
tools for geotechnical applications (LeCun et al., 2015; Vaswani
et al., 2017).
In this study, we propose a hybrid DL framework for predicting

slope stability. Slope stability analysis typically relies on finite
element simulations and randomfield generation, where the input
data encompass spatially varying soil parameters such as cohesion
(c), friction angle (φ), and unit weight (γ). These parameters are
often sampled over complex, irregular domains discretized by
FEMs. Unlike regular grids (e.g. uniform two-dimensional (2D)
pixel arrays or three-dimensional (3D) voxels), finite element
meshes yield irregular nodal distributions governed by complex
topography and geological heterogeneity. Tools like GSTools

(Müller et al., 2022) can generate unstructured random fields,
assigning soil strength parameters (c;φ; and γ) to each finite
element node without forming a regular spatial tensor suitable for
direct application of 2D or 3D convolutions.
In this study, we use the random Fourier discretemodel (RFDM)

to generate random fields. The RFDM represents a spatially vari-
able field as a sum of sinusoidal components. This approach is
advantageous because it allows for a flexible and efficient repre-
sentation of spatial correlations between points in the field. The
random field is generated by defining a spectral density function
S(k), which controls the correlation properties. The spectral den-
sity function is typically specified by a power spectrum parame-
terized by the correlation length and possible anisotropy. These
parameters determine how quickly properties change across space

and in specific directions. The Fourier coefficient f̂ is then derived
from this spectral function, allowing the random field to be
reconstructed as

f (x)=
∑

k

f̂ (k)eikx (18)

where k is the wavevector corresponding to the spatial frequency.
The RFDM ensures that the random field maintains continuous
spatial variability while accurately reflecting real-world geological
conditions. By using this model, multiple realizations of the
random field can be generated, capturing the uncertainty in the
geotechnical parameters such as cohesion and friction angle. These
realizations are then used to create training datasets for ML
models, enabling the prediction of slope stability under various
conditions.
The uncertainty in the input data propagates through the DL

model in three primary ways. First, the input soil parameters (e.g.
cohesion, friction angle, and unit weight) are generated as spatially
variable random fields, with each parameter explicitly modeled by
a log-normal distribution defined by its mean, standard deviation,
and correlation length, capturing its inherent uncertainty. Second,
due to the stochastic nature of these inputs, the model learns the
complex relationships between spatially variable features and the
FoS during training, resulting in a distribution of predictions rather
than a single deterministic value. Third, the predictions exhibit
uncertainty owing to factors such as limited training data, model
architecture, and optimization processes.
A common strategy to handle such irregular data is to ‘linearize’

it. In this approach, the parameter values at each finite element
node are arranged into a 1D sequence according to a predefined
ordering rule. In this work, we adopt an index-based ordering
method, leveraging the node numbering from the preprocessing
step of the finite elementmodel. By sequentially concatenating the
parameter values following the node indices, we transform the
inherently irregular spatial data into a 1D vector of lengthN, where
N is the total number of nodes. Although this linearization
weakens the explicit spatial adjacency encoded in 2D or 3D
structures, CNN1D and attention mechanisms can still capture
local dependencies along the sequence. In essence, while this
representation cannot fully preserve the original spatial neigh-
borhood relationships, applying Conv1D filters along the sequence
allows us to approximate local patterns and, to some extent, reflect
the underlying spatial correlations in a 1D format. Various
network architectures exhibit distinct advantages in handling
different data structures and tasks. FCNs represent one of the most
fundamental architectures, connecting every neuron in one layer
to all neurons in the next (Sakellariou and Ferentinou, 2005). Ac-
cording to the universal approximation theorems, one-hidden-
layer FCNs can fit any complex nonlinear equation, as long as
sufficient neurons are given (Hornik et al., 1989). However, the

Fig. 6. Quasi-randomly generated horizontal (αh) and vertical (αv) seismic accelera-
tions for FoS calculations in the probabilistic framework.
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general connectionmakes FCN less efficient in extracting spatial or
temporal features. In contrast, CNNs excel at capturing local
structure by applying convolutional kernels over the input data
(Krizhevsky et al., 2017; Gu et al., 2018). For 1D data, such as time
series, signal processing outputs, or linearly mapped geotechnical
parameters, CNN1D utilizes sliding kernels to extract local pat-
terns and spatial correlations between adjacent input data
(Krizhevsky et al., 2017). However, local convolutions alonemay be
insufficient to model long-range dependencies. To address this,
transformer-based attention mechanisms have emerged, demon-
strating remarkable success in capturing global context by
assigning weights to relationships between all pairs of positions in
a sequence (Vaswani et al., 2017). The classical transformer incurs
O
(
N2
)
complexity in sequence length, raising computational costs

for large inputs. Linformer, a variant of the transformer, tackles this
challenge by applying low-rank approximations to the attention
matrix, effectively reducing time and memory complexity (Wang
et al., 2020). This allows global dependency modeling to remain
tractable for longer sequences.
Our proposed multi-downsampling hybrid Linformer-CNN

model fundamentally differs from these conventional ap-
proaches in several key aspects. First, by integrating both Aver-
agePooling1D and MaxPooling1D layers in parallel, our method
performs multi-scale feature extraction that captures both mid-
level and coarse-grained global features – a capability not typi-
cally addressed by standard CNNs or FCNs. Second, the incorpo-
ration of Linformer-based self-attention layers after the
downsampling steps enables efficient modeling of long-range
dependencies while keeping computational costs low. This
hybrid architecture bridges the gap between local feature extrac-
tion and global contextual understanding, specifically tailored to
address the challenges of irregular geotechnical data.
In this research, we integrate and compare multiple architec-

tures – FCN, CNN1D, and Linformer self-attention –within a single
hybrid model. FCN provides a baseline for nonlinear mapping
between input and output, CNN1D enhances local feature extrac-
tion within the 1D sequences, and Linformer self-attention effi-
ciently captures long-range global dependencies. To further
strengthen the model's capacity to represent multi-scale features,
we design a multi-scale downsampling strategy, enabling the
simultaneous extraction of different feature levels:

(1) Two AveragePooling1D (i.e. pool size = 2) layers produce a
medium-resolution representation, capturing mid-level
features.

(2) Two MaxPooling1D (i.e. pool size = 4) layers yield a low-
resolution representation, focusing on coarser-scale, global
patterns.

