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ABSTRACT
The supercritical drive shaft is becoming increasingly popular in helicopter transmission system. Dry friction dampers are

specially employed to ensure the supercritical shafts crossing the critical speed safely. Due to design tolerances, manufacturing

errors and time‐varying factors, the parameters of the damper are inherently uncertain, affecting the safety performance of the

rotor system. This paper incorporates these parameter uncertainties to investigate the dynamic response uncertainties of a

supercritical shaft and dry friction damper system, which is characterized by its high dimensionality and nonlinear behaviors

of rub‐impact and dry friction. The nonintrusive Polynomial Chaos Expansion (PCE) is adopted to achieve the propagation of

uncertainties in the rotorsystem. To achieve efficient uncertainty quantification for this high‐dimensional nonlinear system, a

double‐layer dimensionality reduction algorithm combining modal superposition with sparse grid technique has been applied.

In the computational workflow, the inner layer uses modal superposition and the outer layer uses sparse grid techniques. The

stochastic dynamic response of the rotorsystem is analyzed considering the uncertainty of five design parameters of the damper.

Furthermore, as a post‐processing of the PCE coefficients, the Sobol global sensitivity analysis is conveniently conducted. The

influence of individual parameters or groups of parameters on the dynamic response is studied. A multi‐objective optimization

design for the key parameters is then carried out based on the established PCE model. The dynamic model and optimization

design method are verified by experiments. The results will benefit uncertainty quantification analysis of high‐dimensional

nonlinear rotorsystem.

1 | Introduction

The supercritical transmission system, with its advantages of
high operating speed, small torque transmission, and fewer
supports, can better meet the development needs of aircraft
transmission systems for high efficiency, reliability, and safety.
A typical example is the supercritical tail rotor drive shaft sys-
tem of helicopters [1, 2]. However, due to their large span and
high flexibility, supercritical transmission shafts experience

significant lateral vibration issues, which may result in bending
or even failure. To ensure the supercritical shafts crossing the
critical speed safely, dry friction dampers are specially designed
for mitigating the lateral vibrations, as shown in Figure 1.

The performance of dry friction dampers is crucial in de-
termining whether the rotor can safely traverse its critical
speed. Therefore, understanding the dynamics of these dampers
and optimizing their design is essential for the safe operation of
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supercritical rotors. There exists rub‐impact coupling with stick‐
slip dry friction forces in the supercritical rotor system with dry
friction damper causing strong nonlinearity and complex
dynamic behaviors. A series of research achievements have
been made on the nonlinear vibration of the supercritical rotor
system with dry friction damper. Dżygadło and Perkowski [3–5]
first verified the effectiveness of the dry friction damper in
damping transcritical vibrations of a helicopter supercritical
drive shaft. Based on a macroslip friction model, Özaydın et al.
[6, 7] established three low‐dimensional dynamical models: a
one‐dimensional model without clearance, a one‐dimensional
model with clearance, and a two‐dimensional model without
clearance. Huang et al. [8] mainly focus on the coupling effect
between misalignment and rub‐impact, and further studied the
effects of viscous internal damping and gyroscopic moment on
stability and phase difference of a supercritical drive shaft [9].
Wang et al. [10, 11] built a two‐dimensional Jeffcott rotor model
to conveniently apply the harmonic balance method and Flo-
quet theory to analyze the stability of the supercritical drive
shaft. Zhu et al. [12] studied the self‐excited vibration and rub‐
impact occurring in a supercritical helicopter tail transmission
system equipped with floating spline and dry friction damper.
In previous studies, the parameters of dry friction dampers are
treated as deterministic variables, with a focus on analyzing
their impact on dynamic response, lacking parameter design
methodologies. However, the parameters are actually often
subjected to many potential uncertainties that may rise from
design tolerances, manufacturing errors and time‐varying fac-
tors, such as installation clearance errors, wear between contact
interfaces, and so on. These uncertainties will inevitably cause
the rotor system response indeterministic, affecting the reli-
ability design. It is crucial to acknowledge and address these
uncertainties to ensure the optimal performance and reliability
of rotor system. Therefore, an anticipated improvement of
previous studies is to incorporate the uncertainties of the
parameters for prediction of the rotorsystem response, and to
further perform sensitivity analysis and optimization design on
the key parameters of the damper.

The uncertainty quantification (UQ) of rotordynamics has
attracted increasing attention, and several stochastic methods to
rotordynamics have been applied, including classic Monte Carlo
Simulations (MCS), perturbation method, Advanced Kriging
model and the Polynomial Chaos Expansion (PCE), and both
random and interval uncertainties of parameters has been in
consideration in the past research [13]. By building statistics from

responses obtained by sampling uncertain inputs through a large
number of runs, MCS is the most robust but computationally ex-
pensive tools. To avoid this, the perturbation method is proposed
based on the expansion of random quantities into Taylor series
and the Neumann method based on Neumann series expansion
[14–16]. But the perturbation method provides acceptable results
only for small random fluctuations, and it is an intrusive method
not applicable for large freedom and complexity rotor system.
Kriging model is also popularly applied to UQ of rotordynamics.
Denimal and Sinou [17] proposed a hybrid surrogate‐model for
UQ and global sensitivity analysis (GSA) of rotordynamics,
which combines Kriging and PCE. Ma et al. [18] adopted an
advanced Kriging model for propagation of uncertainties in fixed‐
point rub‐impact rotor system. The PCE, which can work in a
nonintrusive way, is an efficient uncertainty propagation method
by expanding the response onto a particular basis of the proba-
bility space [19, 20]. Specifically, by combining harmonic balance
method and PCE, Didier et al. proposed a stochastic harmonic
balance method [21] and applied it to nonlinear rotor systems
with unbalance, misalignment and initial bending to obtain
the uncertain nonlinear response [22]. After that, they further
proposed multidimensional stochastic harmonic balance
method [23] and studied on the stochastic response of rotor with
non‐regular nonlinearities [24] and local non‐linearities [25]. Fu
et al. proposed the PCE in combination with the Chebyshev
Surrogate Method (CSM) [26] on the uncertainty quantification
of rotor systems with both random uncertain parameters and
interval uncertain parameters, and the Chebyshev Convex
Method [27] on interval uncertain quantification. They further
studied the stochastic response of the uncertain notched rotor
systems [28] and dual‐rotor systems [29, 30]. Zhang et al. [31]
analyzed the nonlinear stochastic dynamics of a fixed‐point rub‐
impact rotor system based on harmonic balance method com-
bined with PCE, in which the rotor is simplified as a Jeffcott rotor
model. Ma et al. [32] adopted PCE to the UQ and GSA of the self‐
excited vibration which occurs in the spline‐shafting system.

