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ABSTRACT

A robust control method for the uncertain vertical electric stabilization system (VESS) with flexible nonlinearity is proposed,
and the mismatched uncertainty is considered and compensated based on the backstepping idea. First, based on evaluating
the coupling effects of the flexible nonlinearity, the analytical dynamics model of the VESS is established. Second, the

tracking error is defined as the evaluation of the system's pitch-pointing tracking control, and then the mismatched state

space model with two interconnected subsystems is established as the controlled system. Third, the original mismatched

system is converted to the locally matched system using the backstepping design to transform the system state variables. The

robust control is proposed to handle the flexible nonlinearity and mismatched uncertainty, which can make both the original

system and the reconfigured system present practical stability. Finally, the effectiveness of the proposed control is verified by

numerical simulation experiments. This study should be the first to consider flexible nonlinearity coupling and two different

uncertainties (matched and mismatched uncertainty) in the design of pitch-pointing tracking control for the vertical electric

stabilization system (VESS).

1 | Introduction

To enhance survival and combat effectiveness on the battle-
field, modern tanks are designed with an emphasis on light-
ness and speed. However, this design approach often leads to
increased hull vibration [1], which exacerbates the impact of
flexible nonlinearity on the tank pitch-pointing tracking
control [2, 3]. Given that the mechanical structure of the tank
vertical electric stabilization system (VESS) primarily consists
of the actuator (electric cylinder) and the load mechanism
(barrel), a comprehensive analysis of the flexible character-
istics of both the electric cylinder and the barrel is essential
for improving the pitch-pointing tracking control perform-
ance of modern tanks.

As a critical component of modern tank fire control systems,
the control performance of the VESS directly influences the
accuracy and hit rate of tank firing [4, 5]. In recent years,
significant research has been conducted to analyze the
coupling relationships among the servo motor, gearbox, ball
screw system, and control system of the VESS. Novel control
algorithms have been proposed to enhance pitch-pointing
tracking control [6-8]. However, these studies primarily
focus on addressing friction nonlinearity, gear backlash
nonlinearity, and damping nonlinearity, while largely
neglecting the flexible nonlinearity. This oversight limits the
ability to meet control requirements under strong vibration
conditions, which are common in battlefield scenarios. To
address this gap, we constructed an analytical dynamics
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model of the VESS that incorporates flexible nonlinearity by
developing an axial stiffness model for the electric cylinder
and a modal solution for the flexible barrel. Through the fine
modeling of the VESS, the adverse effects of flexible non-
linearity can be suppressed.

In fact, for the controller design of the system, strong nonlinear
factors and complex uncertainties inevitably increase the com-
plexity of the control process. In a general electromechanical
servo system, uncertainty includes matched and mismatched
uncertainty. The matched uncertainty is located in the param-
eter space of the control matrix and can be compensated for
directly by adjusting the control input. In contrast, the mis-
matched uncertainty exists outside the parameter space of the
control matrix and cannot be solved directly by adjusting the
control input [9, 10]. Most of the pitch-point tracking control
strategies used for VESS focus on compensating for the matched
uncertainty [11-13], but the research on the mismatched
uncertainty is limited, which can reduce the difficulty of con-
troller design. However, the unmodeled dynamics of the VESS
are easily excited by the strong robustness of the controller to
suppress the mismatched uncertainty, which leads to the
instability of the VESS. Given the inherent complex and flexible
nonlinearity of the system, it is important to solve the problem
of mismatch uncertainty to meet the requirements of control
design. To address this challenge, we construct a state-space
model of controlled systems with mismatched uncertainties
based on the analytical dynamics model of VESS.

Many advanced control algorithms have been developed to
address system uncertainties and nonlinearities, including
adaptive robust control [14-16], sliding mode control [17, 18],
adaptive state-constrained control [19, 20], event-triggered
control [21-23], Lyapunov-based control [24-26], and intelli-
gent control [27-29]. The above controller provides a systematic
reference for the control algorithm design of high-end equip-
ment, and can be integrated and optimized according to specific
working conditions in practical applications. Moreover, in
dealing with flexible nonlinearity, Xu [30] proposed a singular
perturbation theory-based composite learning control for
flexible-link manipulators, while Yang et al. [31] investigated
trajectory tracking and vibration reduction in flexible manipu-
lators using an adaptive control method with an iterative
learning scheme. For mismatched uncertainty, Chen [32]
introduced a novel control algorithm that characterizes the
structure of uncertainty in mismatched systems, and Xu et al.
[33] developed a fuzzy-based optimal approach for robust con-
trol design in interconnected uncertain systems with mis-
matched conditions. Additionally, Sun et al. [34] designed a
robust controller to handle both matched and mismatched
uncertainties in vertical electrohydraulic stabilization systems.
Despite the advancements in control strategies for VESS, ex-
isting methods often fail to simultaneously address flexible
nonlinearity and mismatched uncertainty, which are critical
challenges in tank gun control systems. This gap motivates the
development of a novel control approach that can effectively
handle both issues while ensuring practical stability and high
tracking accuracy. Building on these advancements, this paper
adopts the backstepping design approach to transform the sys-
tem state variables, converting the original uncertain system
into a locally matched uncertainty system. Subsequently, a

robust control method is proposed to address the flexible non-
linearity and mismatched uncertainty, ensuring practical sta-
bility for both the original and reconfigured systems.

In this paper, the flexible nonlinearity of the system is char-
acterized through nonlinear mechanism functions, which are
integrated into the analytical dynamics model. The mis-
matched state space model is developed to address the mis-
matched uncertainty, providing a foundation for subsequent
controller design. Meanwhile, the original mismatched
uncertain system is transformed into a locally matched
uncertain system by redefining the system state variables.
Furthermore, a robust control method is proposed to effec-
tively handle both mismatched uncertainty and flexible non-
linearity, ensuring practical stability for both the original and
reconfigured systems. Finally, simulation and experimental
results demonstrate that the proposed control method out-
performs existing approaches in terms of accuracy, robustness,
and stability. The primary innovation of this study lies in the
simultaneous consideration of flexible nonlinear coupling and
two types of uncertainties (matched and mismatched) in the
pitch-pointing tracking control design for the vertical electric
stabilization system (VESS). Unlike existing methods that
typically focus on either matched uncertainties or specific
types of nonlinearities (e.g., friction or gear backlash), our
approach addresses the complex interplay between flexible
nonlinearity and mismatched uncertainty, which is particu-
larly critical in applications such as tank gun control systems.
This comprehensive treatment enables superior control per-
formance under strong vibration conditions, where traditional
methods often fall short.

The main contributions of this study are threefold: (1) the first
integration of flexible nonlinear coupling and mismatched
uncertainty into the pitch-pointing tracking control design for
VESS; (2) the development of a mismatched state space model
and its transformation into a locally matched system using
backstepping design; and (3) the proposal of a robust control
method that ensures practical stability for both the original and
reconfigured systems. These innovations provide a compre-
hensive solution to the challenges posed by flexible nonlinearity
and mismatched uncertainty in high-vibration environments.

2 | System Modeling: Flexible Nonlinearity and
Dynamics of VESS

2.1 | Acxial Stiffness Model of the Electric
Cylinder

As an essential part of the VESS, the flexible deformation of the
electric cylinder has a significant impact on the system stability
and control performance. Considering that axial deformation is
the main influencing factor, the focus of this paper is to con-
struct the axial stiffness model of the electric cylinder. As
shown in Figure 1, the servo electric cylinder in VESS is mainly
composed of servo motor, gearbox, bearing set, ball screw, and
pushrod.

The total axial stiffness of the electric cylinder is the series sum
of the stiffness of each component, among which the axial
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stiffness of the bearing set, screw, nut, and pushrod has the
most significant influence, and the influence of other parts is
small and negligible. From the axial stiffness model of the
bearing set, screw, nut, and pushrod [35], it is known that the
axial stiffness of the servo-electric cylinder kg, is not only related
to the structural size and material performance parameters of
the electric cylinder, but also proportional to the one-third
power of the axial load size. Considering the small change of the
electric cylinder output force size when the tank VESS is
working, the axial stiffness of the electric cylinder can be re-
garded as the system uncertainty, the nominal part of which is
constant value and independent of the axial load size, the
uncertainty part may change rapidly with time, but bounded.