By integrating these multi-resolution features, our hybrid
model can simultaneously exploit both local and global charac-
teristics of the input data. After processing through FCN, CNN1D,
and Self-determination layers, the combined model outputs a
prediction of the FOS for slope stability. Throughout training,
weights and biases are adjusted via back-propagation to minimize
prediction errors, and model performance is validated against
separate test datasets to ensure generalization.

2.2.1. FCN
FCNs (Gurney, 2018) constitute one of the most fundamental

architectures in neural network design, distinguished by their
straightforward and comprehensive connectivity. In FCNs, each
neuron within a hidden layer is connected to every neuron in the
adjacent layer, forming what are commonly referred to as ‘dense
layers’. This extensive interconnectivity enables FCNs to model

complex and nonlinear relationships between input and output
variables effectively. The learning process in FCNs involves forward
propagation, where input data are sequentially processed through
each layer, and backpropagation, where the network iteratively
adjusts its weights based on the error between predicted and
actual outputs. Despite their flexibility, FCNs are limited by their
inability to capture spatial structures and local dependencies.
Additionally, dense connections may lead to high computational
costs and an increased risk of overfitting, making them less suit-
able for tasks that require an understanding of spatial or sequen-
tial relationships.

2.2.2. CNN1D
A CNN1D extends the convolutional paradigm, originally

developed for 2D images, into the temporal or sequential domain.
In a CNN1D, filters (also known as kernels) slide along a single
spatial or temporal dimension, extracting local features from
segments of the input signal, as illustrated in Fig. 7a. Each con-
volutional operation produces a feature map that highlights pat-
terns, such as changes in soil parameters along a slope profile. 1D
pooling layers are followed by the 1D convolutional layers, as
shown in Fig. 7b. By stacking multiple convolutional and pooling
layers, the CNN1D can progressively learn hierarchical represen-
tations, starting from simple, low-level features to more complex,
higher-level patterns. This makes CNN1Ds particularly well-suited
for sequence-like data, as they naturally capture local correlations
between adjacent input elements, leading to improved general-
ization compared to fully connected layers applied directly to raw
data.

2.2.3. Multi-scale downsampling strategy
Integrating AveragePooling1D and MaxPooling1D layers in

parallel pathways allows the model to capture features at multiple
scales, which is critical for slope stability analysis. Aver-
agePooling1D computes the mean over each pooling window,
capturing the overall trends and medium-scale variations in soil
properties. This provides a smoothed representation of the data,
reflecting large-scale spatial variations in the slope. In contrast,
MaxPooling1D selects the maximum value within each window,
emphasizing local extremes that may indicate critical points of
instability, such as zones of soil weakness or imminent failure.
By integrating these two pooling strategies, our model benefits

from a comprehensive feature representation that balances both
global trends and local details. This dual approach enhances
robustness and generalization, as it reduces dependency on a
single scale of information and mitigates the effects of noise and
irregularities in the input data. Moreover, the pooling layers effi-
ciently reduce the sequence length, lowering the computational
burden for subsequent layers without sacrificing essential
information.

2.2.4. Self-attention and Linformer for efficient attention
Transformers revolutionized sequence modeling through self-

attention, which calculates interactions between every pair of
positions in a sequence, enabling the capture of long-range de-
pendencies (Vaswani et al., 2017). The self-attention can be
expressed as

Attention(Q ;K;V)= softmax

(
QKT
̅̅̅̅̅
dk

√ V

)

(19)

where dk is the dimensionality of the key vectors in the self-
attention. Fig. 8 shows calculations of Q ; K, and V in self-
attention in the transformer.
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However, the classical transformer suffers from quadratic
complexity in sequence length. The core of the transformer lies in
its self-attention mechanism, which computes attention scores by
taking the dot product of query (Q) and key (K) matrices, scaling
by the square root of the key dimension and applying a softmax
function to obtain attention weights. These weights are then used
to compute a weighted sum of the value (V) matrices. This results
in a computational complexity of O

(
N2dmodel

)
and a memory

complexity of O
(
N2
)
, where N is the sequence length and dmodel is

the dimensionality of the model. Such scaling becomes prohibitive
for long sequences.
Linformer (Wang et al., 2020) addresses this limitation by

projecting the key-value representations into a lower-dimensional

space, approximating the full attention matrix with a reduced-
rank structure. Linformer can be expressed as

Attention(Q ;K;V)= softmax

(
Q(EK)T

̅̅̅̅̅
dk

√ FV

)

(20)

where EK and F are the fixed projectionmatrices to project the key
(K) and value (V)matrices from their original sequence lengthN to
a lower dimension k. Specifically, EK can project the key K from
(N; dk) to (k;dk) and FV can project the value V from (N;dk) to (k;
dv), where k≪N. The computational complexity then goes into
O(N), which is far smaller than O

(
N2dmodel

)
. This low-rank

approximation maintains most of the information necessary for

Fig. 7. Diagrams of CNN1D: (a) 1D convolutional layers; and (b) 1D pooling layers.

Fig. 8. K, Q, and V calculated in the transformer.
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effective global context modeling while substantially decreasing
computational and memory costs. As a result, Linformer enables
efficient handling of longer sequences, allowing our model to
integrate global spatial correlations among geotechnical parame-
ters across an extensive input domain without incurring prohibi-
tive computational overhead. This makes Linformer-based self-
attention layers a powerful component in our hybrid architecture,
combining local feature extraction with efficient global feature
integration.

2.3. Overview of the newly proposed multi-downsampling hybrid
Linformer-CNN for slope stability prediction

In our approach, the spatially variable soil parameters are
defined initially on a 2D domain and then linearized into a 1D
sequence to facilitate the use of 1D convolutional (Kiranyaz et al.,
2021) and self-attention mechanisms. Although this flattening
process reduces the explicit representation of 2D spatial correla-
tions, the model still learns these dependencies indirectly through
the learned filters in the Conv1D layers and the attention weights
in the Linformer layer. In effect, the DL architecture can capture
both local and global interactions, despite the loss of an explicit 2D
structure. The multi-scale downsampling strategy effectively
learns shorter spatial correlation lengths to ensure robust local
feature extraction, while the self-attention mechanism in the
Linformer layer effectively captures long-range dependencies,
thereby enhancing the model's ability to recognize global features.
In summary, the hybrid model proposed in this study achieves

slope stability prediction through the following steps, as shown in
Figs. 9 and 10.

