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ABSTRACT

In rest-to-rest maneuvers, input shapers like the double step (DS), zero vibration (ZV), and zero vibration derivative (ZVD) are
widely utilized to eliminate residual vibrations in single-mode systems. These shapers can be used to eliminate residual
oscillations in multimode systems, given that the higher frequencies are odd multiples of the system's fundamental frequency.
However, the natural frequencies depend on the physical properties of the system, and such ratios cannot be guaranteed. In this
study, an analytical frequency modulation technique is proposed to eliminate the residual oscillations of a double pendulum
using a modified single-mode shaper. The proposed technique is based on altering the natural frequencies of the system, forcing
the odd multiple ratio. This involves modifying a single-mode double-step (SMDS) input shaper by adding scaled state variables,
first and second angles, to the original shaper. This addition allows the user to choose the first natural frequency and force the
second natural frequency to be an odd multiple of the chosen frequency. To apply the proposed technique, the double
pendulum nonlinear equations of motion are derived, linearized, and then solved analytically using modal analysis. The scaling
parameters used to modify the natural frequencies are then solved analytically. To prove the concept, several numerical
simulations with randomly selected parameters are presented and then experimentally tested on a scaled overhead crane. The
numerical and experimental results demonstrate the effectiveness of the proposed technique.

1 | Introduction Due to their effectiveness, input- and command-shaping tech-
niques, both categorized as open-loop control techniques, are

Rest-to-rest maneuvers are widely used in industrial operations. two of the most recommended and utilized maneuvers in

Many control techniques are suggested to enhance safety,
reduce maintenance, and/or reduce maneuvering time [1-3].
These control techniques are mainly feedback, open loop, or a
combination of the two techniques. Feedback techniques are
usually more robust; however, implementing such controller
techniques may require altering the existing system by adding
sensors and/or actuators. However, open-loop control tech-
niques, which do not require system alteration, cannot tolerate
disturbances during operation. To go beyond the limitations of
the two control approaches, researchers tend to integrate
feedback and command-shaping techniques [4, 5].

modern industry. Open-loop techniques are based on pre-
defining the motion trajectory to eliminate residual vibrations
at the end of maneuvers. In recent decades, many input and
command-shaping techniques have been developed, studied,
and analyzed [1-3]. These studies were expanded to numerous
applications, including microbeams, dielectric actuators, and
hard-magnetic actuators [6-9].

Early shapers started by dividing a constant ON/OFF command
into two stages, separated by half the payload's oscillation
duration [1, 2]. This generates the double step (DS) and
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zero-vibration (ZV) input shapers. Trying to understand and
modify these controllers, Singhose et al. [10, 11] focused on the
smoothness of the input command profiles, the robustness, the
maneuver speed, transient oscillations, and the ease of imple-
mentation. Considering the effect of first-order actuators, Sung
and Lee [12] analytically proposed a zero-vibration-derivative
(ZVD) shaper using a phasor-vector approach.

Using variable acceleration profiles, several waveform com-
mand shapers for rest-to-rest maneuvers were suggested and
implemented [13, 14]. Waveform command shapers are utilized
numerically and experimentally to effectively eliminate residual
vibrations in both single-mode and multi-mode systems. Fur-
thermore, waveform command shapers are among the fastest
shaping techniques, sometimes surpassing the ZV input
shaper [15]. Extending the work on command shaping, the
effects of damping and hoisting were considered [16, 17]. The
nonzero initial conditions and system inclination were also
studied [18-22].

When dealing with large payloads or relatively heavy hooks, the
assumption of a single mode is inaccurate, as it fails to eliminate
all induced vibrations, particularly in the higher modes. For
such cases, the system must be treated as a double pendulum to
eliminate all unwanted vibrations. The dynamics and stability
of double pendulums have been extensively studied by many
researchers [23-27]. Most research on input- and command-
shaping techniques has focused on single-mode systems [1-3].
However, single-mode shapers can not eliminate the vibrations
induced in multi-mode systems or large payloads. Disregarding
such a fact may result in substantial unwanted vibrations.