! r o 0

Tt

Sl

FIGURE 1 | The structure schematic diagram of the servo electric
cylinder.

2.2 | Modal Solution of Flexible Barrel

The tank barrel is a kind of tubular flexible structure using gun
steel as the material, and its Schematic diagram is shown in
Figure 2. The tail end of the barrel is connected with the cradle
and the gun breech to form the load unit of the VESS. The
length of the restrained section of the barrel L, is the distance
between the gun breech and the trunnion center point, and the
length of the unrestrained section of the barrel L, is the distance
between the muzzle and the trunnion center point. Considering
that the bending deformation of the flexible barrel is much
larger than its shear deformation and axial deformation, it is
simplified as the Euler-Bernoulli beam in Figure 3, only con-
sidering its bending deformation and ignoring its shear defor-
mation and axial deformation, and the structure stiffness of the
gun breech and cradle is larger, so the flexible deformation of
the restrained section of the barrel L; is smaller and can be
ignored. In Figure 3, OXY is the inertial coordinate system, Oxy
is the floating coordinate system fixed on the barrel, O is the
center point of the trunnion, m is the mass of the load unit, p is
the density of the flexible barrel, A is the cross-sectional area of
the barrel, EI is the flexural stiffness of the flexible barrel,
where E is the modulus of elasticity, I is the moment of inertia
of the cross-section, the barrel does pitching motion around the
center point of the trunnion under the action of the moment
T, (t) is the pitch angle at the cradle measured by the gyro-
scope at the trunnion, ¢, (t) is the pitch angle of the barrel,
8 (x, t) is the flexible deformation in the process of motion due
to the flexibility of the barrel at x. By geometric relationship, we
have

Y0 ) =eOx + 8(x, 1), @

| Gun breech || Cradle || Trunnion

Flexible barrel

FIGURE 2 | Schematic diagram of flexible barrel.

p, A, EI

Flexible barrel

o

FIGURE 3 | Physical model of flexible barrel.
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aa(LZ’ t)

ox @
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where y(x, t) is the displacement of the barrel.

According to the hypothetical modal method, the deformation
of the barrel at moment ¢ during the motion can be described as

80, ) = 3, (D), 3)

i=1

where ¢,(x) denotes the ith order vibration function, and h; (t)
denotes the corresponding modal coordinates. Considering the
small vibration amplitude of the higher-order modals of
the flexible barrel, this paper mainly studies the influence of the
bending deformation of the flexible barrel on the control per-
formance of the system, to simplify the research process, only
the first-order modal of the barrel is considered, and the
influence of the remaining modals on the system can be
neglected, that is

8(x, t) = ¢ (x)hy(2). 4)

Considering the small change in the cross-sectional area of the
barrel and the overall use of the same material, the unrestrained
section of the barrel can be regarded as a homogeneous beam of
equal cross-section with one end fixed and one end free
(cantilever beam), from which the boundary conditions can be
determined, and the specific expression of the vibration func-
tion ¢,(x) is [36]

¢,(x) = coshBFx — cos BFx + §i(sinh BFx — sin ﬁiEx),
Q)
_ coshﬁiELz + cosBiELz

sinh ﬁiE L +sin ﬁiE L
lowing equation:

where § = , ﬁiE can be obtained from the fol-

cos(BFL,)cosh(BEL,) = —1. (6)

According to the initial vibration conditions of the flexible
barrel, the expressions for the inherent frequency and modal
coordinates of the flexible barrel are

w = (ﬁ‘,.’f)zjl‘fij1 : ™)

h;(t) = sinw;t. (8)

With the flexible nonlinearity of the system characterized, the
next step is to develop a dynamical model that incorporates
both matched and mismatched uncertainties. In Section 2.3, we
construct a mismatched state space model of the VESS, which
serves as the foundation for the subsequent controller design.

2.3 | Dynamical Model of the Uncertain VESS

The tank VESS is mainly composed of a motor, a flexible
electric cylinder, and a flexible barrel, and its multibody model
is shown in Figure 4, in which the finite element mesh cell is
taken to characterize the flexible characteristics of the uncertain
system.

The output torque of the motor is amplified by the gearbox to
drive the ball screw of the electric cylinder to rotate, the screw
nut, which is limited in the radial direction, is driven by the
rotating force of the screw to do linear motion together with the
pushrod, and the pushrod of the electric cylinder applies thrust at
point O; of the barrel to drive the load to rotate around the center
point of the trunnion for meeting the angle adjustment command
of the fire control system. The simplified schematic diagram of
the system mechanics is shown in Figure 5, where O, is the center
of gravity of the load, 6, is the initial angle of the electric cylinder,
dy is the initial length of the electric cylinder, d, (¢) is the theo-
retical working length of the electric cylinder, dy(¢) is the axial
flexible deformation of the electric cylinder, ; and [, are the
lengths of the segment OO; and segment OO,, respectively, L is
the distance from the upper pivot of the electric cylinder to the
center point of the trunnion, and F (¢) is the thrust of the electric

Flexible electric cylinder

g
=l =y

N\

N

FIGURE 4 | Multibody model of the VESS.

446

International Journal of Mechanical System Dynamics, 2025

85U8017 SUOLIIOD BAIE8.D 3|qeot(dde aup Aq peusenobafe ssolle O ‘@SN JO S9N 10} Aeiqi8UljUO /8|1 UO (SUONIPUOD-PUe-SWIs) W00 A8 | ImAtelq 1 Ul |Uo//SdNy) SUORIPUOD Pue sWwe 1 8y} 89S *[6Z0z/2T/TT] Uo Akidiauluo A8|iM BuIyDeURIYO0D AQ 6200L ZPSW/Z00T OT/I0p/Woo" A3 (1M Aelq 1 pul|uoy//Sdny wolj pepeojumod ‘€ ‘G20z ‘Z0vT.9./2



do

£

20

FIGURE 5 | Simplified schematic diagram of the system mechanics.

cylinder. Based on the working principle of motor-gearbox sys-
tem, the dynamics model can be expressed as

ik k,

To(t) = %’f‘u(r) = Phn(©) = G, (0) = P, )

)

where T, (t) is the output torque of motor-gearbox system, i is
the gear ratio, u(t) is the control input voltage, k; and k, are the
motor torque constant and the electromotive force constant,
respectively. J,, and B,, are the moments of inertia and viscous
damping coefficients of the motor, ¢, (t) is the angular dis-
placement of the motor-gearbox system, and R is the total
resistance of the armature circuit.

According to the working principle of electric cylinder system,
the dynamics model of ball screw can be expressed as

F(t) = %[Tmm — 13, (8) = By (D], (10)
Ad() = di(t) — do = ;’—T”[gom(r), (1)
dr (1) = I“;{ 0} (12)

where Py, Jp, and B, are the lead, the moments of inertia, and
the viscous damping coefficients of ball-screw, Ad(¢t) is the
theoretical displacement of the screw.

For the load unit of the VESS rotating around the center point
of the trunnion, the total kinetic energy can be expressed as

1 (ke
T:—f A
2Jo p

1 . L2
=LmL2¢2(6) + pAp(OR(D) f wp@de  (13)
6 0

2

oy, 0T

ot

+ %pAhz(t) fo " g0 du.

The total potential energy can be expressed as

2

%5 (x, t) e

L 1 (b
U= f pAgx sing(t)dx + —f EI
0 2Jo ox?