2.3.1. Initial data processing
First, 1D feature sequences for cohesion (c), friction angle (φ),

and unit weight (γ) are generated using random field simulations.
This process linearizes the input data, which inherently possesses
irregular geometric shapes, thereby converting them into a linear
sequence format. This transformation facilitates the application of

1D convolutional (Kiranyaz et al., 2021) and attention
mechanisms.

2.3.2. Multi-scale feature extraction
The model employs two parallel downsampling pathways to

extract multi-scale features.

(1) Hybrid Linformer-CNN pathway 1 (AveragePooling path)
(i) Conv1D layer. A 1D convolution with 32 filters and a
kernel size of 3 is applied, using the ReLU activation
function. This layer detects local patterns within small
segments of the input sequence.

(ii) AveragePooling1D layer. The dimensionality is reduced
by averaging over a pool size of 2, effectively capturing
mid-level features while retaining essential
information.

(iii) LinformerSelfAttention layer. The LinformerSelfAtten-
tion mechanismwith a projection dimension k = 256 is
applied to capture long-range dependencies efficiently
within the medium-scale features.

(2) Hybrid Linformer-CNN pathway 2 (MaxPooling path)
(i) Conv1D layer. A 1D convolution with 32 filters and a
kernel size of 3 is applied, using the ReLU activation
function.

(ii) MaxPooling1D layer. This layer reduces the dimen-
sionality by taking the maximum value over a pool size
of 4, emphasizing prominent, global features.

(iii) Conv1D layer. Another Conv1D layer with 32 filters and
a kernel size of 3 further processes the coarse features.

(iv) MaxPooling1D layer. A second MaxPooling1D layer
with a pool size of 4 continues the downsampling
process.

(v) LinformerSelfAttention layer. The LinformerSelfAtten-
tion mechanismwith a projection dimension k = 256 is
applied to efficiently capture long-range dependencies
within the coarse-scale features.

Fig. 9. The architecture of the hybrid Linformer-CNN.
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Each pathway processes the input sequences at different scales,
enabling the model to capture both fine and broad patterns within
the data.

2.3.3. Feature fusion and global modeling
The outputs from the two parallel pathways are concatenated

to form a unified feature representation.

2.3.4. Prediction and model optimization
Finally, the fused and globally modeled features are fed into an

FCN, which outputs the predicted FOS for slope stability. During
training, the model continuously adjusts its parameters through
backpropagation tominimize prediction errors. The generalization
capability of the model is validated using separate validation and
testing datasets to ensure robustness and reliability.
Compared to traditional single-architecture models, the pro-

posed hybrid model more effectively leverages the inherent
characteristics of irregular slope geometries and random field

inputs by integrating both local and global perspectives. In terms
of simulation cost, the DLmodel offers a significant advantage over
cumbersome numerical simulations by providing rapid prediction
results once training is complete. This efficiency makes the model
a highly effective and reliable tool for slope stability analysis.

3. Validation of numerical analysis

Firstly, the MFLA using NS-FEM is applied to compute the slope
stability for a range of slope angles in homogeneous soil with φ =

20∘ to prove its robustness in calculating the slope stability.
Together with the MFLA, other procedures of the kinematic limit
analysis using cell-based smoothed FEM (CS-FEM) and SOCP
(Nguyen, 2021b; Nguyen and Nguyen-Son, 2022; Nguyen and Vo-
Minh, 2022a) are used to compute seismic slope stability. As
shown in Fig. 11, the input properties, including finite element
meshes, boundary conditions, material properties, and seismic
accelerations, are specified for both static and seismic slope

Fig. 10. Illustration of building a multi-downsampling hybrid Linformer-CNN model for the undrained stability of spatially variable slopes.
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stability analyses. The so-called stability number, Ns = γʹH= ć ,
serves as a quantity that quantifies the slope stability. To obtain Ns,
the choice of γʹ = 1;H = 1, and ć = 1 is made in simulations. The
numerical results are listed in Table 1, where excellent agreement
is found between the novel method and prior contributions.
Notably, the present results outperform the classical UB solutions
given by Lyamin and Sloan (2002a) and Krabbenhøft et al. (2005).
Moreover, the present numerical scheme yields a better slope
stability number than Chen and Liu (1990)'s analytical upper
bound solution. Fig. 12 illustrates that the present results lie be-
tween the lower-bound (LB) solution given by Lyamin and Sloan
(2002a) and the UB provided by Chen and Liu (1990), proving
the accuracy of the newly proposed numerical approach.

Secondly, a comparison of variations in seismic stability with
different combinations of αh and αv for a slope with β = 70∘ and
φ = 20∘ is presented in Table 2, revealing excellent agreement
between the present results and those obtained by the UB limit
analysis using the CS-FEM (Nguyen, 2021b; Nguyen and Nguyen-
Son, 2022; Nguyen and Vo-Minh, 2022a). Fig. 13 illustrates that
the seismic slope stability results obtained using the proposed
method are superior to those provided by the UB using CS-FEM,
demonstrating the capabilities of the newly proposed method
for calculating seismic slope stability. Moreover, several simula-
tions are carried out to investigate seismic slope stability for
various slope angles. As shown in Fig. 13, an upward vertical

Fig. 11. Meshes and boundary conditions for slope stability under seismic conditions: (a) Triangle and (b) quadratic element meshes.

Table 1
UB and LB for the stability of slopes with various slope angles and φ = 20∘ (Ns = γ́ H =ć ).

Slope angle (◦) Ns value

LB (Lyamin and Sloan, 2002a) UB (Chen and Liu, 1990) UB (Lyamin and Sloan, 2002b) UB (Krabbenhøft et al., 2005) MFLA using NS-FEM

90 5.41 5.50 5.67 5.67 5.48
80 6.58 6.75 6.89 6.89 6.72
70 8.12 8.30 8.44 8.44 8.26
60 10.21 10.39 10.54 10.54 10.33
50 13.44 13.63 13.79 13.79 13.55

Fig. 12. Slope stability for a range of slope angles in a homogeneous soil with φ = 20∘ .

Table 2
A comparison of seismic stability numbers for slope with β = 70∘ and φ = 20∘ (Rα = αh =αv).