To overcome this deficiency, various strategies have been em-
ployed to reduce vibrations in higher modes, including notch
and low-pass filters, delays, band-stop filters, and multi-mode
command shapers [28-34]. To facilitate the application of
single-mode shapers in multi-mode systems, researchers
[35-37] used numerical model-based feedback to adjust higher
mode frequencies to odd multiples of the fundamental mode
frequency. They employed a complex feedback mechanism with
unspecified variables in their research. Using similar ap-
proaches, Arabasi and Masoud |38, 39] implemented numerical
model-based feedback input-shaper combined with frequency
modulation to control the residual vibrations of simultaneous
hoist and travel maneuvers in double pendulum overhead
cranes. Alhazza [40] effectively controls oscillations in multi-
mode systems using a modified single-mode command-shaping
utilizing the lower angle of the double pendulum. The effec-
tiveness of the proposed shaper has been shown through two
numerical simulations.

An analytically derived single-mode double-step input shaper is
modified and then utilized to reduce residual vibrations using a
frequency modulation approach. It is well known that single-
mode double-step (SMDS) input shapers can effectively elim-
inate residual vibrations in a multi-mode system, provided that
all higher frequencies are odd multiples of the fundamental
frequency of the shaped command. Based on this fact, an ana-
lytically driven new command-shaping technique is developed
to eliminate residual vibrations in multimode systems. Our
approach involves convolving the original SMDS command

with scaled first- and second-state variables. The added scaled
state variables give the ability to set the fundamental frequency
and force the upper frequency to be an odd multiple of the
fundamental frequency. This modification of the system's fre-
quencies slightly alters the shaper's acceleration, velocity, and
displacement profiles to significantly reduce the residual
vibrations. To validate the proposed technique, four numeri-
cally simulated and experimentally performed examples with
arbitrarily chosen parameters are shown and discussed.
Through experiments and simulations, the results clearly show
that the proposed shaper can effectively eliminate first- and
second-mode vibrations in the double pendulum system. It is
worth noting that the proposed shaper can be implemented on
other multi-mode systems with linear ordinary differential
equations.

2 | Mathematical Model

In most cases, an overhead crane can be represented as a two-
degree-of-freedom system with two-point masses linked to the
crane trolley. These masses physically signify the hook and
payload. In Figure 1, the initial mass of the double pendulum is
attached to a horizontally traversing trolley or jib by a fixed
length cable ;. This mass is connected to a second mass by a
fixed-length cable . The nonlinear equations of motion for the
simplified system can be theoretically articulated as [23, 25]

(my + mz)[lfé +Lg sin(@)] + myLi b [¢ cos(6 — ¢)
+ @ sin(@ — ¢)] = (my + m)l, cos(8)ii ’

®
my13¢ + myblisin(6 — ¢) — myL1 [67sin(6 — ¢)
— Bcos(6 — ¢)] + 2my L1, 6 cos(6 — )
+ mygh sin(¢) = myl, cos(¢)ii
2

y 1 crane trolley

X

Massless cable Iy

Massless connection cable I,

Mass my

Mass m

FIGURE 1 | A simplified double pendulum, with two point masses,
attached to an overhead crane trolley.
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It is well known that for nonlinear equations, an exact analyt-
ical solution cannot be derived analytically. Most of the work
done on input and command shaping technique linearized the
equations of motion under the small angle approximation (i.e.,
0 and ¢ < 1) [1-3]. The validity of this approximation is proven
both numerically and experimentally in many studies. To find
an analytical solution, the equations of motion are linearized
and solved analytically for the shaper constants to achieve zero
residual vibrations. Examining Equations (1) and (2), the lin-
earized equations of motion may be expressed in matrix form as

M + K& = Bii, ©)
where
_ l%(ml + my) myhl, @
myhl mzl%
K= [llg m+m) 0 )
0 gm212
B= [ll(ml + my) (6)
Lm,
6
b = . 7
5 ”

3 | Shaper Design

It is worth mentioning that the shaper design in this section is
devoted to the acceleration phase of the shaper. It is important
to explain the basic concept of the rest-to-rest maneuver to
better understand the proposed technique. In this maneuver,
the trolley goes through three main phases: acceleration, cruise,
and deceleration. In the acceleration phase, the trolley starts
from rest and accelerates to reach maximum velocity. To reduce
or eliminate residual vibrations, input shaping or command
shaping is designed in the acceleration phase, ensuring zero
vibrations at the end of this phase. In the second stage, the
trolley moves with a constant cruising velocity. Due to the
absence of acceleration in this phase, the velocity remains
invariant, that is, no new induced vibration is introduced. To
end the maneuver, the trolley is decelerated to stop at the end of
the deceleration phase using an inverted acceleration profile;
see Figure 2.