With the advantage of substantial mathematical foundation and
excellent performance in uncertainty propagation, PCE is
widely applied in UQ of rotor system. In this paper, the PCE
method is employed to contribute a stochastic model for the
uncertain supercritical rotor and dry friction damper system.
While the classic Jeffcott model is straightforward to analyze, its
two‐degree‐of‐freedom structure limits the representation of the
rotor system's dynamic characteristics. In contrast, finite ele-
ment models provide richer dynamic information but

FIGURE 1 | Supercritical tail drive shaft system of a helicopter.
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significantly increase the system's degrees of freedom, requiring
substantial computational resources for UQ. In addition, when
employing PCEmethods for uncertainty quantification, there exists
so‐called “curse of dimensionality.” To address the challenges of
high dimensionality, this paper employs a double‐layer dimen-
sionality reduction algorithm combining modal superposition with
sparse grid technique. This approach is applied to effectively assess
the vibration damping performance of the damper. After that a
GSA is conveniently performed by computing the Sobol indices
analytically as a post‐processing of the PCE coefficients [33].

The rest of the paper is organized as follows. Section 2 describes the
dynamic modeling of a supercritical drive shaft with a dry friction
damper under uncertainty. Section 3 provides a detailed explana-
tion of the double‐layer dimensionality reduction algorithm. Sec-
tion 4 presents a comprehensive uncertainty propagation analysis
along with comparative discussions of various parameter cases.
The results are compared with those obtained from MCS to
demonstrate the validity and efficiency of the established model.
Then a multi‐objective optimization design to enhance the vibra-
tion damping performance of dry friction damper is carried out. A
transcritical vibration experiment of a supercritical rotor with dry
friction damper is conducted to verify the effectiveness of dynamic
model and optimization method. Finally, the conclusions of the
present work are summarized in Section 5.

2 | Dynamic Model of the Rotor System Under
Uncertain Parameters

2.1 | Dynamic Model of the Rotor System

In this study, a typical single‐span supercritical transmission
system with a dry friction damper is considered, as shown in
Figure 2. It consists of a hollow rotating shaft, two isotropic elastic
supports and a dry friction damper installed in the middle of the
shaft span to ensure that the shaft pass through the first critical

speed safely. The damper is mainly composed of a movable rub‐
impact ring made in half‐half type for easy disassembling and
assembling, two pre‐tightening springs, four friction discs, two
bolts, and a base, as illustrated in Figure 2C. There exist clear-
ances δ1, δ2 between the rub‐impact ring and the shaft, as well as
the ring and the bolts. There exists friction on the surfaces
between the friction discs and the rub‐impact ring, and the fric-
tion force can be set by varying the pre‐tightening spring force.

In Figure 3A, an inertial coordinate system Oxyz( ) is associated
with the centroid of the support, and the cross‐section of the
shaft is assumed to remain in the yz plane. The supports at both
end of the shaft are modeled ideally by isotropic linear springs
with stiffness k0. The shaft is modeled by the finite element
method with Timoshenko beam theory, divided into N ele-
ments, N+ 1 nodes. Each node has 4 degrees of freedom,
including translation along the y, z directions and rotation
around the y, z directions. Considering that the rotor in the
system is a slender flexible shaft without a disk, the influence of
the gyroscopic effect is minimal, as detailed in the appendix. To
facilitate the application of the modal superposition method,
the gyroscopic effect is ignored accordingly.

The damper is located at the middle node of the shaft, and the
rotation of the rub‐impact ring, which has a mass mr , is
neglected. The nonlinear forces of the damper include rub‐
impact forces between the shaft and the rub‐impact ring, as well
as the ring and the bolts, and the dry friction force between rub‐
impact ring and friction discs. The rub‐impact forces which are
denoted as f1 and f2, include normal contact forces and tan-
gential friction forces as shown in Figure 3B. The normal and
tangential rub‐impact force can be expressed as

f H ε k ε= ( ) ,iN i i i (1)

f H ε μ f v= ( ) sign( ),iT i i iN i (2)

FIGURE 2 | A typical single‐span supercritical transmission system with a dry friction damper. (A) 3‐Dmodel, (B) detailed view of dry friction damper;

(C) detailed structures of the dry friction damper: 1—Half‐half type rub‐impact ring, 2—Pre‐tightening spring, 3—Friction disc, 4—Bolt, 5—Base.