αh MFLA using NS-FEM UB using CS-FEM

Rα = 2 Rα = 1 Rα = 0 Rα = − 1 Rα = − 2 Rα = 2 Rα = 1 Rα = 0 Rα = − 1 Rα = − 2

0 8.26 8.26 8.26 8.26 8.26 8.3 8.3 8.3 8.3 8.3
0.1 8.4 7.64 7 6.46 6 8.44 7.67 7.03 6.49 6.02
0.2 8.08 6.89 5.96 5.24 4.66 8.11 6.91 5.98 5.26 4.68
0.3 6.75 6.01 5.1 4.37 3.8 6.79 6.04 5.12 4.39 3.81
0.4 4.46 5.03 4.39 3.72 3.2 4.5 5.06 4.41 3.74 3.21
0.5 3.22 3.89 3.8 3.23 2.76 3.27 3.91 3.81 3.24 2.77

Fig. 13. Comparison of variations of seismic slope stability with Rα = αh=αv.
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seismic acceleration results in a slight increase in the seismic
stability number. However, the stability number decreases signif-
icantly for positive vertical seismic acceleration at high values of
Rα = αh/αv (i.e. αh ≥ 0.3). The corrective parameter (i.e. eα

sE = Nα
sE=

Ns) representing the reduction in seismic slope stability compared
to its static counterpart, is also computed and shown in Fig. 14,

Fig. 14. Variations of the seismic slope stability number and the corrective factor with various ratios (Rα = αh=αv) for three slope angles with φ = 20∘: (a) Nα
sE at β = 50∘; (b) eα

sE =

Nα
sE=Ns at β = 50∘; (c) Nα

sE at β = 60∘; (d) eα
sE = Nα

sE=Ns at β = 60∘; (e) Nα
sE at β = 70∘; and (f) eα

sE = Nα
sE=Ns aat β = 70∘ .

Table 3
Characterisation of geotechnical variability for undrained stability analyses using
MFLA (Griffiths and Fenton, 2004).

Parameter μ ν lx ly

cu (kPa) 50 0.8 20 20
φ (◦) 0 0 – –
γ (kN/m3) 20 0 – –

Fig. 15. Meshes, boundary conditions, and geometry of slopes for the undrained
stability analyses of spatially variable slopes.
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where a negative vertical seismic acceleration results in a signifi-
cant drop in seismic stability. It is observed that eα

sE almost con-
verges when the value of αh reaches 0.5, regardless of the value of
αv.
Readers can refer to Nguyen et al. (2025a, b) for more details on

the computational efficiency of the numerical framework.

Specifically, the reported CPU times reflect the duration spent on
the interior-point iterations used to solve stability problems. The
analyses included the number of variables, CPU times, and stability
numbers for methods employing triangular elements, such as the
FEM and edge-based smoothed FEM (ES-FEM) (Nguyen, 2020).
These results demonstrate that the current numerical method
exceeds the capabilities of smoothed finite element limit analysis,
highlighting the effectiveness of our approach in geotechnical
engineering analysis.

4. Numerical analysis and DL surrogate models for the
stability of spatially variable slopes

This section highlights five key instances to demonstrate the
effectiveness of data-driven surrogate models in replacing sto-
chastic simulations for slope stability, particularly in spatial random
fields. The potential time and resource savings are significant and
impressive. Firstly, we analyze slope stability in a single layer where
cohesion and friction angles vary spatially. A series of stochastic
simulations using the MFLA is conducted to determine the

Fig. 16. Comparison between static and seismic slope stability: (a) Upward vertical
seismic accelerations; and (b) Downward vertical seismic accelerations.

Fig. 17. Correlation of cohesion distributions to failure mechanisms.
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undrained stability and the drained stability of the slope. Secondly,
we perform stochastic simulations to assess the stability of stratified
clay layers, which consist of two layers of clay with spatially random
soil properties, also utilizing MFLA. Thirdly, this section investigates
the stability of an embankment dam situated on a clay layer. Finally,
post-failure slope stability analyses under large deformation are
investigated using the newly developed numerical scheme based on
the NS-FEM. A brief overview of the process for generating spatially
randomfields is presented, as this is a crucial step in establishing the
statistical parameters needed for MFLA simulations. This process is
crucial for conducting stochastic simulations of slope stability,
which generate a dataset of FoS values. These values are subse-
quently employed to develop DL surrogate models, a primary focus
of this research, which aims to replace stochastic simulations and
thereby reduce computational efforts. The robustness of these data-
driven surrogate models is significantly influenced by the choice of
ML algorithms. The importance of these algorithms cannot be
overstated, as they are the backbone of our intelligent surrogate
models. To this end, various DL algorithms are utilized to build these
models.

4.1. Undrained stability of spatially variable slopes

Table 3 shows the typical statistical information of soil pa-
rameters (Phoon and Kulhawy,1999; He et al., 2020), where μ and ν
are the mean and standard deviation of a log-normal random field,
respectively; and li denotes the spatial correlation distance in the i
direction. Many slope samples with spatial random fields are
prepared for stochastic simulations using MFLA (Nguyen, 2023;
Nguyen et al., 2025a).

Fig. 15 illustrates the meshes, boundary conditions, and
computational domains used for undrained stability analyses of
spatially variable slopes, specifically corresponding to Example 1
described in He et al. (2020). For all stochastic simulations, the soil
weight is set at γ = 20 kN=m3, and the friction angle is assumed to
be φ = 0◦. The FoS is thus dependent on the spatial variability of
the undrained cohesion, represented mathematically as FoS(χ) =

f (cu(x)).
A comparison between the static and seismic FoS values is

shown in Fig.16, where, for all cases, seismic FoS values are smaller
than their static counterparts for the downward vertical seismic
acceleration. Moreover, the failure pattern and the corresponding
FoS value are shown in Fig. 17, where there are no simple links
between the magnitude of the FoS value and the failure domain. In
addition, Fig. 17 provides insight into the crucial role of undrained
cohesion distribution in affecting its FoS value. In particular, the
FoS value increases when failure zones have a high undrained
cohesion.
Tables 4 and 5 list hyperparameters used to build surrogate

models using CNNs and FCNs. Fig.18 depicts the performance of DL
surrogate models to predict FoS values of undrained and drained
slope stability, respectively. It is demonstrated that DL surrogate
models, utilizing CNNs and FCNs, effectively handle multiple un-
certainties and efficiently predict the values of the FoS. Specifically,
Fig.18a shows the results from a one-dimensional CNN (CNN1D) in
static conditions. The black solid lines are ideal regression lines,
and the dots represent training data (black dots), validation data
(red dots), and testing data (blue dots). All points should fall on the
ideal regression line if the data can be perfectly regressed. The
mean absolute percentage error (MAPE) directly expresses the
difference between the predicted and numerical values from
MFLA. In this study, the MAPE values for the training, validation,
and testing datasets are 4.8 %, 8.6 %, and 7.2 %, respectively. To
avoid overfitting, a large ratio (0.5) of dropout is used. Considering
the scale issue between input and output data, a min-max
normalization scheme is adopted in this study (i.e. valuescaled =