In this study, a modified classical SMDS shaper is used to
suppress oscillations in all modes of the multimode system. It is
worth noting that various classical single-mode input shapers,
such as ZV or ZVD, may be used as principal command shapers
in this approach. To better understand the single-mode double-
step input shaper used in this study, the acceleration phase in
the time-optimal rigid-body (TORB) profile is split into two
stages. The timing of these steps is synchronized, and the sec-
ond step is specifically designed to counteract the impact caused
by the first step. A comparison between the two shapers with
stage timing is shown in Figure 2.

The acceleration of the (SMDS) shaper can be expressed
mathematically as

TORB
DS Input-Shaper

e

amax

T/2

—ta/2 la/Z"

~Amax

FIGURE 2 | Time optimal rigid body (TORB) and single-mode
double-step (SMDS) command shaper acceleration profiles.

Amax 0<t<ty/2
i=40 t,/2<t<T/2 s ®)
Amax T/2<t<T/2+t,

where T represents the period of the fundamental frequency
and t, denotes the total acceleration time of the (TORB) com-
mand. This form of input shaping has been proven numerically
and experimentally to eliminate residual vibrations in single-
mode systems. Moreover, it can suppress residual vibrations in
all modes, given that higher modes are odd multiples of the
system's fundamental frequency. To take advantage of this
advantage, the system's first and second state variables, 6 and ¢,
are merged with the double-step acceleration profile to modu-
late the system frequencies. The modified acceleration can be
mathematically written as

Amax + CO + D¢
ii ={CO + D¢
Amax + CO + D¢

0<t<t,
t/2<t<T/2 , ©)
T/2<t<T/2+t,

Substituting the proposed modified acceleration (9) into the
linear equation of motion (3), and rearranging the equations in
matrix form gives

Mé + K & = Bii (10)
where
_ B(m + my) mphl a1
lel l2 lel%

£ = L(g - CO)(m + my) —LD(m; + my) (12)

—mzlzc mzlz(g - D)
B = [11(””1 + my) _ (13)

lzmz
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where K is the modified stiffness matrix. It is clear that
the scaled constants only affected the stiffness matrix K,
which alters the system's frequencies with no effect on
damping. To solve the system using modal analysis, the
eigenvalues or natural frequencies of the system, (10), can
be found as

_ s+ hymy C
wl 2= 21111272"1 T
F 5o & [+ bPm? — dhbmum] + f(C) + f (D)
(14)
where
f(C) = C5m; + 2gCLhmy (b — L)(my + my) @1s)
f(D) = 4hbmg(m + my)D (16)
and
m; = (my + my). a7

It is clear from Equation (14) that the scaling factors C and D
can be utilized to control the first and second natural fre-
quencies, w, . Since two equations can be used to alter both
frequencies, two constraints are required. It is worth noting that
the constraints can be changed depending on the purpose of the
research. The proposed shaper gives the freedom to choose both
frequencies independently. In this study, the first constraint
chooses the first natural frequency, while the second constraint
is to make the second natural frequency an odd multiple of the
fundamental frequency. These constraints are expressed math-
ematically as

W] = @ (18)

n=— n=3,57,.. (19)

It is worth noting that n can have any value; however setting
n as an odd number utilizes the advantage of the double-step
input shaper to eliminate all induced vibrations in multi-
mode systems. Substituting Equation (14) into the constraints
Equations (18) and (19), with simple mathematical manipu-
lations, the values of C and D are expressed analytically
as

(L + bL)(my + my)g

C=-Lm+1a? + (20)
Lm
2 4
——”(lllzflwl) + b + 1)@}
m + m
glmy 2) @1)