465

 27671402, 2025, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

sd2.70028 by C
ochraneC

hina, W
iley O

nline L
ibrary on [11/12/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



where i = 1, 2, represents the rub‐impact between shaft and
ring, ring and bolts respectively, H ε( )i is Heaviside function
with H ε( ) = 1i for ε > 0i , and εi is the relative radial displace-
ment at the contact point, k1, k2 are the contact stiffness, μ1, μ2
are the tangential friction coefficient at the interface, v v,1 2 are
the relative tangential velocity at the contact points. And their
detailed expressions are provided in the appendix. The dry
friction force fd which opposites to velocity of the ring vr , as
shown in Figure 3B, can be derived by







f f H v f

y

v

z

v
[ , ] = − ( )

̇
,
̇

,dy dz r c
r

r

r

r

T
T

(3)

where H v( ) = 1r for v > 0r , vr is the absolute value of the
velocity of the ring, with the detailed expression provided in the
appendix. fs is the pre‐tightening force from springs and μ3 is
the sliding friction coefficient. fc is the critical dry friction force,
representing the product of fs and μ3, which determines the
transition for the motion of the ring from stick to slip. The
unbalance excitation on the shaft can be expressed as

f f meϕ ϕ meϕ ϕ meϕ ϕ meϕ ϕ[ , ] = [ ̇ cos + ̈ sin , ̇ sin − ̈ cos ] ,ey ez
T 2 2 T

(4)

where m is the equivalent mass of the shaft and e is the
eccentric distance, ϕ is the rotation angular of the shaft.
Therefore, the equations of motion of the rotorsystem can be
expressed as
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wherems, ks and cs are the mass, stiffness and damping matrices
of the shaft, respectively, assembled with the support element.
The stiffness matrix of the support node is k kdiag( , , 0, 0)0 0 . The
damping matrix is calculated using Rayleigh damping, with its
detailed expressions provided in the appendix. mr , kr and cr is
the mass, stiffness and damping matrices of the ring, and the
dynamic model of the ring is established by lumped mass method
withm m m= diag( , )r r r , kr and cr being ignored. qs, qr are the
displacement vectors of the shaft and ring, respectively. fs, fr are
the forces on shaft and ring, expressed as

⋯ ⋯f f f f f= [0, 0, 0, 0 , − , − , 0, 0, 0, 0, 0, 0] ,s ey y ez z1 1
T (6)

f f f f f f f= [ + 2 + , + 2 + ] ,r y y dy z z dz1 2 1 2
T (7)

where f f,y z1 1 and f y2 , f z2 are the components in y and z direc-
tions of f1 and f2, respectively. The drive shaft is divided into 16
elements and has 64 degrees of freedom. Including the two
degrees of freedom from the damper, the system has a total of
66 degrees of freedom, which greatly increases the computa-
tional complexity compared to the Jeffcott rotor model.

2.2 | Uncertainty Propagation Based on PCE

The PCE method is applied to derive the uncertain dynamic
response. In this system, five parameters of the damper are mod-
eled as random variables, including the mass of the ringmr , normal
rub‐impact stiffness k1, tangential rub‐impact friction coefficients
μ1, clearance δ1 and critical dry friction force fc. These parameters
are denoted by vector r , for example, r = m k μ δ f[ , , , , ]r c1 1 1

T. All
the uncertain parameters are considered to be independent. These
uncertain parameters can be converted to standard random vari-
ables denoted as ⋯ξ ξ ξ ξ= [ , , , ]d1 2

T. d is the dimension of random
variables and d = 5 in this model. According to the PCE method,
the stochastic response can be written as a function of standard
random variables, then the uncertain dynamic model of the
rotorsystem can be written as
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ξq ( ) can be written as
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(9)

where b0, bi1,⋯ ⋯b, i i in1 2 are the unknown expansion coefficient
and ⋯ξ ξ ξΨ ( , , , )n i i in1 2

is the n‐order multi‐dimensional orthogo-
nal polynomials related to the distribution of ξ , for example,
Hermite polynomials for Gaussian distribution, Legendre poly-
nomials for uniform distribution, Laguerre polynomials for
gamma distribution, Jacobi polynomials for beta distribution [34].
In practice, expansion shall be truncated for computational

FIGURE 3 | Dynamic modeling of the system: (A) finite element model of a single‐span supercritical shaft with dry friction damper and

(B) schematic diagram of the rub‐impact forces and dry friction force.
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purposes. Considering all d‐dimensional orthogonal polynomials
of order not exceeding p, the response can be approximated as
follows:

≈  ξq b Ψ ( ).
i

P

i i

=0

−1

(10)

P is the number of unknown coefficients in this summation,
which can be derived by

P
p d

p d
=

( + )!

! !
. (11)

The PCE coefficients can be evaluated by Galerkin
projection and regression method of which the former is more
robust [19]. Based on Galerkin projection, the coefficients are
evaluated by

⋯
r ξ

ξ
b

E q

E
i P=

[ ( )Ψ ( )]

[Ψ ( ) ]
, = 0, 1, , − 1,i

i

i
2

(12)

where ◾E [ ] is expectation operator. When the coefficients are
obtained, the mean and variance of the output q also can be
easily derived from PCE as follows:

μ E q b= [ ] = Ψ ,PC 0 0 (13)

 ξD V q b E= [ ] = [Ψ ( ) ],PC

i

P

i i

=1

−1
2 2 (14)

where ◾V [ ] is the variance operator.

Once the PCE of rotor system is constructed, the Sobol indices
can be directly derived from the PCE coefficients and the
parameters most sensitive to the transcritical response can be
ranked. These indices, called PC‐based Sobol indices and
denoted by ⋯Si is1 can be straightforwardly given as

⋯
∈ ⋯


S

b E

D
=

[Ψ ]
,i i

α α α

PC

Ω
2 2

s

i is

1

1, , (15)

where Φα respresents all polynomials related only to ⋯r r, ,i is1 ,
≤ ≤s d1 . For more details, Refs. [33, 35]. can be referred to.

The first‐order sensitivity indices Si give the effect of each
parameter taken alone whereas the higher order indices
account for possible interact effect of various parameters. The
total sensitivity indices Si

T evaluating the total effect of an input
parameter are defined as the sum of all partial sensitivity
indices ⋯Si is1 involving parameter ri.