(value − valuemin)=(valuemax − valuemin). In seismic situations, the
regression performance of FCN is not good because the normalized
strength matrix and seismic acceleration have no numerical dif-
ference. The strength matrices of over 3000 elements in the fully
connected layer input can quickly dilute the weight of the two
seismic accelerations. Therefore, CNN was adopted in this study
under different conditions.
Fig. 19 compares the calculated and predicted FoS using various

ML methods (i.e. FCNs, CNNs, and LCNs). The surrogate models
using FCNs fail to accurately predict the FoS with a low correlation
coefficient (R2) of 0.558 for the testing set. Both CNNs and LCNs
produce more accurate predictions for the testing set with a high

Table 5
Near-optimal hyperparameters used in CNNs and FCNs algorithms.

FCN CNN

Hidden layer = 2 Hidden layer = 1
NF1 = 600 C1 = 8;C2 = 16;C3 = 32
NF2 = 300 NF1 = 100
Lr = 0:001 Lr = 0:001

Fig. 18. DL surrogate models for predicting FoS values for Example A.

Table 4
Parameters used in CNNs and FCNs algorithms.

Parameter Value

Neuron 100
Learning rate 0.001
Epoch 5000
Root mean square error (RMSE) 1× 10− 6
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Fig. 19. DL surrogate models employing various ML algorithms to predict the FoS value and the cumulative probability of the FoS for spatially variable slopes with γ = 16 kN=m3:
(a) Predicted FoS values using FCNs; (b) Cumulative probability of predicted FoS value using FCNs; (c) Predicted FoS values using CNNs; (d) Cumulative probability of predicted FoS
value using CNNs; (e) Predicted FoS values using LCNs; and (f) Cumulative probability of predicted FoS value using LCNs.
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Fig. 20. MAPE and R2 for different dropout ratios.

Fig. 21. Training loss for surrogate models shown in Fig. 19.

Fig. 22. Meshes, boundary conditions, and geometry of slopes for drained stability analyses of spatially variable slopes.

Table 6
Characterisation of geotechnical variability for drained stability analyses using
MFLA (He et al., 2020).

Parameters μ ν lx ly

cu (kPa) 50 0.8 20 20
φ (◦) 20 0.2 10 10
γ (kN/m3) 20 0 – –

Fig. 23. Comparison between static and seismic slope stability: (a) upward vertical
seismic accelerations; and (b) downward vertical seismic accelerations.
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R2 of 0.937 and 0.97, respectively. The cumulative probability of
FoS for the validating data aligns well with the training data in
both CNNs and LCNs. However, it deviates from the training set in
FCNs. This further emphasizes the advantages of CNNs and LCNs
over FCNS for the FoS predictions of spatially variable soil slopes.
It took several minutes to complete a simulation, requiring

several hours to several days to gather data for thousands of sto-
chastic simulations using the current numerical approach. Inter-
estingly, the DL surrogate model significantly reduces
computational efforts and time required to obtain such a large
amount of data with quite accurate levels. For instance, it took up
to 4 h to display all FoS data in Fig. 19; however, we can predict

such an amount of FoS data in less than 5 min. It is worth noting
that DL surrogate models can replace the stochastic simulations,
where predicted and calculated FoS values are almost equal.
Dropout is a regularization technique that helps to prevent

overfitting by randomly deactivating a portion of the neurons
during training. An excessively high dropout rate could hinder the
model's ability to learn, while a too low rate may not offer
adequate regularization, leading to overfitting. Following pre-
liminary experiments, a rate of 0.2 is used, which effectively reg-
ularizes the model without sacrificing much learning capacity.
Specifically, this value enables the model to learn efficiently
without becoming overly reliant on specific features, which can

Fig. 24. Effects of spatial variables on failure patterns and corresponding FoS values.

Fig. 25. DL surrogate models for predicting FoS values: (a) Static conditions; and (b) Seismic conditions.
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Fig. 26. DL surrogate models using various ML algorithms for predicting the FoS value and the cumulative probability of FoS value of the slope with γ = 16 kN=m3: (a) Predicted
FoS values using FCNs; (b) Cumulative probability of predicted FoS value using FCNs; (c) Predicted FoS values using CNNs; (d) Cumulative probability of predicted FoS value using
CNNs; (e) Predicted FoS values using LCNs; and (f) Cumulative probability of predicted FoS value using LCNs.
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potentially cause overfitting, particularly in small or noisy data-
sets. The results demonstrate the model's performance under
various dropout ratios. There is no significant difference between
the various dropout rates; however, a rate of 0.2 has a slightly
better effect (see Fig. 20).
A learning rate of 0.0001 was chosen after initial experiments

to select a value that guarantees stable convergence of the model.
Fig. 21 shows a plot of the training loss, with blue and red lines
representing the training and validation loss, respectively. The
figure demonstrates that the model has reached reasonable
convergence. When training complex architectures such as CNNs
and FCNs, a lower learning rate, like 0.0001, is often preferred to
ensure optimization stability and gradual convergence. An exces-
sively high learning rate could cause unstable training or poor
convergence, while an excessively low learning rate might lead to
longer training times or getting stuck in suboptimal solutions.

