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ABSTRACT

Nonlinearity in parallel compliance can be exploited to improve the performance of locomotion systems in terms of (1) energy
efficiency, (2) control robustness, and (3) gait optimality; that is, attaining energy efficiency across a set of motions. Thus far, the
literature has investigated and validated only the first two benefits. In this study, we present a new mathematical framework for
designing nonlinear compliances in cyclic tasks encompassing all three benefits. We present an optimization-based formulation
for each benefit to obtain the desired compliance profile. Furthermore, we analytically prove that, compared to linear com-
pliance, using nonlinear compliance leads to (1) lower energy consumption, (2) better closed-loop performance, specifically in
terms of tracking error, and (3) a higher diversity of natural frequencies. To compare the performance of linear and nonlinear
compliance, we apply the proposed methods to a diverse set of robotic systems performing cyclic tasks, including a 2-DOF
manipulator, a 3-DOF bipedal walker, and a hopper model. Compared to linear compliance, the nonlinear compliance leads to
better performance in all aspects; for example, a 70% reduction in energy consumption and tracking error for the manipulator
simulation. Regarding gait optimality, for all robotic simulation models, compared to linear compliance, the nonlinear com-
pliance has lower energy consumption and tracking error over the considered set of motions. The proposed analytical studies
and simulation results strongly support the idea that using nonlinear compliance significantly improves robotic system
performance in terms of energy efficiency, control robustness, and gait optimality.

1 | Introduction incorporated compliance into their robotic systems to enhance

robot performance in terms of force control [5], stability [6], joint

Nature has been the source of many inspirations in the robotic
field. For some instances, we can refer to central pattern generators
(CPGs) to generate cyclic motions for robotic systems [1], vision-
inspired camera feedback for path planning [2], and push-off
actuation for legged robots inspired by the human reflex mecha-
nism in walking [3]. Since Alexander introduced the three benefits
of compliance (i.e., the pogo stick principle, return spring, and foot
pad) in legged locomotion in 1990 [4], many designers have

synchrony [7], safety [8], and energy efficiency [9, 10]. In the recent
decade, robotic researchers have tried to present systemic frame-
works for the design of compliant joints [11-13] and bodies [14-16].

Compliance appears in two main configurations in robotic
joints: parallel or serial [17-20]. Although both configurations
are beneficial, due to the additive relation of the actuator
and parallel compliance forces, parallel compliance provides a
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well-posed mathematical framework for actuator force compen-
sation and consequently energy consumption reduction. In other
words, parallel compliance attains energy efficiency by actuator
force reduction, which also minimizes actuator size and weight.
This cannot be achieved by other energy-saving approaches such
as regenerative braking or supercapacitors. Here, we focus only on
the benefits of using parallel compliance, and whenever we refer
to compliance, it is only parallel compliance.

From a dynamical perspective, adding proper nonlinear com-
pliance modifies the robot's natural dynamics toward the
desired dynamics; that is, natural dynamics modification [21].
In other words, parallel compliance modifies the natural
dynamics such that the system does not require complex control
systems [22], and a weak and simple controller (e.g., a PD
controller with limited actuation force) traces the desired tra-
jectory with lower energy consumption and higher control
robustness [13]. From a practical view, compliance as a physical
entity has much higher bandwidth and functional safety com-
pared to any implemented controller on digital hardware; that
is, the digital controller has a limited updating rate and failure
risk. In our previous work [23], we showed that the design of
nonlinear compliance enhances closed-loop performance such
that impulsive and discontinuous actuations can properly trace
the reference trajectory both in cyclic and explosive tasks.