The primary challenge is to derive the expectations of r ξq ( )Ψ ( )i

and ξΨ ( )i
2. One of the main approaches to approximate the

expectation is full factorial numerical integration (FFNI) which
operates over a configuration space composed of specific con-
figuration points. The configuration space of d‐dimensional
random variables based on FFNI is derived by direct tensor‐
product [36] as follows:

⊗ ⊗ ⋯ ⊗ ⋯⊗Ω = Ω Ω Ω Ω ,d
n N N N N

1 1 1 1
j d1 2 (16)

where Ω
N
1
j represents the configuration space composed

of Nj points of the jth dimensional variable, and
⋯ ⋯N N N K= = =j d1 corresponds to algebraic accuracy of

order K2 − 1. It is obvious that the number of configuration
points increases exponentially with the dimension number of
random variables, causing large compute load. Therefore, con-
sidering sparsizing configuration points of FFNI, the sparse grid
numerical integration (SGNI) method is proposed [37]. On this
basis, the improved sparse grid method has been further pro-
posed and applied in the UQ of nonlinear systems [38]. SGNI
constructs the configuration points by utilizing special tensor‐
product operations, which will be discussed in detail below.

3 | Double‐Layer Dimensionality Reduction
Algorithm Combining Modal Superposition With
Sparse Grid Technique

Considering that directly quantifying uncertainties in this high‐
dimensional system would require significant computational
resources, a double‐layer dimensionality reduction algorithm
combining modal superposition with sparse grid technique is
applied in UQ of this system. The execution logic for UQ of the
supercritical rotor system with dry friction damper is illustrated
in Figure 4.

3.1 | Dynamic Modeling Through Modal
Superposition

In this process, the inner layer uses modal superposition to
reduce the degrees of freedom of the uncertain system. To
conduct it, the vibration equation of the shaft is rewritten in the
following form
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Define






h

q
q

= ṡ

s
,







h

q
q

̇ =
̇

t
s

s

d

d
,







A

m
m c

=
0

h
s

s s
,







B

m

k
=
− 0

0h
s

s
,

Equation (17) can be written as

A h B h 0̇ + = .h h (18)

Let h h e= st
0 , Equation (18) can be written as

B h A hs− = .h h0 0 (19)

By solving the generalized eigenvalue problem in Equation (19),
the eigenvalues and eigenvectors can be obtained, which
correspond to the modal frequencies and mode shapes. The
mode shape matrix is denoted as Φ. The response of the shaft
can be transformed from physical space to modal space as
q ξ Φq ξ( ) = ( )s sP , and q ξ( )sP is the uncertain response in modal
space. By substituting it to Equation (8), it is can be derived that
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m Φq ξ k Φq ξ c Φq ξ f ξ̈ ( ) + ( ) + ̇ ( ) = ( ).s sP s sP s sP s (20)

Multiply by matrix ΦT, then the uncertain dynamic equation in
modal space can be derived as

m q ξ k q ξ c q ξ f ξ̈ ( ) + ( ) + ̇ ( ) = ( ),sP sP sP sP sP sP sP (21)

where m mΦ= ΦsP s
T , k kΦ= ΦsP s

T , c cΦ= ΦsP s
T , f ξ( ) =sP

f ξΦ ( )s
T . There are 64 degrees of freedom in Equation (21) cor-

responding to 64 order modes. By truncating the first n order
modes from Equation (21), the truncated dynamic equation of
the shaft is obtained as follows:

m q ξ k q ξ c q ξ f ξ̈ ( ) + ( ) + ̇ ( ) = ( ),sP
n

sP
n

sP
n

sP
n

sP
n

sP
n

sP
n (22)

where q ξ( )sP
n , msP

n , k sP
n , c sP

n represent the truncated modal
response, mass matrix, stiffness matrix, and damping matrix,
respectively. f ξ( )sP

n denotes the truncated external forces. The
dynamic equations of the damper do not need to be transformed

into modal space. Therefore, the uncertain dynamic equations
can be rewritten as
































































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





m
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q ξ

q ξ

k

k

q ξ

q ξ

c
c

q ξ

q ξ

f ξ

f ξ

̈ ( )

̈ ( )
+

( )

( )
+

̇ ( )

̇ ( )

=
( )

( )
,

sP
n

r

sP
n

r

sP
n

r

sP
n

r

sP
n

r

sP
n

r

sP
n

r

(23)

where there are n + 2 degrees of freedom. Due to the nonlinear
forces in f ξ( )sP

n and f ξ( )r , it is necessary to convert the
response in modal space back to physical space at each step of
the numerical calculation. By substituting q ξ Φq ξ( ) = ( )s sP ,

q ξ Φq ξ( ) = ( )s sP

̇ ̇
into Equations (1)–(3), the nonlinear forces of

f1 f2 and fd can be derived in physical space. Then fs and fr can
be obtained by Equations (6) and (7). Transforming fs into
modal space through Φ f ξ( )s

T and performing an n order trun-
cation, f ξ( )sP

n can be finally derived.

FIGURE 4 | Execution logic for UQ of the supercritical rotor system.
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3.2 | PCE Coefficients Through Sparse Grid
Technology

In outer layer, sparse grid technology is applied to get the
configuration points, namely sample pool, denoted as Sr . To
obtain the stochastic transcritical response of the rotorsystem
over time, the response derived by solving dynamic equations
within the interval t t[ , ]0 end is furtherly discretized into a time
sample pool St . In outer layer, PCE models for each time sample
point are established. The configuration space of d‐dimensional
random variables based on SGNI is

≤ ≤
∪ ⊗ ⊗ ⋯ ⊗ ⋯⊗Ω = Ω Ω Ω Ω ,
N

d
n

k k d

N N N N

+1 | | +
1 1 1 1

j d1 2 (24)

where ⋯ ⋯N = N N N N[ , , , , ]j d1 2 , and ⋯ ⋯N N N| | = + + +j1

N+ d. Using SGNI, the expectation operator can be expressed as

≈ ⋯ ⋯ ⋯ ⋯   ( )E g w w w g l l l   [ ] , , , , ,
i

N
i

i

N
i

i

N
i i i i

=1
1

=1
1

=1
1 1 1 1

j

j
j

d

d

d j d

1

1

1 1 (25)

where l
i
1
j and w

i
1
j, ⋯i N= 1, 2, ,j j are the ij‐th configuration point

and the corresponding quadrature weight of the j‐th dimen-
sional variable and ⋯ ⋯g l l l( , , , , )i i i