4.2. Drained stability of spatially variable slopes

Fig. 22 illustrates the typical mesh configurations, boundary
conditions, and geometry of slopes employed in drained stability
analyses. All statistical parameters of the spatially random field are
detailed in Table 6. Notably, the spatial distribution of cohesion,
c(x), closely resembles the undrained stability example described
earlier, as outlined in Table 3. The mean value μφ = 20∘ and the
standard deviation νφ = 0:2 for the spatially log-normal distribu-
tion of the friction angle ϕ (x) are specified, with a spatial corre-
lation distance of lφ = 10. The boundary conditions and
computational domains are consistent with those presented in
Example 2 by He et al. (2020). The soil weight is set for all sto-
chastic simulations to γ = 20 kN=m3.
A comparison between the static and seismic FoS values is

shown in Fig. 23, where, for all cases, seismic FoS values are

smaller than their static counterparts for the downward vertical
seismic acceleration. Moreover, Fig. 24 links the failure pattern to
the distribution of spatial friction angle. FoS values increase when
a high magnitude of friction angle is distributed into failure zones.
Fig. 25 exhibits the performance of DL surrogate models to

predict FoS values of undrained and drained slope stability,
respectively. It is shown that DL surrogate models using CNNs and
FCNs effectively handle multiple uncertainties and efficiently
predict the FoS values. Fig. 25 illustrates the prediction perfor-
mance of DL-based surrogate models for FoS under static and
seismic conditions, where both cohesion and friction angle are
considered as input random fields. Compared with Fig. 18, with
cohesion as the only spatially variable parameter, Fig. 25 repre-
sents a more complex input configuration with increased channel
dimensionality. The CNN-based surrogate model maintains stable
and accurate regression performance under both loading condi-
tions. The predicted FoS values remain closely distributed around
the ideal regression line for the training, validation, and testing
datasets. The magnitude of the mean absolute percentage error
(MAPE) remains consistent with that observed in Example A,
indicating that the CNN architecture is robust to variations in both
the number and type of geotechnical input parameters. In

Fig. 27. Meshes and boundary conditions of two-layered slopes in spatially random soils: (a) Layered slope geometry; and (b) Meshes and boundary conditions.

Table 7
Statistical properties of soil parameters for a two-layered hypothetical slope (Ching
et al., 2009).

Clay layer Parameter μ ν lx ly

1 cu 120 kPa 0.3 10 10
φ 0◦ 0 – –
γ 19 kN/m3 0 – –

2 cu 160 kPa 0.3 10 10
φ 0◦ 0.0 – –
γ 19 kN/m3 0 – –
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particular, the testing MAPE values for slopes in Example B are
approximately 7 %–8 % under static conditions and around 8 %–9 %
under seismic conditions, which are comparable to the results
obtained in Fig. 18. This consistency demonstrates that the CNN-
based surrogate model can effectively capture global spatial cor-
relations in slope stability problems, even when multiple random
fields are simultaneously considered. The uniform mesh and
consistent spatial adjacency adopted in the MFLA framework
further facilitate the application of CNNs to different problem
configurations without requiring structural modifications to the
network architecture.

Fig. 26 shows the calculated and predicted FOS of drained
slopes in spatially variable cohesive and frictional soils, based on
calculated and predicted FoS. The results indicate the same trend:
FCNs produce the worst predictions of FoS, while LCNs achieve the
best predictions. However, compared to the predicted FoS of the
undrained slopes with spatially variable cohesion in Fig. 19, the DL
surrogate model produces a lower resolution for the predicted FoS
of the drained slopes in Fig. 26. This can be attributed to the
bivariable cohesion and friction random fields for the drained
slopes, which introduce additional uncertainties and reduce the
prediction accuracy of the FoS.

Fig. 28. Effects of spatial cohesion distribution on the failure pattern and the corresponding FoS value of the stratified clayed slope.

Fig. 29. DL surrogate model using hybrid Linformer-CNNs for predicting the FoS value and the cumulative probability of FoS value for two-layer slopes: (a) Predicted FoS values;
and (b) Cumulative probability of predicted FoS value.
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4.3. Stability analysis of layered slopes with spatially random soils

Following the work of Ching et al. (2009), a series of stochastic
simulations was conducted to assess the stability of a stratified
slope comprising two clayed layers. The geometry, mesh config-
urations, and boundary conditions for these two-layered slopes in
spatially random soils are illustrated in Fig. 27, where the weaker
clay layer is situated atop the stronger one.
In this analysis, uncertainty in the undrained shear strength for

both layers is modeled using a lognormal distribution with a co-
efficient of variation (COV) of 0.3. The statistical properties of the
soil parameters for the hypothetical two-layered slope are sum-
marized in Table 7.
According to Ching et al. (2009), two distinct failure modes can

occur. The first failure mode arises within the upper layer, influ-
enced by its inherent uncertainties, while the second can propa-
gate through both layers. Fig. 28 illustrates the failure patterns and

the corresponding FoS for various distributions of undrained shear
strength, highlighting the impact of uncertainties in the two
clayed layers on the stability of stratified slopes.
Notably, Fig. 28a and b demonstrates that failure predomi-

nantly occurs within the upper layer when the weaker clay layer is
positioned above the stronger one. Furthermore, the failure zone
expands and deepens, manifesting shear bands associated with
the weaker undrained shear strength, as depicted in Fig. 28c–e.
These observations underscore the importance of conducting
stochastic analyses for evaluating slope stability.
A series of computational analyses was conducted to evaluate

the FoS values of stratified clay slopes. The numerical results ob-
tained from these analyses were subsequently utilized to train ML
algorithms for constructing surrogate models. As illustrated in
Fig. 29, the DL surrogate model employing the hybrid Linformer-
CNN exhibits a strong capability for accurately predicting FoS
values. Notably, the predicted FoS values closely align with the
numerical results, as indicated by their proximity to the perfect
regression line (Fig. 29a).
Furthermore, the MAPE for validation (MAPEval = 2.23 %) and

testing (MAPEtest = 2.03 %) provides compelling evidence of the
efficacy and reliability of the DL surrogate models in estimating
the FoS for stratified slopes. Both numerical and predicted FoS
values are used to plot the cumulative probability, as shown in
Fig. 29b, demonstrating no discrepancies between these values.
Additionally, we compare the frequency distribution of FoS

Fig. 30. Frequency distribution of FoS values from DL surrogate models using hybrid
Linformer-CNNs.

Fig. 31. (a) Geometry and (b) meshes and boundary conditions of an embankment dam with spatially random soils.