= %mng sing(t) + %Emza) fo " #*(x)dx.
(14)

The Euler-Lagrange equations of the flexible barrel are
—— =0, (15)

where L = T — U is the Lagrangian, q = (¢, h)T € R? is the
generalized coordinates, and Q = (F(¢)L, 0)f € R? is the gen-
eralized force. The computation of Equation (15) results in the
following equations:

L,
%mLzqu(t) + pAh'(t)j; x¢ (x)dx + %mng cosp(t)
+ f(8) = F()h,

Ly . Ly
PAGB(f)fO xp(x)dx + pAh (1) | ¢*(x)dx
Ly

+ EIh(1) |, Fx)dx =0,

(16)

where f;(t) € R is the external disturbance torque mainly
caused by the road excitation. Equation (16) can be further
rewritten as

50 F(t)h — mgLy cosg(t) + EIK,h(t) — £ (1)
t) = s
14 imL} — pAK,,

17)
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2
UOLZX¢(x)dx] WK - f0L2x¢(x)dx><f0L2$2(x)dx-
IRTEOS ! SR

K,, and K,, are coefficients related to the flexible barrel's modal
characteristics. K, represents the influence of the barrel's
bending deformation on the system dynamics, while K, cap-
tures the coupling effect between the barrel vibration and the
system's motion.

Here,

where K, =

According to the geometric relationship in Figure 5, then
1
di(0) = dr () = (I + 1 = 2h cos(p(0) + 6))*,  (18)
with Equations (11), (12), and (18):

1
@) = 2_7:[(112 + 1Z — 2hscos(p(t) + 90))2 - do]
Py

21
h kse

19)

+ F(1).

EIK,
G

mgL, cosp(t) +
1

s = 1
@) = CIF(t) h(t) led(t),

ik, Py
2TR g
_ ll l3BquaKb
J.

EF@)=

keu () + (IF12KZKG = bBKK. ke (0)

i2
1 ktkglllg,KaKb ksego([)
eq R‘qu

L,L LK, K, RB,, + i%k,
+ mglohlbK, bksecosqa(t)— eq t
2Cl RJeq
P? 12K K
_ h kseF(t)— 1 838a bk
47'52]eq G
_ lll3EIKnKaKbk
G

kse¢J (t) -
ke .

F(t)
seF (1)

eh(®) + e fy(0).

LK, Ky K
G
(20)
where

C1 =ML = pAK, Jy = P+ 1),

Beq = (izBm + Bb)y (21)

_1
K, = (ll2 + 12 — 2hscos(p(t) + 60)) 2,

Ky =sin(p(t) + 6y), K. = cos(e(t) + 6p).

Based on the dynamical model of the uncertain VESS, the next
step is to formulate the pitch-pointing tracking problem. In
Section 3, we define the tracking error and establish the control
objectives, laying the groundwork for the design of the robust
backstepping controller in Section 4.

3 | Formulation of Pointing Tracking Problem
for the VESS

The main function of the VESS is to achieve real-time pitch-
pointing tracking of the tank to the enemy target, so the goal of
the tank vertical stabilization control is to design the controller
so that the pitch angle of the barrel is maintained at the target

angle. Thus, the tank pitch-pointing tracking control can be
converted into a class of problems that induce the pitch angle of
barrel ¢, (t) to track the desired reference signal ¢;(t) approxi-
mately, while enabling the controlled system to suppress
uncertainty interference during the signal tracking process
autonomously. Assume that @,(-) : [tp, 0] = R is a second-
order differentiable signal function, and ¢,, ¢, are uniformly
bounded. The tracking error e(¢) is thus defined as

e(®) = ¢.(t) — ¢ (®. (22)
Taking Equations (2) and (4) into Equation (22):
e(t) = (6) + (L) () — g, (©). (23)

Then

p®)=e(t) — p(LDh(t) + ¢,(1),
@) =eé(t) — p(L)h@) + ¢, (1), (24)
() =é(t) — pL)h () + ¢ (0).

Let  xy:= [ag,x2]T = [e(®), é(0)]T and x5 = [X%1, %] =

[F(t), F(t)]", substitute it into Equation (24):

P () =x1(0) — pLDR() + (D),
P(1) = x12(t) — L)) + @,(0), (25)
B(0) = %2 (t) — L) + &,(D).

substitute Equation (25) into Equation (20):

. L mgL, .
Xip=—X%1 — cos[x;; — ¢(L)h +
12 C 01 20, [x1 — ¢(L2) %]
EIK, 1 ; .
+=—"h— —f, + ¢(L)h — &,
a, 01]2 d(Lh — @,

. ik, P, 26)
Yoo = — ko u + kS Gan, Xi2s X%1)
Rl
RB, + i%k;k,
— X2

RJeq Cl

LLK,K,
+ 1830.q bksef;;p

with the definitions

. I
S (a1, X2, %1, ) = (llzlsszsz - lll3KaKc) [xlz — ¢L)h + q’d]
LsBoy KoK o
_ u[xm — $L)h + §0d]

eq

i%k kL LK Ky ; . .
— | — pL)h +
Rl [ 12 — $(L2) %]
mgL2 lllSKaKb ;
+ T X cos[xu — ¢(Ly)h + (pd]
P? I2LK, K,
— o7 X1 %1
47 Jeq C]
_ lll3EIKnKaKbh
(o) '

27
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Consider the axial stiffness of the electric cylinder kg, and the
external disturbance torque f; as the uncertainties in the VESS
(26) with flexible nonlinearity, and decompose them into
nominal and uncertain portions as

ke = kse + ke, f; =) + Af, (28)

where k,, and f:i are the nominal portions, Ak, and Af; are the
uncertain portions, which are possibly fast time varying but
bounded, and the bounds can be described as

IAks) < kg, 1Ay < fi. (29)

Remark 1. Considering that unbounded uncertainty
requires infinite energy to be maintained, any parameter
with physical significance and its uncertainty part is bounded.
Besides, the nominal part of the parameter with uncertainty is
usually chosen based on engineering experience, so it is
always known as well.

Leto := [0y, 02T = [Af,, Aky]T be the uncertain portions of the
system; by introducing the decompositions of ks and f; into
the uncertain system (26) and classifying the system as the
nominal and uncertain portions, Equation (26) can be re-
written as

X2 = &, + Ag, + Py,

. _ (30)
X2 = §yy + Agy, + (B + ABy)u,

with the definitions of

1 _
Ag, (a1, X2, 1) = —FAfd + Z,0a1, X2, £) — &,
1

cos[xn — dL)h + god]

mgL,
Z1 (X1, X1, 8) = —
1( 115 M2 ) 2

1
EIK,

1 - . .
+ 220 S B(Ly)h —
3 leli $L)h — &,

l
Py=—,
1
ll l3KaKb
G
X (Akse fy + ks Afy + Akgo Af))

+ Z,(q1, %2, %1, 1) + &5, — &s

Ag,, (X1, X12, X1, X2, 1) = Ak S (11, Xi2, %01, £) +

Z5 (a1, X12, %1, 1) = Ko S Gary, Xi2, %1, 1)
K, K} -
+ lll3 a bk

C sef;j,
1
RB, + i’k k,
25, (a1, X12, %01, X2, ) = — ——————Xp,
eg
ik P, -
By = el kses
27RJeq
ik, Py,
ABy (01, ) =~ Ak,
21( 1 ) ZT[R]eq se’

(31

where g, () is a function of X1, x> and ¢, and g,, (-) is a function
of %1, %, and t.

As a result, the VESS with flexible nonlinearity can be described
as a coupling system in a state-space form as
. x12(8)
N t) =
(% (0 [g-n(xu(r),xu(r), r)]
+ 0 + [O 0][x21]
Agy, (a1 (1), x12 (1), 01 (2), 1) Py 0] %2
=g (a0, 1) + Ag (), o (1), 1) + Px (1),
. X (1)
N; t)=
(%0 [gu(xn(t),xn(t), r)]

0
* [Agzz (i (0), X2 (8), 2 (8), 2 (£), 63.(0), 02(2), ©)

0 0
" ([321] N {ABn(Ul(I)’ t)]]u(t)

=8, (0), 1) + Ag, (31 (1), X2(1), o (1), 1)
+ (B + AB(o (1), D)u(t),
(32)

where t € R is the time, x;(t), x,(t) € R? are the system state
variable, u(t) € R is the servo motor control input,
o(t) € T c R? is the system uncertain parameter, ¥ C R? is
unknown compact, which stands for the possible boundary of X.
Besides, g (x(8), 1), Ag, (%1 (1), o (1), 1), P, g, (6, (1), 1), Ag, (%1 (1),
x,(t),o(t),t), B and AB(c(t),t) are matrices of appropriate
dimensions; g, (-), Ag (-), 8,(-), and Ag,(-) are continuous func-
tions, which can be generalized to be Lebesgue measurable in ¢.