1 1 1
j d1 is the output response

corresponding to configuration point. By substituting
r ξg q= ( )Ψ ( ),i and ξg = Ψ ( )i

2 into Equation (25), r ξE q[ ( )Ψ ( )]i

and ξE [Ψ ( ) ]i
2 can be derived. To calculate ξΨ ( )i , the configu-

ration points for rq ( ) need to be converted to standard random
variables. When r follows the normal, uniform, exponential
distribution, etc., values of l

i
1
j and w

i
1
j can be directly derived

from the Gauss‐Hermite, Gauss‐Legendre, and Gauss‐Laguerre
quadrature formula [39], which can be obtained by consulting a
chart. The quadrature weight corresponding to the configura-
tion point ⋯ ⋯l l l( , , , , )i i i

1 1 1
j d1 is

⋯ ⋯
⋯ ⋯ 


 


( )N

w
d

k d
w w w w= (−1)

− 1
+ − | |

,N
d
i i i i k d i i i i, , , , , + −| |

1 1 1 1
j d j d1 2 1 2

(26)

where k is an integral precision control parameter corresponding
to algebraic accuracy of order k2 + 1 [40]. The truncation order p

FIGURE 5 | Configuration points through (A) FFNI and (B) SGNI with algebraic accuracy of order 5 for Gauss‐Hermite in the two‐dimensional

standard random space.

TABLE 1 | Values of a helicopter supercritical drive shaft

parameters.

Symbol Description Value

L Length 3080mm

r Inner radius 56mm

R Outer radius 57mm

ρ Density 2700 kg/m3

E Young's modulus of
elasticity

7.1 × 10 N/m10 2

σ Poisson's ratio 0.3

ζ1 Damping ratio 0.02

ζ2 Damping ratio 0.02

ω1 First natural frequency 215 rad/s

ω2 Second natural frequency 860 rad/s

e Eccentricity 0.3 mm

k0 Stiffness of support 5 × 10 N/m8

ϕ ̈ Acceleration of shaft
rotation

20 rad/s2

ωo Operating speed 490 rad/s

TABLE 2 | Deterministic value of the dry friction damper dimen-

sionless parameters.

Symbol Description Value

m̅r Lumped mass 0.07

k1̅ Normal rub‐impact stiffness 40

k2̅ Normal rub‐impact stiffness 40

μ1 Tangential rub‐impact friction
coefficients

0.02

μ2 Tangential rub‐impact friction
coefficients

0.02

δ1̅ Initial clearance 4

δ2̅ Initial clearance 5

f ̅c Critical dry friction force 3
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of PCE and the value of k in SGNI also need to be matched to
obtain the accuracy results. Equation (24) means only points
that satisfy ≤ ≤Nk k d+ 1 | | + are needed, effectively
decreasing the number of configuration points by eliminat-
ing certain unimportant quadrature points compared to
FFNI, as shown in Figure 5. And the higher the dimension of
random variables, the more obvious the advantage of sparse
grids.

4 | Results and Discussion

In this section, the effects of uncertainties on the transcritical
response of the shaft and dry friction damper system are stud-
ied. For each stochastic variable, dispersion is taken around the
mean equal to its corresponding deterministic value. The
deterministic values of a supercritical drive shaft parameters are
shown in Table 1.

FIGURE 6 | Deterministic transcritical response of the shaft and ring: (A) transient responses of the shaft and ring, (B) orbits of the shaft and

ring during b‐c phase, and (C) orbit of the shaft and ring during jump phase.

FIGURE 7 | Transcritical response of the system with uncertain δ1: (A) shaft (B) ring (red = high bound, bule = lower bound, dashed =MCS, and

solid = PCE.

470 International Journal of Mechanical System Dynamics, 2025
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Moreover, the parameters of the rotor system are converted into
dimensionless form as follows

m
m

m
m

k
k

c
c

m m k km

ω
ϕ

k m

̅ = , ̅ = , ̅ = , ̅ = ,

=
̇

/
,

s
s

r
r

s
s

s
s

k
k

k
k

k

k
δ

δ

e
δ

δ

e
f

f

ke
̅ = , ̅ = , ̅ = , ̅ = , ̅ = ,c

c
1

1
2

2
1

1
2

2 (27)

where m = 1.43 kg, k = 66.2 kN/m, are, respectively, the
equivalent mass and equivalent stiffness of the shaft can be
calculated by treating the drive shaft as a simply supported
beam. The other parameters of the rotor system are also non-
dimensionalized following the rules specified in Equation (27),

which are not presented here for brevity. The deterministic
value of the dimensionless parameters of the dry friction
damper are set in Table 2.

4.1 | Modal Validation

The deterministic transcritical response of the shaft and the
rub‐impact ring of damper are derived based on the determi-
nistic parameters shown in Tables 1 and 2. All the transient
responses are provided as the deflection of the geometric center
of shaft middle node and ring, that is, q y z= ̅ + ̅s s s

2 2 and
q y z= ̅ + ̅r r r

2 2 and dimensionless. The deterministic tran-
scritical response of the shaft with different truncated orders are
shown in Figure 6, where qs and qr are derived from the direct
numerical calculation of the original equation. It can be seen
that a convergent response can be achieved with truncation

TABLE 3 | Statistical properties of input uncertain parameters.

Case Parameters Distribution Mean Lower limit Upper limit CV

1 m̅r Uniform 0.07 0.0579 0.0821 0.1

2 k1̅ Uniform 40 33.0718 46.9282 0.1

3 μ1 Uniform 0.02 0.0165 0.0235 0.1

4 δ1̅ Uniform 4 3.3072 4.6928 0.1

5 f ̅c Uniform 3 2.4804 3.5196 0.1

FIGURE 8 | Stochastic transcritical responses of the system for Case 1: (A) shaft, (B) ring, PDFs of (C) qs−max, and (D) ωj.
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order 3. Therefore, n = 3 is selected as the final modal trun-
cation order for the calculations that follow.