Table 8
Statistical properties of soil parameters for an embankment dam resting on a clay
layer using MFLA (Chowdhury and Xu, 1995).

Layer Parameter μ ν lx ly

1 c 10 kPa 0.2 10 10
φ 12◦ 0.25 10 10
γ 20 kN/m3 0 – –

2 cu 40 kPa 0.2 10 10
φ 0◦ 0 – –
γ 18 kN/m3 0 – –
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values derived from MFLA simulations with those predicted by DL
surrogate models utilizing hybrid Linformer-CNNs. As shown in
Fig. 30, both approaches yield nearly identical mean FoS values,
specifically, μFoS = 1:8181 for the MFLA simulations and μFoS =
1:8202 for the predictions from the DL surrogate model. These
comparisons validate the capability of DL surrogate models to
effectively replace stochastic simulations when assessing the sta-
bility of stratified clay slopes.

4.4. Stability analysis of an embankment dam with spatially
random soils

In addition, we evaluate the stability of a fill embankment
supported by a clay layer using the modified FEM (MFLA). Fig. 31
presents the geometry of the embankment dam, along with the
corresponding mesh and boundary conditions, incorporating the
effects of spatially random soil properties. The sizes of the
computational domains and the soil properties used in our anal-
ysis are consistent with the examples provided by Chowdhury and
Xu (1995). Detailed statistical characteristics of the soil parameters
are presented in Table 8, where the clay layer has a unit weight of
γ = 18 kN=m3. The spatially random cohesion is described by a
mean value of μcu = 40 kPa and a COV of νcu = 0:2.
A total of 800 stochastic simulations were conducted to

develop surrogate models using various ML algorithms. These
models aim to replace the traditional stochastic analysis of the
stability of embankment dams supported by spatially variable clay
layers. Fig. 32 demonstrates the variation in failure patterns cor-
responding to different spatial cohesion distributions, highlighting
how shear bands tend to form along weak zones in the undrained
cohesion. For example, when the embankment dam rests on a
relatively strong clay layer, failure is confined to the first layer, as

shown in Fig. 32a. However, as the undrained shear strength of the
clay layer diminishes, the failure zone deepens, indicating
increased vulnerability of the dam, as illustrated in Fig. 32c and d.
The obtained FoS values and their corresponding random fields

are used to train ML-based surrogate models. Fig. 33 compares the
calculated and predicted FoS values using three different surrogate
models: CNNs, LCNs, and hybrid Linformer-CNNs. All three models
demonstrate the capability to predict the FoS of an embankment
dam with spatially random soils. However, the hybrid Linformer-
CNN-based surrogate model delivers the most accurate pre-
dictions, achieving the highest correlation coefficients (R2= 0.959)
for the training data and R2= 0.932 for the testing data. In contrast,
the CNN-based surrogate model exhibits the weakest perfor-
mance, with the lowest R2 of 0.877 for the training data and 0.631
for the testing data. The cumulative probability comparison of FoS,
as shown in Fig. 33, further reinforces these findings. These results
indicate that the hybrid Linformer-CNN-based surrogate model
offers the highest precision and is the most suitable for predicting
the FoS of an embankment dam with spatially random soils.
Fig. 34 presents the distribution of predicted FoS values based

on CNN and hybrid Linformer-CNN surrogate models. Both
methods effectively estimate the mean FoS. For example, the CNN-
based surrogate model predicts a mean FoS of 0.9447, while the
hybrid Linformer-CNN-based surrogatemodel predicts a mean FoS
of 0.9505. Both values are very close to the calculated mean FoS of
0.9466. However, when it comes to the standard deviation, the
hybrid Linformer-CNN-based surrogate model performs notably
better, predicting a standard deviation of 0.1247, which closely
matches the calculated value of 0.1311. Conversely, the CNN-based
surrogate model predicts a standard deviation of 0.1032, which is
significantly lower than the estimated value. This discrepancy
could lead to incorrect predictions of the FoS distribution and

Fig. 32. Effects of spatial cohesion distribution on the failure pattern and the corresponding FoS value of an embankment dam.
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Fig. 33. DL surrogate models using various ML algorithms for predicting the FoS value and the cumulative probability of FoS value for an embankment dam: (a) Predicted FoS
values using CNNs; (b) Cumulative probability of predicted FoS value using CNNs; (c) Predicted FoS values using LCNs; (d) Cumulative probability of predicted FoS value using
LCNs; (e) Predicted FoS values using hybrid Linformer-CNNs; and (f) Cumulative probability of predicted FoS value using hybrid Linformer-CNNs.
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cumulative probability, thereby impacting the reliability assess-
ment and risk estimation of dam failure.
These findings suggest that the hybrid Linformer-CNN-based

surrogate model is the superior choice for predicting the FoS and
its distribution of an embankment dam with spatially random
soils. Moreover, they underscore the importance of selecting the
most appropriate ML methods for constructing surrogate models
to ensure accurate and reliable predictions for the performance
and behavior of spatial variable geo-structures.

4.5. Post-failure analysis using the newly developed sequential
limit analysis

We investigate the post-failure of spatially variable slopes us-
ing the example of drained stability (see Fig. 22), where the
cohesion and friction angle are spatial random fields. Fig. 35 de-
picts the evolution of a typical post-failure landslide simulated by
the newly developed sequential limit analysis based on the
Hellinger-Reissner functional using NS-FEM. In Step 1, initial fail-
ure is captured using the mixed limit analysis formulation. How-
ever, plastic strain bands form and become increasingly
pronounced as the simulation progresses, leading to increased
instability and a corresponding increase in the FoS value. The
landslide exhibits both forward motion and retrogressive slip
surfaces, resulting in soil loss and instability in the direction of the
landslide flow. Herein, we assessed the failure pattern and its
corresponding failure at three different large deformations, and
several quasi-rotational slip surfaces are visible, suggesting that a
complex failure pattern has developed. These intricate failure
bands result from the spatial variability of the random fields,
which refers to the non-uniform distribution of cohesion and
friction angle across the slope, as well as the horizontal layering, or
the stratification of the soil layers in a horizontal direction.
In addition, we monitored the position of the crest (i.e. the

point X) and the corresponding FoS values using the newly
developed numerical scheme based on nodal smoothing domains,
as illustrated in Fig. 36. The capabilities of surrogate models in
predicting stability and conducting post-failure analyses of
spatially variable slopes are demonstrated in Figs. 35 and 37.
Notably, the DL surrogate model excels at predicting FoS values

throughout various phases of a typical post-failure landslide,
underscoring its practical implications.
Our observations indicate that FoS values tend to increase

alongside forwardmovement and retrogressive slip surfaces, likely
due to soil loss and resulting instability. Furthermore, the surro-
gate model effectively captures the position of the crest during the
progression of post-failure landslides, reinforcing the practical
relevance of our findings. The predicted values for the crest's po-
sition closely align with the calculated values, resulting in a nearly
perfect regression line (Fig. 37a and b).