Remark 2. From Equation (32), the dynamic model of the
VESS of the tank consisting of two subsystems is nonlinear, and
its state variables x; and x; are coupled to each other, providing
the dynamical model for the subsequent design of a robust
backstepping controller.

Remark 3. There exists the matrix L(x;,x;) such that
PT = BL, that is, the input matrix satisfies the adjacency
matched condition, and thus the input matrix P of subsystem N;
can be described by the input matrix B of subsystem N,. In other
words, the control input u(¢) can make the dynamic link between
the state variable x; of subsystem N; and the state variable x, of
subsystem N,, so that the control input u(t) can realize the
dynamic regulation of the whole system (including subsystems N;
and N,) although it enters the system from subsystem N;.

Having established the formulation of the pitch-pointing tracking
problem for the VESS, the next step is to design a robust control
strategy that can effectively handle the system's flexible non-
linearity and mismatched uncertainty. In Section 5, we propose a
robust backstepping control method that transforms the original
mismatched uncertain system into a locally matched system. This
transformation enables the design of a control law that ensures
practical stability for both the original and reconfigured systems.
The detailed design process, stability analysis, and simulation
results are presented in the following section.

4 | Robust Backstepping Control Strategy for
the VESS

Since the VESS considers flexible nonlinearity to be a mis-
matched uncertain system, the control method under
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conventional logic is no longer applicable. The backstepping
control idea is used to transform the state of the original con-
trolled system, specifically from X to z, so as to reconstruct the
controlled system and make the reconstructed system satisfy
the matched condition, and further design the robust controller
to make the reconstructed system present practical stability
while the original controlled system presents the same char-
acteristics, so as to realize the barrel vertical stability control.

4.1 | Design of Robust Backstepping Controller

At first, choose the appropriate functions g,(-) and §,,(-) to
make the uncontrolled nominal systems x; (t) = g, (x:(¢), t) and
x,(t) = g,(x>(t), t) to be uniformly asymptotically stable at the
origin x = 0, then, choose the second-order differential func-
tions V() :R2Xx R —> R, k=1,2 and continuous, strictly
increasing functions AJ’-‘(~) :R, > R,,j=1,2 are constructed
to satisfy

A0 =0,

lim Af (r) = o0,

r—oo

(33)

besides, choose a strictly positive constant 1¥, such that for
all (x;,t) € R x R

AF QXN < Vi (e, £) <AL (I,
Vi (%, £)

I§ (X, £) = F

+ Vi, Vi, g (i, 1) < =251 112,
(34)

In addition, exist a continuous function /L{‘(~) :Ry —> Ry, /Lf (0)
= 0, which satisfies
HM <Ak (), (35)
6xk

which means that for the uncontrolled nominal systems
x1(t) =g (x (1), 1) and x,(t) = g,(x>(¢), t), there exists the
legal Lyapunov functions V4(-) and V,(-).

Then, the robust controller v = [v;(t),v,(t)]T € R?® s

designed to induce the following system to present practical
stability

X =g (x(6), 1) + Ag (%1 (1), o (1), ) + Pv(1).  (36)

Considering that the system state variable x, = [F(¢), F(t)] and

the matrix P = [ }9 8] v,(t) can be described as
21
. ovy ov
va(t) = 0i(f) = —d + —. 37)
5x1 t

For discussing the boundary value of the uncertain term Ag,
according to Equation (31), Ag,, can be decomposed into the
form of multiplying the “certain” and “uncertain” portions.

Ag, (a1 (£), X12(8), 01(0), )

(38)
= Pnqy,(ai(t), x2(t), o1 (1), t),
substituting it into Equation (32), we have
Ag (a1(t), x2(t), o (8), t)
0
= [lequ(xu(t), X2(t), ou (1), t)]
— [ 0 O] Gy, (a1 (8), x12(8), 01.(8), £) (39)
PZI 0 0

: Pq, (a1 (1), x12(t), o1 (1), )
= qu(xl (t)’ a'(t)’ t)7

where g, (-) is a continuous function of x;(t), x,(t) and ¢.

In preparation for the subsequent controller design, the
boundary conditions of g, are now further analyzed

4, =Py Ag,
! ) (40)
= PZII [—FAf;j + Zl (xlh X12, t) - ng].
1

According P = lc—l > 0, we have
1

—1
Py

1 _
Ilql” = ||q12|| —FAfd + Zl(xn,xlz, t) — 8
1

IA

1
P;ll(|zl(xu,x12, Dl + F|Afd| + |g'12|)
1

IA

_ 1, _
P211(|Z1(x11,x12, t)l + FL + |g12|]
1

=: nql(xb t)s
(41)

then, the controller is designed as p; = [p;, t;,]T € R?, where

—ﬁ’?ql (x1, 1) if lladl > g,
s —sin[z—:]ﬂql(xl’ £) iflledl <e, (42)
My, =a(t) = g—:fcl + %,
where
a(x, 1) = BTV, Vi (31, ) (361, 1), (43)

where B = [0, Py]%, & > 0 is the design parameter and u,,(-)
is a continuous differentiable smooth function and

gt 1 <l I <77,

Theorem 1. When the controller (42) is applied to the
controlled system (36), the solution of this controlled system will
exhibit practical stability as follows:
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1. Uniform boundedness: For any p > 0, there exists a posi-
tive real number y (p) < oo such that if llx; (to)ll < p, then
lx (O < x(p) for all t > ty;

II. Uniform ultimate boundedness: For any p >0 and
X > X, there exists y > 0 such that if llx, (t)ll < p, then
lIx (O < g forallt > T (x,p), where T (¥, p) < oo;

III. Uniform stability: There exists a real number ¢(y) > 0
such that if llx; (¢l < ¢ (), then lix(t)Il < y fort > to.

Proof. With control u,(-), the derivative function of the
Lyapunov function V;(-) along the trajectory of the system (36) is

L= Iy + Vi Vi(Ag (xi (1), o (), 1) + Pu,). (44)

1
Recalling Ag, = Pgq, and with Equation (34)

L<-231x%12 + VI Vi(Pg, + Pu,) 45)
=-3Ix1? + V] ViBqy, + Vi ViPuy,.
Let ¥ = BTV, 14, according to Equation (42), if llall > g

Wln‘h
1%y, 1

LK =231 12 + 1P1n, — 9" e,

(46)

= -1} 1Ix 7.
if llall € g

L <=3 + Vi ViBqy, + Vi, ViBu,,
<—Adlx IR + val V,P.

n’h

BTV, Vi)
_ T . 1 q 47
VI VP sin | (47)

—A3Nx, 12 + lladl + el
—Adlxy P + 26

N N

Consequently, for all (xy, t)

0 < —AdlxI? + 2¢. (48)

This means that the controlled system (36) exhibits practical
stability under the action of control (42).

Since subsystem N;(32) actually contains x, rather than control
M, defining the implanted control

v(6) = py (e (0), 1) = WP TV i3y, 1), (49)

where y, is the scalar design parameter and the new term
7% PTV,, W is added to compensate for the difference between x;,
and v. Substituting x, = v + x, — v into Equation (32), the
subsystem N; can be redescribed as

(NDx (1) = g (%1(8), 1) + Ag (%1 (1), & (), 1) + Pv (1)
+ P(x2 (1) — v (1))

(50)

Recalling P = [0, P;]T and Equation (49), v;(t) can be
described as

Vl(t) =M1 (xl([)9 t) - )/1PrTVle1(x1, t)- (51)
Based on control v, the derivative function of V;(-) is

L= I+ VY K(Ag + Py + PG — v)

1

= I+ Vi Vi[ag + P, = nP TV Vi) + P(x, — 1) |

1

= I3+ Vg Vi(Ag + Pu,)

1

— VI VPPV, Vi + V] VP(x, — v).

1

(52)

Wwith IIPTV, il = IRTV, VIl = I¥1l and Equation (48),
we have

I < 230,12 + 26 — RIWLIR + 10 Ik, — il (53)

The analysis of the third and fourth terms on the right-hand
side of the inequality will be given later.