It can be seen that, with the frequency increases, the vibration
of the shaft exceeds δ1̅ and contact with the rub‐impact ring,
which keeps sticking under the pre‐tightening force during a‐b
phase. When rub‐impact force overcomes the critical dry fric-
tion force, the ring turns into sliding as shown in b‐c phase, the
orbits of shaft and ring during this phase are shown in
Figure 6B. A jump phenomenon occurs at point c, resulting in
the shaft departing from the ring. The orbit of the shaft, illus-
trating this departure, is clearly depicted in Figure 6C. During
the jump phase, the system is unstable. Phase a‐c is the called
transcritical region of the system and the maximum amplitude
of shaft is denoted as qs−max. The frequency of the point c called
jump frequency is denoted as ωj, which is an important indi-
cator in determining the safety margin between the operating
speed and the critical area as shown in Figure 6A. Therefore,
both qs−max and ωj are crucial parameters of concern in design.

Considering δ1̅ follows a uniform distribution with a coefficient
of variation of 10%, the PCE is performed to derive the uncertain
transcritical response. To verify the accuracy of the PCE, a MCS
is performed with 1000 samples. A convergence study of the
stochastic response with the order of p and k is performed by
comparing with the result from MCS. The upper and lower
bounds are derived by percentile difference method [41] with
95% confidence bounds. It has been found that the PCE model
with an order p k= 3, = 5 which means the calculation of only

seven samples, exhibits good consistency with the MCS method,
as shown in Figure 7. Therefore, the PCE approach with an order
p k= 3, = 5 is ultimately employed in this study.

4.2 | Effect of the Uncertain Parameters

In this section, we investigate several cases with different ran-
dom uncertainties. The stochastic response of the rotor system
is obtained considering the uncertainty of five design parame-
ters with coefficients of variation of 10%. The values of the
deterministic physical parameters of the rotor are given in
Table 2. The random parameters are summarized in Table 3 for
each case, where CV means coefficient of variation.

The stochastic response has been verified by MCS for each
case, which are not presented here for brevity. The stochastic
responses of the shaft and ring are shown in Figures 8–12 for
Case 1–Case 5. Furthermore, to illustrate the damping effect of
the damper under different parameter uncertainties, the
probability distribution functions (PDFs) of qs−max and ωj are
obtained by establishing the PCE models of qs−max and ωj and
then performing MCS with 10000 points on these models.
Furthermore, the scatterplots with regression lines illustrating
the relationships between qs−max and the parameters, as well as
ωj and the parameters, are presented.

With the uncertainty of m̅r , the shaft's response exhibits slight
dispersion in the b‐c phase, while remaining unaffected in other

FIGURE 9 | Stochastic transcritical response of the system for Case 2: (A) shaft, (B) ring, PDFs of (C) qs−max, and (D) ωj.
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phases due to the stationary state of the ring, as illustrated in
Figure 8A. The response of the ring shows minimal dispersion
and remains largely unaffected as shown in Figure 8B. qs−max
exhibits a certain degree of dispersion following with uniform
distribution, negatively correlated with m̅r as shown in
Figure 8C. While ωj exhibits a little degree of dispersion fol-
lowing with right‐skewed distribution, positively correlated
with m̅r as shown in Figure 8D. With the uncertainty of k1̅, the
shaft's response in the a‐c phase exhibits a slight degree of
dispersion, while the ring's response shows minimal dispersion,
as shown in Figure 9A,B. qs−max and ωj show a certain degree of
dispersion following with left‐skewed distribution and right‐
skewed distribution, respectively. And qs−max negatively corre-
lates with k1̅ while ωj positively correlated with k1̅. The entire
transcritical process appears to be minimally influenced by μ1
as shown in Figure 10A,B. This is due to the ring being made of
self‐lubricating material, resulting in a very low value for μ1 and
ensuring the system remains stable. With the uniform distri-
bution of μ1, qs−max and ωj follow a skewed distribution as
shown in Figure 10C,D. The transcritical response of shaft and
ring in a‐c phase are notably affected by the uncertainty of δ1̅,
exhibiting significant deviation as shown in Figure 11A,B. The
uncertainty of δ1̅ led to significant variations in qs−max and ωj
both distributed uniformly in Figure 11C,D. It can be seen that
the correlation between qs−max and δ1̅ is very significant, with a
negative correlation shown in Figure 11C, while there is a clear
positive correlation between ωj and δ1̅, as shown in Figure 11D.
The uncertainty of f ̅c introduces a degree of dispersion in
phase b‐c, with the point c displaying variations, as shown in

Figure 12A,B. It can be seen that qs−max and ωj show a cer-
tain degree of dispersion following with uniform distribution,
and qs−max negatively correlates with f ̅c while ωj positively
correlated with f ̅c. From Figures 8–12, it can be seen that the
stochastic transcritical response of the system still holds the
shape of typical transcritical process. The response far from
transcritical region is unaffected by parameter uncertainty,
whereas the transcritical region, qs−max and ωj exhibit a
certain degree of deviation. Additionally, qs−max and ωj show an
inverse correlation with the uncertain parameters.

4.3 | GSA and Key Parameters Optimization

A Sobol global sensitivity analysis is analytically performed as
the post‐processing of PCE to obtain the key parameters and
combinations thereof of the damper affecting the maximum
amplitude and jump frequency. The values of maximum
amplitude and jump frequency with the uncertainty of five
design parameters shown in Table 3 are derived from the
present method with 3002 grids, while 7776 grids are need in
FFNI and more than 10 000 samples are needed in MCS. The
comparison of the first‐order and the total sensitivity indices of
qs−max is presented in Figure 13A. It can be found that the
qs−max is most sensitive to the initial clearance between shaft
and ring (δ1̅) while insensitive to other parameters. And the
first‐order Sobol indices of each uncertain parameter are close
to its total Sobol indices, which means that the interact effects
of the five parameters are minor, as shown in Figure 13B. The

FIGURE 10 | Stochastic transcritical response of the system for Case 3: (A) shaft, (B) ring, PDFs of (C) qs−max, and (D) ωj.
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Sobol sensitivity indices of ωj are presented in Figure 14A. By
comparison, it can be observed that ωj is much more sensitive to
δ1̅, then followed by f ̅c, and insensitive to the other parameters.
The interact effects of the parameters are shown in Figure 14B.
It can be seen that the interact effects to ωj are also minor.