From another perspective, legged animals utilize the coupling
between frequency and amplitude of motions (i.e., gait; see
Figure 1) provided by their compliant body to attain stability in
different environments [24] and maintain efficiency and robust-
ness in extreme conditions. We call this property gait optimality,
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FIGURE1 | The gait frequency as a function of stride length in
humans and animals [29-31]. This figure provides evidence for
frequency-amplitude coupling (FAC) in biological systems. Also, this
figure suggests that the FAC function for almost all of the presented
biological systems is monotonically increasing, indicating that they all
benefit from similar locomotion principles/dynamics. The animal and
human images are from [32].

which is first introduced in [25]. Accordingly, the body dynamics/
compliance should be optimized across the gait (i.e., a set of
motions) rather than a specific motion [26-28]. Inspired by this
biological fact, for the first time, we present an optimization
framework to design nonlinear compliance to enhance gait opti-
mality. Instead of having a single “natural” frequency in linear
compliances, nonlinear compliances allow for coupling between
“natural” frequency and amplitude. In other words, motions with
different frequencies can be “natural” if we utilize their corre-
sponding amplitude; that is, frequency-amplitude coupling (FAC).

Regardless of the mentioned superiority of nonlinear com-
pliance over linear compliance in different aspects, to the
best of our knowledge, there is still no general mathematical
framework for the design of nonlinear compliance to
improve energy efficiency, control robustness, and gait
optimality in cyclic tasks. Hence, in this paper, we analyti-
cally prove that, compared to linear compliance, nonlinear
compliance has lower energy consumption, better control
robustness, and diverse frequency-amplitude coupling. In
addition, we present a general mathematical framework for
nonlinear compliance design to enhance energy efficiency,
control robustness, and gait optimality. The paper is orga-
nized as follows. In Section 2, we present our analytical
framework to optimize the compliance profile for (1) energy
efficiency, (2) control robustness, and (3) gait optimality.
The simulation results are presented in Section 3, where we
compare ‘no compliant’, ‘linear compliance’, ‘piecewise linear
compliance’, and ‘nonlinear compliance’ conditions in terms
of energy consumption, tracking error, applied force, and
gait optimality. Finally, the conclusions and discussions are
presented in Section 4.

2 | Mathematical Analysis

Consider the block diagram of an n-DOF robotic system per-
forming cyclic tasks as described in Figure2. In this block
diagram, g, € R" is the vector of T-periodic desired trajectories,
q € R" is the vector of real joint positions, e = gq; — q is the
vector of tracking error, F, € R" is the vector of applied force by
the controller and actuation system, and F. € R" is the vector of
parallel compliance force at each joint. Accordingly, the
dynamical equations of the system can be written as:

HQ.q.§)=F—-FE; H: R*xR'xR' >R, (1)

where H represents the robot nonlinear dynamical equations
that map the robot joint positions (q), velocities (q), and

q,9
Parallel |9
Complaince
FIGURE 2 | Control block diagram of a robotic system with nonlinear

parallel compliance at each joint. Note that all of the parameters are vectors.
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accelerations (§) to the applied force (F,) at the joint level. Fj is
the parallel compliance force! at the j™ joint, which is a func-
tion of the joint position (g;).

Definition 1 (Compliance force). To parameterize the
compliance force, we define it as a weighted sum of m
nonlinear, sufficiently smooth, bounded, and persistently
exciting basis functions (@) of the joint position (g) as follows:

F(Q) 2K"®(q); K, ® € R™, 2)

In this formulation, the design of the compliance force
profile (E.(q)) is left to the computation of the basis
coefficients (K).

Definition 2 (Required force). The required force (F) for
the controller to track the desired trajectory (ie., g; = q) is
computed by replacing the desired trajectory into the dynamical
equations as F. £ H(qy, g, 4,)- Accordingly, based on Equation
(1), we have:

FE+E=E-E—-E=E+E+E 3)

where E 2 H(q, q,q) — H(qy, 4, d,;) is the vector of error
force, which is due to the controller imperfection; in the perfect
tracking case, we have q; = q and F, = 0.

Assumption 1 (Controller performance). It is assumed
that the controller, without parallel compliance (E = 0), can
guarantee a bounded and sufficiently small tracking error with
an upper bound of y, € R*; ie, llelly, < 7, < ligyll.