[L(my + my) + Limy]g

Lm,

To find an analytical solution of the state variables, 8 and ¢, the
mode shapes are written as

1
6= [7101] (22)

1
¢==[¢J (23)

where

my; + my)(?l + C —
_ ( 1 2)(wih g) (24)
(my + my)D + collzmz

m + my) (w3l + C —
_ _( 1 2 (w3h g). 25)
(ml + mz)D + Ct)%lzmz

Using Equations (22)-(25), the general solution of the two-
degree-of-freedom system can be written as

G(t) =Unp Sin(a)lt) + Uy, COS(COlt) + Un sin(na)lt)

+ Uy, cos(nwit) — Cf‘;‘)"”‘_g

(26)

@ (1) = ¢, (U sin(w, £) + Uy cos(w, £))
+ 1, (Uyy sin(now t) 27)

@max

+ Up COS(nC()lt)) —

s
where

Uy = % (30)

b, = @B = BICHD =9 +amnh =D

(C+D - —¥,)

where 6, is the initial angle and &, is the initial angular velocity
for the angle 6, while ¢, is the initial angle and 450 is the initial
angular velocity for the angle ¢. Equations (26)-(31) represent
the general solutions for the linear equations of motion of a
double pendulum (3), which can be utilized to produce the
acceleration profile specified in Equation (9). It is evident that 6
and ¢ retain three distinct formulas during the acceleration
stage. These formulas depend on the initial angles and initial
angular velocities, as illustrated in Equations (28)-(31). The
applied acceleration has a constant value of ap,x during the first
phase, zero in the second phase, and returns to ay.x in the third
phase. At the beginning of each stage, four initial conditions are
required as inputs: 8y, 6, ¢,, and @, During the initial phase,
both initial angles and initial angular velocities are set to zero as
the motion begins from a state of rest. Using the equations
formed in the first stage, the initial angles and angular velocities
for the second stage are found at the end of the first stage.
Similarly, in the third stage, the initial angles and angular
velocities are found at the end of the second stage.
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4 | Numerical and Experimental Validation

To increase the efficiency of rest-to-rest maneuvers, many
industrial operations depend on the uncontrolled, TORB as the
most straightforward and fastest maneuver. In this maneuver,
the acceleration time is defined as t; = amax /Vmax Where ayay is
the maximum chosen acceleration for the controller and vy, is
the required maximum velocity of the trolley; see Figure 2.
However, using such a maneuver results in significant residual
vibrations at the end of the maneuver.

To eliminate residual vibrations induced in a single-mode sys-
tem, the acceleration time, ¢, is divided equally into two phases
with the same amplitude, as shown in Figure 2. The second
stage is delayed by half the oscillation period of the payload, T,
to counteract the induced vibration generated by the accelera-
tion of the first stage. The time to start the second acceleration
stage can be mathematically written as T/2 = n/w. This tech-
nique is usually used for single-mode systems and is called the
single-mode double-step input shaper (SMDS).

To illustrate the effectiveness of the proposed technique and the
shortcomings of the double-step shaper to control a double
pendulum, two scenarios with randomly chosen lengths and
masses are simulated numerically and tested experimentally on
a scaled overhead crane in the Advanced Vibration Lab at
Kuwait University, as shown in Figure 3.

The experimental crane has a DC motor to move the crane's
trolley. Three quadrature incremental encoders are used to
assess trolley movement, the length of the hoist cable, and the
oscillation angle of the hoisting cable. Each encoder has a res-
olution of 1024 pulses per revolution. An interface between a
PC and the crane system is established using an RT-DAC/PCI
multipurpose digital I/O board. The interface software utilizes
MATLAB's real-time Simulink environment. The control
hardware has a sampling rate of 100Hz. The maximum trolley

FIGURE 3 | INTCO experimental setup at Kuwait University
Advanced Vibration Lab.

velocity and acceleration are tested as 0.35 m/s and 1.5 m/s?,
respectively. The crane has a usable track of 0.6 m.