In conclusion, qs−max and ωj are highly sensitive to variations in
δ1̅ and f ̅c, making them crucial design parameters. However, in
Figures 11 and 12, inverse correlations can be observed between
δ1̅ and qs−max, δ1̅ and ωj, as well as f ̅c and qs−max, f ̅cand ωj. This
suggests that it is not feasible to decrease qs−max and ωj simul-
taneously, a trade‐off between them is necessary. Therefore, it is
crucial to carefully choose the values of δ1̅ and f ̅c to maintain
optimal values for both qs−max and ωj.

A key parameters optimization aiming to minimize qs−max and
ωj is further conducted. m̅r , k1̅ and μ1 remain unchanged shown
in Table 2, further optimization is conducted for δ1̅ and f ̅c with
design ranges of δ2 < ̅ < 81 , f1 < ̅ < 7c , respectively. The PCE is
performed to establish a surrogate model with δ1̅ and f ̅c as in-
puts and qs−max as output, as well as a surrogate model with δ1̅
and f ̅c as inputs and ωj as output. To do that, assuming that δ1̅
follows a uniform distribution on the interval [2, 8], and f ̅c fol-
lows a uniform distribution on the interval [1, 7], convert them
into standard random variables denoted as ξ1 and ξ2. For the
convenience of expression, the PCE model of qs−max is written
as y f ξ ξ= ( , )1 1 1 2 and the PCE model of ωj is written as
y f ξ ξ= ( , )2 2 1 2 . The accuracy of the PCE models has been ex-
amined. The mathematical model for the multi‐objective opti-
mization of the damper can be written as















Y f ξ ξ f ξ ξ

δ

f

min = ( ( , ), ( , ))

s.t. 2 < ¯ < 8

1 < ¯ < 7

.

c

1 1 2 2 1 2

1
(28)

In this paper, NSGA‐II algorithm [42] is used to solve the
optimization problem, which is one of the currently popular
multi‐objective genetic algorithms with the advantages of fast
running speed and good convergence of solution sets. In the inte-
gration of PCE models with NSGA‐II optimization, the resulting
optimization outcome is visually presented in Figure 15A. By
analyzing the Pareto front generated, point A is identified as the
optimal choice, and point B represents the outcome with the initial
set of parameters before optimization. The transcritical response of
the shaft with the parameters at point A, that is, δ ̅ = 3.41 , f ̅ = 1.5c

is shown in Figure 15B. It clearly shows a decrease in both the
maximum amplitude and jumping frequency of the shaft
compared to initial result. This indicates a notable enhance-
ment in the vibration reduction performance of the dry friction
damper. The results signify a successful optimization effort
that has effectively reduced vibration levels, leading to im-
proved overall performance.

4.4 | Experimental Verification

To verify the dynamic model and optimization design method,
experiments are carried out on a supercritical rotor rig. The
experimental device is shown in Figure 16, which consists of a

FIGURE 11 | Stochastic transcritical response of the system for Case 4: (A) shaft, (B) ring, PDFs of (C) qs−max, and (D) ωj.
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rotor test bench, a dry friction damper and a signal acquisition
system. The dry friction damper is installed on the middle of the
long shaft which is a supercritical rotor. To measure the tran-
scritical vibration response of the shaft, the displacement sen-
sors are installed in both horizontal and vertical directions near
the dry friction damper. The rotor system is derived by a 380 V
three‐phase asynchronous motor and the speed can be adjusted
continuously from 0 to 4500 r/min. In this experiment, the rotor
system is accelerated from 0 to 4000 r/min, making the long
shaft cross the critical speed. The transcritical vibration
response of the shaft is obtained through displacement sensors
and signal acquisition system. The dynamic model of the

experimental rotor system is established as shown in Figure 17
based on the modeling method proposed in Section 2. The main
simulation parameters of the experimental system are shown in
Table 4. To validate the accuracy of the established dynamic
model, four sets of inner diameters of rings are utilized to
change the initial clearance δ1, which are 1, 1.5, 2, and 2.5 mm,
respectively, as shown in Figure 18A. The critical dry friction
force fc can be changed by adjusting the length of the spring,
and measured by using a tension meter as shown in Figure 18B.
The transcritical vibration experiments are conducted, with the
peak‐to‐peak values of the shaft vibration as the maximum
amplitude. Each experiment is repeated five times.

FIGURE 12 | Stochastic transcritical response of the system for Case 5: (A) shaft, (B) ring, PDFs of (C) qs−max, and (D) ωj.

FIGURE 13 | Sobol global sensitivity analysis of qs−max: (A) first‐order and total Sobol indices and (B) interact effect of the five parameters.
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The comparison of amplitude variation trends under different
clearances is depicted in Figure 19, showcasing a maximum
error of 1.5% between the simulation results and experimental
results, which verify the accuracy of the established dynamic

model. Based on the optimization design method proposed
above, the parameters of the dry friction damper are optimized,
the resulting values of δ = 1.5 mm1 , f = 10 Nc are determined as
the optimal parameters for the damper. The comparison of

FIGURE 14 | Sobol global sensitivity analysis of ωj: (A) first‐order and total Sobol indices and (B) interact effect of the five parameters.

FIGURE 15 | Multi objective optimization results: (A) the optimization outcome based on NSGA‐II combined with PCE models (B) the tran-

scritical response of shaft with parameters at point A.