Using Assumption 1, we have g; = q, and consequently, an
approximately zero error force (F, & 0). Therefore, we can
rewrite Equation 3)as , * E + FE > F, 2 F + E.

2.1 | Energy Efficiency

Since the compliance force is in an additive relation to the
controller applied force, it can compensate the conservative
portion of the applied force. Assuming the actuator cannot
recycle the negative power, compensation of the applied force
leads to energy consumption reduction. To design the nonlinear
compliance for energy consumption reduction, we present the
following cost function, which is the integral of the squared
mechanical power (F,qg) over one cycle.

Jg = f F2¢2dt. 4)
T

In this equation, T is the period of one cycle such that F,(t + T) =
E,(t) and q(t = T) = q(t). To compute the optimal compliance
coefficients, we replace F, = KT® + E, calculate the partial
derivative of Jg with respect to K, and compute Ky that minimizes
Jg as follows:

Kp = —AF f E®gdt, Ap = f &'Pg2dr € R™™, (5)
T T

Theorem 1 (Energy efficiency). Using Equations (2) and
(5), having a set of both linear and nonlinear bases in ® leads to
nonlinear compliance, which has more potential to reduce energy
consumption compared to linear compliance.

Proof. We assume two basis functions (¢;, ¢,), where the first
basis function is linear (¢, = q) and the second one (¢,) is an
arbitrary nonlinear and orthogonal® to the first one; that is,
fT #,6,4*dt = 0. Accordingly, we can compare the suggested cost

function (Jg) in two different cases: (1) design of linear parallel
compliance (¢ = ¢, and K = k;), and (2) design of nonlinear
parallel compliance (@ = [¢;;¢,] and K = [k;k]). Hence, we
replace F, = K"® + E and rewrite J; in each case as follows:

Ja= [Fipac+ i [ gide+ 2 [ Bede ©
T T T

JEzszquzdt + k%fT $2g2dt + k%fT p2g2dt
+ 2k fT F¢,G%dt + 2k, fT E¢,qxdt . (7)
+2kiks [ ¢8,4%de

In these equations, Jz; and Jg, are the corresponding cost
functions for the linear and nonlinear cases, respectively. In Jg,,
due to the orthogonality of the bases, the last term is zero.
To show that nonlinear compliance has more potential to
reduce energy consumption compared to linear compliance, it is
sufficient to show Jg, <Jg or AJg = Jgy — Jg1 £0. Hence,
computing AJg using Equation (5), we have:

AJg = k3 f $2G%dt + 2k, f E¢,¢%dt = —k3 f $3G%dt <0.
T T T
(®)

According to this result, nonlinear compliance is always better
than or equal to linear compliance for energy consumption
reduction. This proof can also be derived for the cost functions
in the next subsections. O

2.2 | Control Robustness

According to Figure 2, parallel compliance can be considered a
nonlinear position-dependent controller. Hence, it can improve
closed-loop control performance in the presence of an imperfect
controller. In addition, parallel compliance has a mechanical
realization in practice; thus, if the main controller fails (e.g., due
to power shutdown), parallel compliance can preserve closed-
loop stability. To achieve this goal, we maximize reliance on the
compliance force by minimizing the control effort. Accordingly,
we present the following cost function, which is the integral of
the square of the controller's applied force over a cycle.

e = f F2dt. ©)
T

Analytically, the energy consumption cost suggested in Equation (4)
is the weighted version of the robustness cost function in
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Equation (9). Thus, the optimal coefficients that minimize the
robustness cost function also reduce energy consumption.

To compute the optimal compliance coefficients, we
replace F, = K"® + E, calculate the partial derivative of Jp
with respect to K, and compute Kr that minimizes Jz as
follows:

Kp = —AR! f Eddt, Ag = f &'ddr € R™™, (10)
T T

In classical control, Equation (9) is a special form of the cost
function suggested for designing the H, robust controller
[34]. Accordingly, designing parallel compliance to minimize
this cost function improves closed-loop robustness.