Then, the system state variable x, is converted to
22 = [221, 222]" (22 *= %, — V). According to Equation (32)

Z’z = X'Z -V
=& ®2(0), 1) + Ag, (x1(0), x2(0), o (1), )
ov ov (54)
+ (B + AB(c (), t))u(t) — [—xl + =
5x1 ot

according to Equation (32), defining

ov ov ov ov
—X + —=— D) + Ag(x1,0,1) + Pxy) + —
axlxl o ax, (31(x1 ) g1(x1 o, t) 2) o
=:IL(xy, x;, 0, ).
(55)
. . . Z22(t)
B introducing function Zt) =] _ s
y g & (@0 [gzz(zn(r),zna), r)]

Equation (54) can be rewritten as

2, =8,(Z2, 1) — 8(22, 1) + 8,(x2, 1) + Ag,(x1, X3, 0, 1)
+ (B + AB(o, t))u(t) — IL(x, x, 0, t)
=822, 1) + Ag,(x1, %3, 0, 1) + 8, (%2, 1) — 8,(22, 1)
—IL(xy, x5, 0,t) + (B + AB(o, t))u(t)
=g,(22, 1) + Aay (X1, X3, 7, 25, 1)

+ (B + AB(o, t))u(t),
(56)

where

AaZ(xla X2, 0,22, t) = Agz(xla X2, 0, [) + gz(xZa [)

-8, (2, 1) — Ih(xy, x5, 0, 1).
(57)

With Equations (31), (32), (55) and the definitions of z, and
8,(z2, t), Equation (57) can be rewritten as
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AaZ (xla X2, 0, 22, t)

0
Agzz (xll (t)$ le(t)3 X1 (t)7 X2 (t)’ 01 (t)’ GZ(t)a t)]
X2 (1) l _ [ 2(t) }

85, 01 (8), %2(8), 1) 85, (221(8), 222(0), 1)
v, (1)

(gl(xl, 1) + Ag (%1, 0, 1) + Pxy) + —

6\)2
ot

6112

0
= | Aay (a1 (t), X12(1), %1 (1), %2 (1), 221 (1), 222 (1) |,

, 01 (t)’ UZ(t)7 t)
(58)

where

Aayy = Ak S (X11, X12, X1, 1)
LK, K
+ 1830050
C
+ 85, (%2, X2, X1, X2, £) — 85, (001, X2, 1)
+ _822 (61, X2, ) — 8,221, 222, 1)

(Aksezj + EseAfd + Ak Afy) + Z2 (%1, X12, %1, 1)

ov
(gl (1, 1) + Ag (x1, 0, 1) + Pxy) — —2
= Akses(xlla X2, %1, £)
+ ZIISKaKb
(6
+ 8,, (%12, X2, %1, X2, £) — 85, (21, 222, 1)

a"z S0 + Pg (0,000 + Pro) + ‘;";

(Aksej;j + EseAfd + Ak Afy) + Zo (a1, Xi2, %1, £)

(59)

Considering that Aay,, By, ABy; are continuous functions and
B, is a positive scalar, Aa,, and AB;; can be decomposed
into the form of multiplying the “certain” and “uncertain”
portions:

Aazy (41 (8), X12(8), %1 (8), X2 (£), 221 (£), Z22(), 61 (£), 02 (2), 1)
= By1qy, (a1 (), x12(8), %1 (£), %2 (8), 221 (), 222(£), 61 (£), 02 (D), ©).
(60)

AB; (01, t) = Ba1Ei (03, 1). (61)

Substituting it into Equation (32), we have

Aay (%1, X2, 0, 22, 1)
= Bq,, (a1 (£), X12(£), %1 (£), %2 (1), 221 (£), 222 (1), 01 (1), 02 (0), 1)
= Bq,(x1, X, 0,2, 1).

(62)

AB(o,t) = BE; (0, t) = BE, (o, 1). (63)
In preparation for the subsequent controller design, the

boundary conditions g, and E, are now further analyzed,
according to Equations (31) and (59), we have

q, = By'Aay

ov
=B at 2 Ak S (xin, X2, %1, 1)
LLK,K, -
+ %ﬂb (Akge fg + kse Afy + Ak Afy) + Z5 (1, X2, %1, 1)
1
+ 8, (12, X12, %01, %02, £) — &5, (221, 222, 1)
61) ov
2 (g1(x1, D+ Ag (%1, 0, 1) + Px,) + 6t2
(64)
Ak
E, = B5'ABy = —=, (65)
kSe

where the uncertain portion of axial stiffness of the electric
cylinder Ak, usually fluctuates in the range of 10%-20% of the
certain portion of axial stiffness of the electric cylinder kg, so
existing constant 7, > —1 to make E;2> 7y > —1. For
obtaining lig, I, the following projection is made

_1|ov
lig, Il = By TEAkseS(xlly X125 %1, t)

LLK K,

+ 18305.q0p
G

+ g22 (a2, %12, %1, %2, 1) — 85y (221, 222, 1)

(Akse]_fi + EseAf;j + Akg Afy) + Zo (1, X2, %1, 1)

—(gl (61, D)+ P, Gy (0, & (00, ) + Pxy) + a"z]

a

< ‘Bz_ll‘ [kseIS (xl, X2, t)l + (kself_;jl + |Ese|j¢‘1 + ksef[j)

l] I3K,1 Kb
G

ov
_Zp’ Mo,

+1Z5(x1, X3, 1) + 85, (X1, X2, 1) — 85, (221, 222, D)1 + o
1

o}
(g1<x1, 1) + Pxy) + a"f

] = nqz(xl,xz,ZZ, t).

(66)

Finally, to achieve stability tracking control of the VESS with
flexible nonlinearity, the following robust backstepping
controller is designed for the controlled system:

u([) = lbtz(x17 X2, 22, [)7 (67)

where

”g”nz(xl, X5, 22, t) iflIBll > &,
My = (68)

_Enz(xhxz,Zz, t) iflfll < &,
&

Ny, (X1, %2, 22, 1)

X1, X2, 22, 1) = ——, 69
7}2(1 2, 22, 1) 1+7752 (69)

ﬁ(xl’ X2, %2, t) = BTVZz‘/Z(ZZ’ t)?}z (xh X2, %2, t)y (70)

where g > 0 is the design parameter, Ng, > —1, Mg, > 0, thus
7, > 0. Similar to the analysis of &, § can be ensured to be non-
zero by picking the appropriate function V5. With control u(t),
the derivative function of the Lyapunov function V,(-) along the
trajectory of the system (56) is
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D=1 + Vo, V3(Aay (X1, X2, 0, 22, 1) + (B + AB(, 1))u(t)).
(71)

Recalling Aa, = Bq, and AB = BE,, according to Equation (34),
we have

L < —27lz,12 + V] Va(Bg, (%1, X2, 0, 22, 1)
+ Bu(t) + BE, (o, t)u(t))

72
=— A7z, I? + Vg, VaBg, (%1, %2, 0, 22, 1) 72
+ Vg, iBu(t) + V], V,BE; (o, u(1).
According to Equation (67), if 18Il > &,
L < -3z, + V] V,Bq, (%1, X2, 0, 22, 1)
BTV, V,
_ V;rz VB V21 ,
IBTV,,Van, I (73)
BTV, Vi1
— Vsz %BEz# -
1B Vg, Van, I
Let 1, = BTV, V5, Equation (73) can be rewritten as
L =-271z,1% + ¥, q,(%1, X5, 0, 25, 1)
_ T Y, wTE Pon, (74)

2 2

AT S
Recalling llg, Il < 1y , E2 > 1, > =1,y = (1 + 1j,) 7, We have

L < —A2lz,IP + Iy, — Wiy, — 111, 7,

21 = X1,
2= X, —V, (78)
where x =[x}, x,]T is the pre-transformation state variables,
z = [z1, 22" is the post-transformation state variables, v is the
implanted controller. The dynamics of the transformed state
variables z, that is, the reconfigured system dynamics can be
described as

Mz =g @), ) + Mgz (1), 5 (1), 1) + P(z(t)
+v(1)),
(N2 (D=8, (z2(1) + v(1), 1) + Ag, (21 (1), z2(1)

+v(0), 00, )+ B+ ABG (1), )u®) —v().
(79)

Remark 4. To deal with the mismatched uncertainty
disturbance in the VESS, the original controlled system (32) is
reconstructed based on the system state transformation, so that
the reconstructed system (79) meets the matched condition, and
thus a robust backstepping controller is designed. If the
controller can make the reconstructed system (79) and the
original VESS (32) present practical stability, the tank pitch-
pointing tracking control can be realized.