FIGURE 16 | Supercritical rotor experimental rig equipped with a dry friction damper: (A) rotor test bench, (B) dry friction damper, and

(C) signal acquisition system.
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experimental results before and after optimization design is
shown in Figure 20. It can be seen that the amplitude of the shaft
is reduced, yet still maintaining a small range of transcritical
region, indicating the effectiveness of the optimization method.

5 | Conclusions

In this paper, a stochastic dynamic model for the uncertainty
and sensitivity analysis of a supercritical rotor system is estab-
lished, using PCE method and a double‐layer dimensionality
reduction algorithm. The uncertain dynamic responses of the
rotor are derived under different parameter uncertainties and

verified by comparison with MCS. The effects of parameter
uncertainties are analyzed. A multi‐objective optimization
design is carried out based on PCE model combined with
NSGA‐II. The dynamic model of the rotorsystem and the opti-
mization design method are then validated by experiments. The
conclusions can be obtained as follows:

1. Compared to directly performing MCS on the original
dynamic equations, using modal superposition combined
with sparse grid techniques can significantly improve the
efficiency of uncertainty quantification.

2. With a small variation in design parameters, there exists a
certain level of variability in the transcritical response of
the rotor, especially the transcritical region.

3. The sensitivity analysis reveals that the transcritical
amplitude and jump frequency are highly sensitive to var-
iations in clearance and critical dry friction force. There
exist inverse correlations between the two key parameters
and damping performance, which suggests that it is not
feasible to simultaneously reduce both transcritical ampli-
tude and jump frequency; a trade‐off is necessary.

4. The multi‐objective optimization design for key parame-
ters demonstrates a clear reduction in both the maximum
amplitude and jump frequency of the shaft, indicating a
notable improvement in the vibration reduction per-
formance of the dry friction damper.

FIGURE 17 | The dynamic model of the experimental rotor system.

TABLE 4 | Value of the main simulation parameters of experi-

mental system.

Symbol Description Value

L1 Length of the short shaft 810mm

L2 Length of the long shaft 1635mm

r Inner radius 34 mm

R Outer radius 38 mm

ρ Density 2700 kg/m3

E Young's modulus of
elasticity

7.1 × 10 N/m10 2

σ Poisson's ratio 0.3

e Eccentricity 0.3 mm

k0 Stiffness of support 5 × 10 N/m8

kc Stiffness of coupling 9.9 × 10 N/m7

mr Lumped mass 0.036 kg

k1 Normal rub‐impact
stiffness

9.48 × 10 N/m5

k2 Normal rub‐impact
stiffness

9.48 × 10 N/m5

μ1 Tangential rub‐impact
friction coefficients

0.04

μ2 Tangential rub‐impact
friction coefficients

0.04

δ1 Initial clearance 2mm

δ2 Initial clearance 2mm

fc Critical dry friction force 30 N

FIGURE 18 | Different parameters of the dry friction damper:

(A) rub‐impact rings with different inner diameters and (B) the mea-

surement of critical dry friction force fc.
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Appendix A

Expressions for Modeling

ε y y z z δ= (( − ) + ( − ) ) − ,s r s r1
2 2 1/2

1
(A1)

ε y z δ= ( + ) − ,r r2
2 2 1/2

2
(A2)

where y z y z, , ,s s r r are the displacement of the middle note of shaft and
damper respectively.

v z z φ y y φ ϕ R= ( ̇ − ̇ )cos − ( ̇ − ̇ )sin + ̇ ,s r s r1 1 1
(A3)

v z φ y φ= ̇ cos + ̇ sin ,r r2 2 2
(A4)

where R is the outer diameter of the shaft, ϕ is the rotation angular of
the shaft. A dot over the displacement represents the derivation with
time. φ φ,1 2 are the angles between the normal rub‐impact force and
y‐axis, and can be derived by

φ y y y y z zcos = ( − )(( − ) + ( − ) ) ,s r s r s r1
2 2 −1/2 (A5)

φ z z y y z zsin = ( − )(( − ) + ( − ) ) ,s r s r s r1
2 2 −1/2 (A6)

φ y y zcos = − ( + ) ,r r r2
2 2 −1/2 (A7)

φ z y zsin = − ( + ) ,r r r2
2 2 −1/2 (A8)

v y z= ( ̇ + ̇ ) ,r r r
2 2 1/2 (A9)

c m ka a= + ,s s s1 2
(A10)

where a1 denotes the mass damping coefficient, given by

a
ω ω ζ ω ζ ω

ω ω
=
2 ( − )

−
,1

1 2 1 2 2 1

2
2

1
2

(A11)

and a2 denotes the stiffness damping coefficient, given by

a
ζ ω ζ ω

ω ω
=

−

−
.2

2 1 1 2

2
2

1
2

(A12)

ζ1, ζ2 denote the damping ratios of the first and second modes, respec-
tively, while ω1, ω2 denote the first and second natural frequencies.
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Appendix B

Influence of Gyroscopic Effect

To illustrate the impact of the gyroscopic effect, Campbell diagrams are
plotted with and without the gyroscopic effect using the parameters
provided in Table 1, as shown in Figure B1. This diagram illustrates the
variation of the rotor's natural frequencies with rotational speed within
the range of 0 to 1500 rad/s. In Figure B1A, it can be observed that the
rotor exhibits a pair of closely natural frequencies, which are caused by
the gyroscopic effect. The black curve represents forward whirl (FW),
while the blue curve denotes backward whirl (BW). The red dashed line
indicates where the natural frequency equals the rotational speed. The
intersection points of this line with the natural frequency curves rep-
resent the critical speeds of the rotor, including the first‐order forward
and backward whirls, as well as the second‐order forward and back-
ward whirls. It can be seen that the Campbell diagram of the rotor,
when the gyroscopic effect is ignored in Figure B1B, is similar to the
result shown in Figure B1A, indicating that the gyroscopic effect has a
minimal impact on the system.

FIGURE B1 | Campbell diagrams of the shaft: (A) considering the gyroscopic effect and (B) ignoring the gyroscopic effect.
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