Theorem 2 (Control robustness). For a PD controller,
minimization of Jgx in Equation (9) and tracking error
minimization are equivalent.

Proof. For PD controllers, we have F, = Kpe + K4é; the cost
function is computed as follows:

Jr= f F2dt = f KZexdr + f Kjédt + 2K, K4 f eédt.
T T T T

an

If the tracking error is periodic (e(t) =e(t + T)), then
ZfTeédt = e2(t) — e2(t — T) = 0, and we have:

Jr= fT Fdt = K}, fT e2dt + K3 fT éxdt. (12)

According to the resultant cost function, in PD controllers, the
minimization of J; is equivalent to the minimization of the
tracking error and its time derivative. O

2.3 | Gait Optimality

Theorem 3 (Frequency-amplitude coupling). In linear
compliance, the “natural” frequency of oscillations is independent
of the amplitude, while in nonlinear compliances, the natural
frequency is a function of amplitude.

Proof. Consider a simple mass-spring system with unit mass
and nonlinear compliance as § + F.(q) = F,, where F.(q)q >0.
In this simple dynamical system, the “natural” frequency of
oscillations® (@) is a function of their amplitude (A) as follows
[35]:

w(A) = T(A) T(A)—sz

e

This equation proves that even in this simple dynamical system, the
frequency of oscillations is a function of amplitude. Now consider
an exemplary polynomial compliance profile as F.(q) = kigi¥—1

sign(q), where sign(q >0) = 1, sign(q < 0) = —1,k > 0, and
¢ > 0.5; the “natural” frequency is computed as follows:

- vk
s 01 = =
V28,

_fl dt
~—Jo %

1

wx_1(A) = opr_ 1 A1 >0, By

(14)

In this equation, if { = 1 (linear compliance; i.e., F.(q) = Kq),
the frequency is independent of the amplitude; w;(A) = k.
And, if ¢(=2 (cubic compliance; ie., E(q) = Kg’), the
frequency is a linear function of amplitude; w;(A) = izA.
Therefore, based on Equation (13), any compliance profile
except linear compliance leads to coupling between the
frequency and amplitude of oscillations. [

We can utilize this property for nonlinear compliance design to
improve both energy efficiency and control robustness over a
set of m motions whose frequency and amplitude are coupled.
Accordingly, we propose the following cost function as a metric
for gait optimality, where w;, F,,, and T; are the corresponding
weight, controller applied force, and the period of the it
motion; using w;, we can put more importance on some specific
motions.

m
Jo= Y w f F2 dt. (15)
i T

To compute the optimal compliance coefficients, we replace
E, =K"® + E, calculate the partial derivative of J, with
respect to K, and compute K, that minimizes J, as follows:

Ko = —Aalz wlf_ E, &dt,

(16)

AO = Z Wiﬁ ‘p;r¢ldt, AO € Rmxm,
i=1 i

It is important to note that, considering Definition 1, Ag, Ag,
and Ag are positive definite matrices and invertible.

To use this equation, the basis functions should be selected
according to the FAC type using Equation (13). For instance, if
the coupling is linear, based on Equation (14), a cubic basis
function (e.g., f (q) = Kg?) is a proper choice. Nevertheless, the
nonlinear dynamics of the robot are also a main contributor
that should be considered for selecting a proper set of basis
functions.

3 | Simulation Results

To study the efficacy of the presented mathematics, in this
section, we apply the proposed methods of parallel compliance
design to a diverse set of robotic systems performing cyclic
tasks; see Figure3. We start the simulations with a 2-DOF
robotic manipulator performing cyclic tasks in two different
scenarios: (1) a single cyclic task and (2) a set of cyclic tasks
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(A)

FIGURE 3 | The schematics of simulation models. (A) A 2-link manipulator performing a cyclic task with links' length and massash =L =1m

and m; = m, = 1kg. (B) A simple 3-DOF bipedal walker model performing symmetric gaits; i.e., ¢, = —2q, and g, = /2 — q,. In this model, the

ankle (zero) joint does not have an actuator, and the hip (first) and trunk (second) joints are actuated. The robot links' length and mass are [, = 2 m,