The parameters of the system for both examples are shown in
Table 1. In the first example, the masses, m; and m,, are selected
as 0.055kg and 0.11kg, respectively. The cable lengths are
selected as ; = 0.30m and L, = 0.10 m. The maximum velocity
is set at 0.30 m/s, while the final distance is set to 0.45 m. For
the second example, the maximum velocity and final distance
remain the same while the masses are randomly chosen as
my = 0.055 kg and m, = 0.21 kg. The cable lengths are selected
as;, = 0.30m and , = 0.20m.

To understand the need for an input shaper to reduce residual
vibrations, an uncontrolled (TORB) shaper is used to move the
trolley to the desired location using the assigned maximum
velocity. The profiles for the first and the second examples are
shown in Figure 4. For both cases, it is clear that the final
velocity is reached accurately at the end of the acceleration
phase, and the final position is achieved at the end of motion.
The response of the first angle, 9, is calculated numerically and
measured experimentally. Examining Figure 5A,B, it is clear
that both the experimental and the simulated results showed
very large residual vibrations at the end of the maneuver. It is

TABLE 1 | Numerical values of the system's parameters simulated
in the two cases.

Case 1 Case 2
my [kg] 0.055 0.055
m; [kg| 0.11 0.21
b [m] 0.30 0.30
L, [m] 0.10 0.20
w; [rad/s] 5.127 4551
w, [rad/s] 19.134 19.318
wy /@y 3.732 4.245
Vmax [M/s] 0.30 0.30

= = Velocity [m/s]
====Displacement [m]
Acceleration [m/sz]
o5F | i im oo, .
[0}
k]
2
3 0
£
<<
-0.5¢ 1
-1 w w w
0 3 4

Tim&1s]

FIGURE 4 | Time optimal rigid body (TORB) acceleration, velocity,
and displacement profiles.
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FIGURE 5 | Time-optimal rigid body (TORB) numerical and experimental profiles and responses for case 2.
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FIGURE 6 | (A) Controlled and uncontrolled acceleration profiles. (B) Controlled and uncontrolled velocity and displacement profiles.

(C) Numerical and experimental responses for uncontrolled Case 1. (D) Numerical and experimental responses for controlled Case 1.

also clear that the experimental and numerical results are in
good agreement for both cases.

To reduce these vibrations, a SMDS input shaper is utilized and
then modified to eliminate all the residual induced vibrations. It
is well known that applying a single-mode input shaper to a
double pendulum results in considerable unwanted residual
oscillations, particularly in the second mode. The acceleration

profile of a SMDS input shaper, featuring a maximum accelera-
tion of 0.9m/s?, is applied to the trolley, as illustrated in
Figure 6A. The velocity and displacement profiles of the single-
mode input shaper are shown in Figure 6B. It is clear that the
cruising velocity is achieved accurately and the final distance is
reached. Examining the responses plotted in Figure 6C, the
performance of the single mode shaper considerably reduced the
residual vibrations compared to the (TORB) response, Figure 5A.
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However, the experimental and numerical residual vibrations of
the second mode are clearly observed.

To eliminate the residual vibrations of both modes, the pro-
posed technique is implemented. As shown in Table 1, the
unmodified system frequency ratio is 3.732. Utilizing Equations
(18) and (19), the value of the first natural frequency is chosen

100

50

Gains Amplitudes
o

w, Is]

FIGURE 7 | The gain values of C and D for Case 1.

as 6.00rad/s, and the ratio n is chosen as 3. The gains C and D
are then calculated using Equations (20) and (21) as 9.72 and
—11.799, respectively. Using the calculated parameters to
generate the shaper profiles, the new acceleration profile is
generated using Equations (9), (26), and (27). The modified
acceleration profiles are compared to the original (SMDS)
profile in Figure 6A. Small changes to the original (SMDS)
acceleration profile are noticed. It is clear that the modified
profile increases the maximum acceleration by almost 30%. To
ensure accurate maneuver, the velocity and position profiles of
the trolley are plotted and compared with the (SMDS) profiles
in Figure 6B. The trolley's velocity and displacement profiles
have small changes compared to the (SMDS) profiles, which
will have very small effects on the crane's actuators. The target
position of u = 0.450 m is achieved with exceptional accuracy.
The system's response under the proposed shaper is shown in
Figure 6D. It is evident that the proposed shaper completely
eliminated residual vibrations. As expected, very small differ-
ences are noticed between the numerical and experimental
results due to many factors such as delay, friction, motor
backlash, and so forth.