Theorem 2. When the controller (67) is applied to the
controlled system (79), the solution of this controlled system will
exhibit practical stability as follows:

L. Uniform boundedness: For any p, > 0, there exists a pos-
itive real number x,(p,) < co such that if liz(to)ll < p,,
then liz(DIl < x, (0,) for all t > t,.

1. Uniform ultimate boundedness: For any p, >0

75
= _,132”22”; (75) and %, > X, there exists X, > 0 such that if
liz(to)ll < p,, then liz(OIl < x, for all t > T, (%, , p,), where
According to Equation (67), if lI8ll < & L. p) < oo
III. Uniform stability: There exists a real number ¢,(j,) > 0
L < -7z, 1P + Vsz V2Bq, (%1, X5, 7, Z, t) such that if liz(t)Il < ¢,(x,), then liz(OIl < x, fort > to.
BV, Van BTV, Va1
-V, %B%’)z - V,, BE, %7]2 Proof. Choosing the Lyapunov function candidate
2 2
2
<Ayl 11(1 4 ) — B TP V@& 1) = W@ 1) + Vi D). (80)
2 & &
2 2 & (1 + 77152) . . . .
< =A5lizy P + — The derivative function of the Lyapunov function V (-) along the
(76) trajectory of the system (79) is
Consequently, for all (z,, ) Iz 0 =h(z, O + (2o, ). (81)
L, < —A2lz, 2 + & (1 +ng,) (77)  With Equations (53) and (77), we have
=< 4 .
= T(z, ) < —Adlzy I + 26 — p I, 12 + 1, Il liz, I
a1+
— A2z, P + a(l+7s)
4.2 Stability Analysis of the Reconfigured 82
Systelm ty 4 5 =21z, 12 — 1,12 + 1, Il iz, (82
- A_q)leZzllz + 2¢ + M
For efficiently designing the robust backstepping controller, the 4
state variables of the controlled system (32) are transformed and
the transformation process can be summarized as Then, Using the inequality
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ab < %(az +b),a,b€ER, (83)
forany £ € R, &> 0,

1 1 1
¥z 1l = |I1P1II§%§_2I|z2II < E%’II‘I—&II2 + 55‘1llzzllz.

(84)
substituting it into Equation (82), we have
T(z, 1) < —A3lizl? — pI@I2 + %gnwluz
&(1+
+ Loz 2 — 221,02 + 26 + a(l+7s)
2 4
1 1
= —(12-= -1]||z 112 —( - = ]”wz
( 3 25 2 h 25 1
(1 +
- /131”zlllz + 2 + w
(85)
By choosing % < &< 2y, and A > 0, we have
3
- - (1 +
Iz, t) < ~AlzIP — 221z, 0P + 28 + M
(86)
where
71 1 52 2 1 -1
A3 =3, 43 =/13_E . (87)
Let
A (lizll) = min {/111|Iz1||, /112||z2||},
. (88)
Ao (lizll) = max{lzlllzlll, /122||z2||}.
[}

According to Equation (86), by the literature, the practical
stability of the system described by the Theorem 2 is guaran-
teed, the details are as follows:

I. The reconfigured system presents uniform boundedness,
for any p, > 0, if liz(to)!l < p,, there exists
(A" 0 &) (o), ifp, > P,

(89)
(A7 o 2)(B), ifp, <P,

X, (o) =

where

P, = \/[251 + M]A;H (90)

to make liz (0)liy, (o,) for all tt,.

II. The reconfigured system presents uniform ultimate
boundedness: For any j,, satisfying

%> (Ao &)(R), (91)
when ¢ > ty + T,(%,, 0,), 12(DllY,, where
0, ifo, <P,

L) — 4 (B)
51 + UEZ)
4

L. p) = , otherwise,

LB — |26 +

(92)
E= (27" o )%, (93)

II. When ¢,(¢,) = B, is selected, the reconfigured system
presents uniform stability.

Remark 5. The robust backstepping controller proposed in
this paper enables the reconfigured systems (i.e., systems N;
and N,) to exhibit practical stability (including uniform
boundedness, uniform ultimate boundedness, and uniform
stability) under uncertainty disturbances.

4.3 | Stability Analysis of the Original System

In Sections 5.1 and 5.2, the robust backstepping controller (67)
for the reconfigured system (79) is proposed, and the stability of
the reconfigured system is proved theoretically. However, the
actual controlled system is the tank VESS (32), and the goal is to
design an appropriate controller to make it exhibit the expected
characteristics, so the stability of the tank VESS under the
action of the proposed robust backstepping controller is further
analyzed.

Theorem 3. Under the action of the controller u(t), the
original tank VESS presents practical stability (including uniform
boundedness, uniform ultimate boundedness, and uniform
stability). At the same time, by adjusting the control design
parameters g, i = 1, 2, the size of the region of uniform ultimate
boundedness and uniform stability can be made infinitesimal.

Proof. At first, supposing the boundary of z is x, that is,
lizll < %. According to z = [z, 2], we have

ZI? = lizyI? + liz,I? < %2 (94)

with Equation (78)

Ixl < x, lIx, — Il < x. (95)

Since

=2+ v=2+ X (0), 1) — PV, Vi(xy, 1),
(96)
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we have

I 1| < Nz 14+t 14+l P TV, Vi (21, £ o
<z I+l 14+, WP TV, VA (2, £,
recalling i, 1l < lluy, Il < 77, and Equation (35), we have
el < lizall + g + 3 IPTIZ (1), (98)

since nql(-) and A)(-) are the continuous functions, and
7, (0) =0, 24(0) = 0, if llx;ll < x and lIx,ll < %, existing the
constants r; (x) and 7 (x) to make (where ¥, < o)

I, Il < % + 1 (x) + b1 A (), (99)
where
bl = sup P TI. (100)
llx1 1<%

The boundedness of x; , can be described as
FARSE M EARE S (101)

where

1=K,

1 =% + n(x) + ybiA(x). (102)

O

It can be seen that if P(-) is continuous, then b, is bounded. This
implies that if x; and z, are bounded, then X, is bounded.
Furthermore, if x — 0, then there are r;(x) — 0 and 7 (x) — 0.

For any a > 0, the following definition is made

L(a)=a,
L(a)=a + n(a) + ybifi(a), (103)

w(a) = L(a) + L(a).

According to Theorem 2, when z(t) is uniformly bounded,
llz(t)ll < x,(p,) for any t> t,. By replacing x with x, (o)),
Equation (101) can be rewritten as

FAGIEyAHN

e (DI < x, () + 1, (0)) + 1b{E %R (x, (o))
(104)

So
lIx (Ol < w(, (0,))- (105)

From the above analysis, it can be seen that when the re-
configured system state variable z(¢) is uniformly bounded, the
original system state variable x(t) also presents uniform
boundedness. For any p, > 0,llz(f)ll < p,, there exists
pe = @(p,) > 0 where lix ()l < o, 1Z(OII < x,(p,), it means
that lIx (DIl < x, (o). Let x, = wQ(Z), x(t) presents uniform
ultimate boundedness: For any J, >y , there exists

T (Y., o) < oo, then lix(Ol <y, for all >ty + T (¥, 0,.)-
Finally, when choosing

¢ () = B = w(R), (106)
the original system presents uniform stability.

Furthermore, according to Equations (89) and (93), when choose
the control parameters &, — 0, then B, — 0, x,(0,) = 0, %, — 0,
thus  x, (o) = w(x,(0)) = 0,%, = w(¥,) » 0. In summary,
when the reconfigured system presents practical stability, the orig-
inal system equally presents practical stability. At the same time, by
adjusting the control design parameters ¢;, i = 1, 2, the size of the
region of uniform ultimate boundedness and uniform stability can
be made infinitesimal.