Ir = 1m, m;, = 2kg, and mr = 3 kg. (C) A simple hopper model performing hopping cycles. Due to the small mass (m, # 0), this model experiences

sticking impact at the contact moments. The model's masses are M = 1kg and m = 0.1 kg. In this model, the actuator is prismatic, and the damping

coefficient is b = 5 Ns/m. In all three models, the compliance is in parallel configuration relative to the actuator and is left to be designed, and the

gravity acceleration is set to g = 9.81 m/s?.

with a linearly increasing FAC. To further investigate the FAC-
based nonlinear compliance design in legged locomotion, we
consider two more scenarios: (3) a 3-DOF bipedal robot per-
forming gait cycles with a fixed frequency and (4) a hopper
model with sticking-impact at the contact point performing
hopping cycles with a nonlinear decreasing FAC.

In the first three scenarios (1-3), we compare the robot performance
in terms of total energy consumption, applied force, and tracking
error in four different conditions: (1) “no compliant,” (2) “linear
compliance,” (3) “piecewise linear compliance,” and (4) “nonlinear
compliance.” Here, “piecewise linear compliance” is considered a
candidate for the estimation of “nonlinear compliance” with pieces
of linear compliance. The basis functions for compliant conditions
are selected as follows: “linear compliance”; @, = [1; q|, “nonlinear
compliance”; @, = [1; q; ¢°], and “piecewise linear compliance”;
P, = [1;(q — du(qg — d)(q — d)u(d — q)] for the manipulator
and @, =[1;q; (q — du(g — d); (g + Du(-d — q)] for the
3-DOF biped, where 1 represents precompression, u(x) is a step
function such that u(x >0) =1 and u(x < 0) = 0, and d is the
breakpoint in the piecewise linear profile, which is a design
parameter and should be set based on the force-position profile at
the corresponding joint. In manipulator simulations, d is set to —32°
and 80° for the first and second joints, respectively. In the 3-DOF
bipedal model, d is set to 20° and 10° for the first and second
controllable joints, respectively. In the hopper scenario (4), we
compare the designed nonlinear compliance based on Equation (14)
and linear compliance in terms of actuator applied force and
controller tracking error in three different conditions: (1) “no
compliant,” (2) “linear compliance,” and (3) “nonlinear compliance.”

In manipulator simulations (1,2), the controller is a simple PD
with fixed gains; first (second) joint PD gains are K, = 1000
(K, = 1000) and Ky = 100 (K4 = 50). The task is to move the
end effector on x = ¢, + aycos(wt) and y = c,. In the 3-DOF
bipedal model (3), the ankle (g,) is passive (without an actuator);
consequently, we employed the hybrid zero dynamics (HZD)
controller to perform the walking cycles [36], where the trunk is
always orthogonal relative to the horizontal (x), and the walking

kinematic is symmetric; that is, g, = —2q, and q, = /2 — q,,. In
hopper simulations (4), the controller is a simple PD with
K, = 10000 and K3 = 100, and the task is to perform symmetric
hopping trajectories at different heights of hop. In all simulations
and all conditions, the robot initial condition (joint position and
speed) is set on the desired trajectory; that is, the initial tracking
error and its derivative are zero.

3.1 | Manipulator—Energy Efficiency and
Robustness

In this scenario, we set a, = 0.4 m and w = 5rad/s to have a
single cyclic task. To attain energy efficiency and control robust-
ness on a single cyclic task, the optimal compliance is computed
using Equation (10). For this simulation, the optimal compliance
coefficients in “linear,” “piecewise linear,” and “nonlinear” condi-
tions are computed as Kj = [-7.9;8.6], K, =[—-14.2;7.2],
K, = [—15.6;57.1; —3.4], Ky, = [—5.5; 9.6; —=1.0], K,y = [18.1;
71.3; —45.3], and K,,, = [—3.0; —3.8; 1.3]. The overall simulation
results are presented in Tablel. In addition, the tracking
error, applied force, and force-position profiles for both joints are
illustrated in Figure 4; the results are presented in steady state for
one period of motion.