In the previous example, the value of the modified natural
frequency is chosen randomly. This random selection may
result in the values of the controller gains C and D being

(A) (B)
1.5 ‘ 0.5
Modified SMDS .
R - — SMDS e
o 1 04Ff 1
£ Velocity Modified SMDS [m/s]
»n 0.5 1 Displacement Modified SMDS [m]
2 £03r - = Velocity SMDS [ms]
°© 2 —-—- Displacement SMDS [m]
o O ==~ —g
c N ]
S il <02
9-0.5 1 7 -/-
[ - 0.1 \ 1
3 1f 1 '
<< \
\
-1.5 : : w 0 : -
2 25 3 3.5 4
0 1 2 3 4 Time [s]
Time [s]
©)
0.1 \ ‘ :
—— Numerical
= = =Experimental
0.05 i
k<)
g
=
3 o0 =
c
S
a
(7]
)
o
-0.05 i
-0.1 : : :
0 2 4
Time [s]
FIGURE 8 | (A) Controlled and uncontrolled acceleration profiles. (B) Controlled and uncontrolled velocity and displacement profiles.

(C) Numerical and experimental responses for controlled Case 1.
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relatively large. These large values may increase the accelera-
tion requirements needed to move the trolley; see Equation (9).
To better choose the value of the modified first natural
frequency @, Equations (20) and (21) are plotted as functions
of the first natural frequency modified in Figure 7 with different
values of n. It is observed that D starts at a large negative value
and then increases with the increase of @;. However, the
value of C starts from a large positive value and decreases as
the value of w; increases. To have the minimum value for both
gains, the value of @; is chosen at the intersection between the
two curves. For Case 1, the intersection values and the modified

frequency are shown in Table 3 using different values of n. For
n = 3, the intersection value gives @; = 6.329 rad/s, while the
value of the gains C and D is —2.456, as illustrated in Table 3.

To test the new gain values on the system performance, the
acceleration profiles for both the proposed shaper and
the classical (SMDS) are plotted in Figure 8A. It is clear that
the modified acceleration profile is slightly changed. As shown
in Figure 8B, the velocity and displacement profiles are com-
pared with the classical (SMDS) profiles. Clearly, the proposed
shaper managed to reach the maximum velocity and final

TABLE 2 | Numerical values of the controller's parameters simulated in the two cases.
Case 1 Un Case la Case 1b Case 2 Case 2a Case 2b
Armax [m/sz] 0.9 1.089 0.055 0.9 0.7425 0.6480
t.[s] 0.72 0.8136 1.1667 0.6350 0.5397 0.5150
w; [rad/s] 5.127 6.00 6.3292 4.551 4.00 3.8700
w;[rad/s] 19.134 18.00 18.9876 19.318 20.00 19.3500
% 3.732 3.00 3.00 4.245 5.00 5.00
2
The gain C 0.00 9.7200 —2.4560 0.00 —6.6341 1.3458
The gain D 0.00 —11.7999 —2.4560 0.00 8.3199 1.3458
(A) B)
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FIGURE 9 | (A) Controlled and uncontrolled acceleration profiles. (B) Controlled and uncontrolled velocity and displacement profiles.

(C) Numerical and experimental responses for uncontrolled Case 2. (D) Numerical and experimental responses for controlled Case 2.
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position with precision. As shown in Figure 6C, applying the
classical shaper (SMDS) resulted in undesired residual vibra-
tions at the end of the maneuver. Testing the response of the
system with the modified shaper eliminates the residual vibra-
tion of the system, as shown in Figure 8C.