Remark 6. TFor the problem of tank pitch-pointing tracking
control, the original controlled system is reconstructed by system
state transformation to make the reconfigured system a matched
uncertain system to deal with the mismatched uncertainty of the
VESS. Thus, the robust backstepping controller is designed. Under
the action of this controller, both the reconfigured system and the
original VESS can present practical stability, which makes the pitch
angle of barrel ¢.(¢) track approximately the desired reference
signal, thus realizing the tank pitch-pointing tracking control.

5 | Controller Design Ideas and Processes

To effectively suppress the coupling influence of the complex
flexible nonlinearity and two types of uncertainty (matched
uncertainty and mismatched uncertainty) of the VESS, a novel
robust backstepping control strategy is proposed. As shown in
Figure 6, the design flow of the proposed robust backstepping
control method can be summarized as follows:

i. Analyze the complex, flexible nonlinearity of tank VESS and
consider the dynamics of the control actuator under fully
electric drive. Based on the axial stiffness model of the
electric cylinder and the modal solution of the flexible barrel,
the coupling dynamics model of VESS is established (20).

ii. Study the mathematical description method of tank
pitch-pointing tracking control, the tracking error of the
barrel pitch angle e(t) is defined as the control tracking
object; describe the coupling dynamics model in the state
space of tank VESS (20), considering the matched and
mismatched uncertainty; construct the mismatched state
space model (32) as the controlled system.

iii. Choose the appropriate functions g,(-) and g,(:) to
make the uncontrolled nominal system present uniform
asymptotically stable at the origins; meanwhile, choose
the appropriate functions 4{,;(-), 755(-), Vi2(*) to sat-
isfy Equations (33) and (34). Analyze the boundary con-
ditions of the uncertain part Ag, of the VESS to obtain gy
as shown in Equation (41), and select the control
parameter &, which leads to the design of the implanted
robust controller v(t), as shown in Equation (49).

iv. Analyze the boundary conditions of uncertain part Aa, of the
reconfigured system to obtain Ng, a8 shown in Equation (66)
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FIGURE 6 |

and select the control parameters &, which leads to the
actual robust backstepping controller u(t), as shown in
Equation (67). According to the practical stability theory
described in Theorems 2 and 3, the practical stability of the
reconfigured system and the original system is proved.

6 | Simulation Analysis

6.1 | Parameter Selections

In the simulation, two different desired reference signals are
considered for validating the steady-state tracking performance
and stability, as well as the dynamic tracking performance and
stability of the designed controller. In Simulation I, the pitch
angle of barrel is set to adjust from ¢ (f) =0rad to
@.(t) = 0.1 rad for validating the steady-state comprehensive

The design flow of the proposed robust backstepping control method.

performance of the controller, so the desired reference signal is
set as g@,(t) =0.1rad, thus, the initial tracking errors
e(0) = —0.1 rad (i.e., x31(0) = —0.1) and the initial thrust of the
electric cylinder F(0) = 0 N (i.e., %1(0) = 0). Meanwhile, the
other initial states are set as x;,(0) = 0 and x,(0) = 0. In
Simulation II, the pitch angle of barrel is set to adjust
from ¢ (t) =—-0.1rad to ¢.(¢f)=0.1xsin(0.2zt)rad for
validating the dynamic comprehensive performance of the
controller, so the desired reference signal is set as
@;(t) = 0.1 x sin(0.27t)rad, thus, the initial tracking errors
e(0) = —0.1rad (i.e., x;(0) = —0.1) and the initial thrust of the
electric cylinder F(0) = 0 N (i.e., %;(0) = 0). Meanwhile, the
other initial states are set as x;,(0) = 0 and x,(0) = 0.

Then, the system modeling error and external disturbance are
considered as system uncertainty to validate the suppression
effect of the proposed control method on the complex
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time-varying uncertainty. For system modeling error, according
to the electric cylinder model parameters and past experimental
results, choose the axial stiffness of the electric cylinder
ke = 3.4 X 108 + 0.15 x 108 x sin(10t) N/m, for external dis-
turbance. Based on the vibration data of the tank traveling on
the complex road, approximately choose the external distur-
bance torque f; = 10 X sin(10¢) Nm.

Next, recalling the design process of the proposed controller, it is
necessary to choose appropriate functions g, and g,, to make the
uncontrolled nominal system x; = g (x;,¢) and x, = g,(x,, t)
present uniform asymptotically stable at the origins (i.e., x; , = 0).
ASSuming ng = —1X1 — blxlz, g_22 = —pXp — b2X22, thus
g(z2) = —ay221 — by2a, according to Equation (32), the uncon-
trolled nominal system can be expressed as

X = Arxy,
107

X = Ay, (107)
where 4 = [0 1;,—a; — b;], A, = [0 1;—a, — b,], according to
Equations (33)-(35), choose V| = x1T Gix; and V; = sz G,x,.
Choose a;, =1 and by, =2, so A, = [01;—1 — 2], choose
Q = [2 0;0 2], through Lyapunov equation

ATG+GA+Q=0, (108)
Gy, = [3 1;1 1] can be obtained.

Finally, in the simulation, the parameters of the flexible barrel are
setasm = 2370 kg, g = 9.8 N/kg, E = 2.4 X 10''Pa, I = 6.4 X
10~ kgm?, p = 7800 kg/m?, A = 0.028 m?, L; = 0.89 m, L, =
4.46 m, the parameters of the servo motor and the electric cylinder
are set as k; = 1.632 Nm/A, k, = 1.605Vs/rad, R = 1.15Q,
Jog = 0.21 kgm?, B,, = 0.0675 Nm/rad, P, = 0.016 m, i = 4,
and the installation parameters of the electric cylinder are set as
do=04m, , =03m, L =01m, 5 =0.5m, 6, = 0.92rad.

To better verify the effectiveness of the proposed pitch-pointing
tracking control method of the VESS, the PID controller and
sliding mode controller (SMC controller) are selected for com-
parisons with the proposed controller in the simulation process.
For a PID controller, the control input can be designed as

de() (109)

u(t)_ke(t)+kfe(r)dr+kd

For SMC controller, the control input can be designed as

u(e) = lsat( ()] (110)
where
T OR
sa:(@] =10, . <Oy, (111)

where kj, kj, kg, 1, E are the design parameters.

Remark 7. The reasons for selecting PID control and SMC
control are: (1) at this stage, the traditional tank fire control
system adopts PID control, which is of more practical
significance for comparison; (2) SMC control is a class of
advanced nonlinear control methods, which has the advantages
of fast response, insensitivity to parameter changes and
perturbations, no requirement for online identification of the
system, and simple physical realization, and so forth, which can
further verify the effectiveness of the proposed control
algorithms by selecting it for comparison.

In Simulation I, the control design parameters of the proposed
controller are set as g = 250, & = 1, = 0.001, for the PID con-
troller, k, = —60, k; = —0.4, kg = —175, for the SMC controller,
E = 0.07,t = 9000. In Simulation II, the control design parameters
of the proposed controller are set as & = 600, &, = 1, %, = 0.001, for
the PID controller, k, = —65, k; = —0.5, kg = —160, and for the
SMC controller, £ = 0.075, t = 8000.

The determination of control parameters in this study was
guided by a combination of theoretical analysis and simulation-
based optimization. The backstepping design provides theoret-
ical guidelines for selecting parameter ranges, while simulation
experiments were conducted to fine-tune these parameters for
optimal performance. Specifically, the parameters g, &, and y,
were adjusted to balance the trade-off between control accu-
racy, robustness, and stability. For example, & and &, were tuned
to minimize the tracking error while ensuring robustness to
uncertainties, and ; was optimized to guarantee stability during
the state variable transformation process. This two-step
approach ensures that the control parameters are both theo-
retically sound and practically effective.

6.2 | Simulation Results

The simulation results are presented in two distinct scenarios,
each with different desired signals, as shown in Figures 7-10
and 11-14, respectively.