4.6. Model limitations and transferability

The model developed in this study has demonstrated exem-
plary performance in predicting slope stability within the specific
geological contexts represented in the training dataset. However, it
is essential to note that the model's performance may be limited
when applied to significantly different geological conditions. The
primary limitations are as follows.

(1) Limited training data scope

The model was trained using a specific set of slope configura-
tions and soil properties. As such, it may not generalize well with
conditions that deviate substantially from those represented in the
training dataset. For instance, the model was trained in random
fields generated under specific assumptions about the spatial
variability of soil parameters. Therefore, extreme geological con-
ditions such as materials with very different characteristics (e.g.
rock) might not be adequately predicted by the model.

(2) Sensitivity to input variability

The accuracy of our model is strongly dependent on the
representativeness of the input data. It is supposed that the
training dataset does not encompass a wide range of soil proper-
ties, slope geometries, or boundary conditions. In that case, critical
dependencies may be overlooked, potentially leading to inaccurate
predictions in contexts not represented in the dataset.

Fig. 34. Frequency distribution of FoS values from DL surrogate models using (a) CNNs and (b) hybrid Linformer-CNNs. Std denotes the standard deviation.
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Fig. 35. Effects of spatial cohesion distribution on the failure pattern and the corresponding FoS value for various time steps.
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(3) Transferability to unrepresented geological contexts

Although the current model is tailored to specific slope con-
figurations, its DL architecture offers potential for transferability.
By retraining or fine-tuning with new data from diverse geological
contexts, the model can adapt to novel conditions. Techniques
such as transfer learning and domain adaptation may further
enhance its generalizability. In future work, we plan to integrate
additional external datasets covering diverse geographical regions,
soil types, and slope configurations to expand the model's
applicability.

5. Conclusions

This study presents a novel framework that integrates a newly
developed sequential limit analysis based on the Hellinger-
Reissner variational principle with an innovative DL architecture,
the multi-downsampling hybrid Linformer-CNN model, to eval-
uate the stability of spatially variable slopes. The NS-FEM-based
MFLA significantly enhances computational accuracy and conver-
gence by smoothing strain fields and mitigating numerical dis-
continuities inherent in traditional FEM. This advancement not
only generates reliable datasets for stochastic simulations under
both static and seismic loading conditions but also establishes a
robust foundation for subsequent DL surrogate modeling.
The core innovation of this research lies in the development of

the multi-downsampling hybrid Linformer-CNN model, which
effectively combines multi-scale 1D CNNs with Linformer-based
self-attention mechanisms. By employing parallel downsampling
pathways utilizing AveragePooling1D and MaxPooling1D layers,
the model adeptly captures features at varying granularities –
medium-scale features through average pooling and coarse-scale
features through max pooling. This multi-scale feature extraction

is further enhanced by Linformer self-attention layers, which
efficiently capture long-range dependencies within the data while
maintaining computational and memory efficiency through low-
rank approximations.
Comprehensive validation across multiple scenarios, including

single-layer slopes, stratified clay layers, and embankment dams,
demonstrates the superior performance of the proposed frame-
work. The NS-FEM-based MFLA consistently outperforms classical
UB solutions, showcasing its robustness and accuracy in
computing the FoS. Concurrently, the multi-downsampling hybrid
Linformer-CNN model exhibits exceptional predictive capability,
achieving an MAPE below 10 % across training, validation, and
testing datasets. Comparative analyses reveal that this hybrid
model surpasses traditional FCNs and standard CNNs in both ac-
curacy and reliability, particularly under seismic conditions where
CNNs demonstrate enhanced performance over DNNs.
Moreover, the DL surrogate models offer substantial reductions

in computational time, effectively replacing resource-intensive
stochastic simulations without compromising prediction accu-
racy. The integration of multi-scale feature extraction with effi-
cient global dependency modeling ensures that the framework is
both scalable and adaptable to complex geotechnical conditions.
The application of FCNs to integrate multi-scale features further
enhances the model's predictive capabilities, enabling the precise
estimation of FoS values essential for slope stability assessments.
By merging advanced numerical methods with state-of-the-art

DL techniques, the proposed framework provides a highly effective
and reliable tool for rapid slope stability analysis. This integration
not only enhances the accuracy and efficiency of stability pre-
dictions but also facilitates real-time assessments in engineering
projects, thereby supporting informed decision-making and risk
management.
Efforts should focus on developing a dynamic elastoplastic

framework using the θ-method to enhance its robustness in
accurately capturing runout distances. Additionally, excluding
elastic deformation from the constitutive model introduces a new
SSLA that integrates the time domain into the numerical proced-
ure. This approach enables us to consider strength reduction as
deformation increases easily. The new framework can be validated
against approaches based on the material point method (MPM)
(Ma et al., 2022a, b; 2024; Li et al., 2025). These studies offer
probabilistic frameworks for landslide analysis, uncertainty
quantification, and runout distance modeling, which are pertinent
to the future development of the current numerical framework.
Additionally, future improvements could explore a 2D CNN

architecture or a spatial attentionmechanism that accounts for the
2D nature of spatial correlations in the data, thereby better pre-
serving direct spatial relationships. Alternatively, positional

Fig. 36. Illustration of the stability and post-failure analyses using the newly devel-
oped SSLA: (a) Initial failure of spatially variable slopes; and (b) Post-failure of
spatially variable slopes.

Fig. 37. Calculated and predicted positions of the crest: (a) The movement of the crest in the x-direction; and (b) The movement of the crest in the y-direction.
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encoding or graph-based neural networks may be investigated to
represent spatially correlated data more effectively within a DL
model.
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