The second example follows an identical approach to determine
the controller gains C and D, as shown in Table 2. The first
natural frequency is chosen as @; = 4.00rad/s and since the
frequency ratio of the original system is 4.245, the value of n is
selected as 5.0. The new natural frequencies of the system are
w; = 4 and w, = 20.00. The acceleration profile of the modified
shaper is plotted and compared to the (SMDS) acceleration
profile in Figure 9A. In this case, the value of the controller's
maximum acceleration is smaller than the maximum accelera-
tion used by the (SMDS) shaper. In Figure 9B, small changes
are observed in the velocity and displacement profiles. How-
ever, the cruising velocity and the final displacement are
accurately reached. As shown in the previous example, the
(SMDS) shaper manages to reduce residual vibrations but fails
to eliminate them, as shown in Figure 9C. The numerical and
experimental results show that the newly proposed shaper
successfully eliminated the residual vibration, as evident in
Figure 9D.

To optimize the values of the gains C and D, Equations (20) and
(21) for Case 2 are plotted as a function of ; in Figure 10. The
same behavior is observed for C and D, as in the first case. The

100 [

50

Gains Amplitudes
o

-100

wy I

FIGURE 10 | The gain values of C and D for Case 2.

two curves for n = 5 intersect at ©; = 3.8700rad/s, leading to
an equal value of the gains where C = D = 1.3458, as listed in
Table 3. To test the shaper with the new gains, the acceleration
of the resulting shaper is compared to the classical shaper
(SMDS) in Figure 11A. Small alterations are noticed between
the two profiles. The controller's maximum acceleration is
reduced since the gain values are positive. The velocity and
displacement profiles are plotted in Figure 11B. As discussed
previously, the experimental and numerical results, plotted in
Figure 9C, clearly indicate that the classical (SMDS) shaper
does not eliminate residual vibration. To test the modified
shaper, the numerical and experimental results of the proposed
shaper are plotted in 11C. It is clear that the proposed shaper
completely eliminates the residual vibrations at the end of the
motion.

The presented results demonstrate the efficacy of the proposed
technique through four examples tested numerically and ex-
perimentally. In the presented examples, the residual vibration
amplitude of the (SMDS) shaper has been significantly reduced,
going from around 0.06 rad to close to zero.

5 | Conclusions

A SMDS input shaper can eliminate residual vibrations in
multi-mode systems, provided that the higher frequency is an
odd multiple of the fundamental frequency. This study modified
a (SMDS) input shaper to eliminate residual vibrations in a two-
degree-of-freedom system. The modification involves incorpo-
rating scaled responses of the first angle 8 and the second angle
¢ into the original shaper to adjust the natural frequencies of
the system. Since the proposed shaper added two scaled con-
stants, two constraints can be utilized. The first constraint al-
lows the user to select the fundamental frequency while the
second constraint is used to force the higher frequency to be an
odd multiple of the fundamental frequency. The equations of
motion for a double pendulum are found, linearized, and solved
analytically. Upon satisfying the constraints mentioned above,
the scaling factors C and D are analytically determined.

To prove the concept, two experimentally and numerically
simulated scenarios with arbitrary parameters are presented.
The experimental and simulation results indicate that using the
unmodified (SMDS) shaper fails to eliminate all the induced
vibrations, especially, residual vibration induced by higher

TABLE 3 | Numerical values of the controller's frequencies as a function of n.
D and C w1 Wy D and C Wy Wy
n Case 1 Case 1 Case 1 Case 2 Case 2 Case 2
1 —23.2173 15.3263 15.3263 —38.2051 16.1437 16.1437
3 —2.4560 6.3292 18.9876 —4.6721 6.3989 19.1967
5 2.1055 3.8500 19.2499 1.3458 3.8700 19.3500
7 3.4558 2.7600 19.3200 3.0741 2.7700 19.3899
9 4.0231 2.1498 19.3486 3.7937 2.1562 19.4060
11 4.3129 1.7603 19.3630 4.1598 1.7649 19.4140
13 4.4803 1.4901 19.3712 4.3710 1.4937 19.4140
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FIGURE 11 | (A) Controlled and uncontrolled acceleration profiles. (B) Controlled and uncontrolled velocity and displacement profiles.

(C) Numerical and experimental responses for controlled Case 2.

modes. On the other hand, the proposed technique successfully
eliminates the residual vibrations in both modes of a double
pendulum. It is worth noting that, the primary benefit of ana-
lytical derivation is the elimination of complex numerical or
optimization methods. Furthermore, and with more compli-
cated calculations, this technique can be implemented on any
multimode system.
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