In Simulation I, Figures 7 and 8 illustrate the comparative
tracking error e and the comparative pitch angle of the barrel ¢,.
It is evident that under the proposed control method, the
tracking error e converges from —0.1 rad to 0 rad within
approximately 5 s and stabilizes near 0 rad. Similarly, the pitch
angle of the barrel ¢, converges and stabilizes near the desired
angle ¢, = 0.1 rad after 5 s. In contrast, both PID control and
SMC exhibit longer convergence times and significant fluctua-
tions around zero in the steady state. Furthermore, the pitch
angle of the barrel ¢, takes considerably longer to converge and
stabilize near the desired angle, with a maximum steady-state
error of up to 0.08 rad. These results highlight the superior
accuracy and stability of the proposed control method com-
pared to PID and SMC.

Figures 9 and 10 depict the comparative thrust of the electric
cylinder F and the comparative control input voltage u,
respectively. With the proposed control, once the pitch angle of
the barrel ¢, stabilizes around the desired angle (after approx-
imately 5 seconds), both the thrust of the electric cylinder F and
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FIGURE 8 | Comparative pitch angle of barrel ¢, in Simulation L.
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FIGURE 9 | Comparative thrust of electric cylinder F in Simulation 1.

the control input voltage u reach a stable state, indicating that
the entire VESS achieves stability. In contrast, under PID and
SMC control, the thrust of the electric cylinder F and the
control input voltage u exhibit continuous fluctuations, making
it difficult for the system to reach a steady state.
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FIGURE 10 | Comparative control input voltage u in Simulation I.
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FIGURE 11 | Comparative tracking error e in Simulation II.
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FIGURE 12 | Comparative pitch angle of barrel ¢, in Simulation II

In Simulation II, Figures 11 and 12 present the comparative
tracking error e and the comparative pitch angle of the barrel ¢,,
respectively, while Figures 13 and 14 show the comparative
thrust of the electric cylinder F and the comparative control
input voltage u. The results are consistent with those of
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FIGURE 13 | Comparative thrust of electric cylinder F in Simula-
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FIGURE 14 | Comparative control input voltage u in Simulation II.

Simulation I, further validating the accuracy and stability of the
proposed control method in dynamic tracking processes.
Notably, the influence of system uncertainty and nonlinearity
becomes more pronounced when the desired signal is dynamic.
Traditional PID and SMC controls fail to effectively suppress
nonlinear disturbances, whereas the proposed control method
demonstrates superior performance in handling system uncer-
tainty and nonlinearity.

From the simulation results, it is clear that the proposed
control strategy effectively addresses the complex flexible
nonlinearity and two types of uncertainty (matched and
mismatched) in the VESS. However, it is worth noting that
the proposed method requires larger control inputs during
the initial stage to counteract the system's nonlinearity and
uncertainty. This initial demand for higher control effort is
a trade-off for achieving enhanced stability and accuracy in
the steady state. Overall, the proposed control method out-
performs traditional approaches in terms of convergence
speed, steady-state accuracy, and robustness under dynamic
conditions.

7 | Experimental Validation
7.1 | Composition Introduction

The experimental platform, constructed using the scaling
theory of VESS, is mainly composed of mechanical, elec-
trical, and testing components [13]. The platform’s
mechanical part mimics the upper structure of a tank, pri-
marily consisting of the gun breech, cradle, front bush, rear
bush, and barrel. In addition to the electrical part of the
platform, which is electrically controlled by a servo motor
and an electric cylinder, enabling the stabilized pitch
motion of the tank barrel. The control equipment manages
the pitch motion of the test stand as well as its parameter
settings. The platform employs a TMS320F283325 DSP with
a main frequency of 150 MHz. Parameters such as the
working mode, desired angle, and desired angular speed are
set through the HMI control interface, after which the
electrical equipment must function according to the
parameter settings and complete the pitch motion function.
The testing part, on the other hand, consists of an inclina-
tion sensor mounted on the muzzle, an angle encoder
mounted on the trunnion, and a force sensor mounted on
the electric cylinder actuator, which realizes the closed-loop
control of the vertical electric stabilization system by means
of the data from the sensors. Besides, the platform uses a
shaking table to simulate the excitation caused by road
roughness, with an adjustable weight design featured in the
gun breech. External interfaces all use a common interface;
the console integrates a certain number of network inter-
faces, asynchronous serial interfaces, and image interfaces,
facilitating the data exchange and information transmission
of the test stand.

In the experiment, the shaking table data is set to be saddle ring
vibration data of a tank moving at 30 km/h on a Class D road, so
as to simulate the driving conditions of a tank moving at
30 km/h on a Class D road. The dynamic parameters of the
experimental platform are given in Table 1, and the PID and the
SMC are still introduced as the comparison method.

7.2 | Experimental Results

For the same purpose of the simulation, the desired reference
signal is set as ¢, (t) =0.021 x (1 — e%1%)rad and
@;(t) = 0.021 X sin(0.4nt) in Experiments I and II,
respectively.

The comparative tracking error e and the comparative pitch
angle of barrel ¢, in Experiment I are, respectively, shown in
Figures 15 and 16. From the experimental results, under the
three different control strategies, the system stabilizes in
approximately the same time. However, compared to the pro-
posed control, under SMC control, the system always vibrates
after stabilization with a large amplitude, and under PID con-
trol, the system tends to stabilize at a value that is still some-
what different from the target value. The comparative tracking
error e and the comparative pitch angle of barrel ¢, in Experi-
ment II are, respectively, shown in Figures 18 and 19. The ex-
perimental results similarly show that the proposed control has
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TABLE 1 | Dynamic physical parameters of the experimental

platform.
Parameter Value Unit
m 71.01 kg
g 9.8 m/s?
Jog 2.39 x 1073 kgm?
i 36 —
Beg 3.375 x 107 Nms/rad
Py 0.008 m
ke 0.285 Vs/rad
ky 0.185 Nm/A
R 0.55 Q
L, 1.633 m
h 0.094 m
b 0.042 m
h 0.194 m
do 0.170 m
® 1.065 rad
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FIGURE 15 | Comparative tracking error e in Experiment I.
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FIGURE 19 | Comparative pitch angle of barrel ¢, in Experiment II

better dynamic tracking performance relative to the PID and
SMC controls. The comparative control input voltage u in Ex-
periments I and II are, respectively, shown in Figures 17 and 20.
The change rule of the control input voltage u basically keeps
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FIGURE 20 | Comparative control input voltage u in Experiment II.

the same trend with the corresponding error curve, character-
izing the reasonableness and effectiveness of the control strat-
egy verified by this experimental platform; moreover, the
control voltage also presents a stable state after the system tends
to be stabilized under the proposed control strategy.

8 | Conclusion

To enhance the stability and accuracy of pitch-pointing tracking
control, this study proposes a novel robust backstepping control
strategy that explicitly incorporates flexible nonlinearity and
mismatched uncertainty into the dynamics modeling process of
the VESS. The research framework is structured as follows:
First, a nonlinear coupled dynamics model is established by
integrating the axial stiffness model of the electric cylinder with
the modal solution of the flexible barrel, thereby capturing the
system's flexible coupling effects. Second, to address both mat-
ched and mismatched uncertainties, a mismatched state space
model, which consists of two interconnected subsystems, is
developed. Third, through the application of backstepping
design principles, a state variable transformation is im-
plemented to convert the mismatched uncertainty boundary,
leading to the development of an innovative robust control
method. This approach guarantees practical stability for both
the original and reconfigured systems. Extensive simulation and
experimental results demonstrate the superior performance of
the proposed method compared to traditional control ap-
proaches. Notably, this study represents the first attempt to
introduce flexible nonlinearity into the pitch-pointing tracking
problem of VESS, offering a groundbreaking perspective for
future research in this domain.

However, the method relies on accurate modeling of flexible
nonlinearities and uncertainties, which can be challenging to
achieve in real-world scenarios with limited sensor data and
changing environmental conditions. Secondly, the computa-
tional complexity of the control algorithm may increase the
system control cost. Future research is expected to develop data-
driven modeling techniques to reduce the reliance on precise
analytical models. Further bridge the gap between theoretical
research and practical application.
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