According to Figure 4A,D, compared to the “no compliant”
condition, “linear compliance” leads to an 88% (80%) RMS
applied force reduction at the first (second) joint, which results
in an 87% total energy consumption reduction; see Table 1.
Moreover, compared to “linear compliance,” “piecewise linear
compliance,” and “nonlinear compliance” lead to 52% (64%) and
70% (76%) RMS applied force reduction at the first (second)
joint, which yields 59% and 73% total energy consumption

reductions, respectively; see Table 1.

According to Figure 4B,E, compared to the “no compliant” condi-
tion, “linear compliance” leads to 88% (82%) RMS tracking error
reduction at the first (second) joint. And, compared to “linear
compliance,” “piecewise linear compliance,” and “nonlinear
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TABLE1 |

Simulation results for a specific cyclic task in a 2-DOF Manipulator. This table compares the “no compliant,” “linear compliance,

”»

«

‘piecewise

linear compliance,” and “nonlinear compliance” conditions in terms of RMS applied force, RMS tracking error, and total energy consumption. Compared to
the “no compliant” condition, “linear compliance” reduces RMS applied force, RMS tracking error, and total energy consumption by at least 80%.

Furthermore, both “piecewise linear compliance” and “nonlinear compliance” reduce these metrics by at least 50% compared to “linear compliance.”

Joint Dimension No compliant Linear Piecewise linear Nonlinear
RMS applied force First [Nm] 14.02 1.65 0.79 0.49
Second [Nm] 3.64 0.71 0.25 0.17
RMS tracking error First [rad] x 1000 11.96 1.40 0.61 0.43
Second [rad] x 1000 7.27 1.32 0.56 0.33
Energy consumption Total [1] 20.08 2.64 1.09 0.72
(A) (B) (C)
20 — 100 18
o
)
= S
Zz 15 g 807 _16
3 S £
s X 60| Z
“_5 10 No compliant § No compliant 314
@ —Linear compliance © —Linear compliance S
3 ) o . 401 ) o ) h
2 Piecewise linear compliance jou Piecewise linear compliance =
2 5 —Nonlinear compliance _g ——Nonlinear compliance :Q 12 No compliant S
.CE) o 20 ® Linear compliance
= = i profile
B o \/QWO 'cE> 0 M 10 Piecewise linear compliance
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= ——Nonlinear compliance profile
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S -2t = §0 profile
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-6 : ' ' ' ' ' $ -40 -4 ' ' ' '
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Time [s] Time [s] Joint position [deg]
FIGURE 4 | Simulation results for a specific cyclic task in a 2-DOF manipulator. (A, D) Illustrate one period of controller applied force in the first

and second joints, and (B, E) show one period of controller tracking error in the first and second joints. (C, F) Present the force-position profile of the
controller in the “no compliant” condition, and the optimal compliance applied force in “linear,” “piecewise linear,” and “nonlinear” conditions for the first
and second joints. All profiles are presented in steady state. Based on the illustrated results in (C, F), “nonlinear compliance” can properly estimate the force

profile in the first and second joints, which yields a drastic reduction in both applied force (A, D) and tracking error (B, E) compared to both “no compliant”

and “linear compliance” conditions. Also, the results indicate similar performance for “nonlinear compliance” and “piecewise linear compliance.”

compliance” lead to 56% (58%) and 69% (75%) RMS tracking error
reduction; see Table 1. Interestingly, in all conditions, the optimal
compliance leads to a similar amount of applied force and tracking
error reductions, which confirms our presented proof in Section 2.2.

Figure 4C,F illustrates the force-position profile of the applied force
in the “no compliant” condition and the optimal force-position

o«

profile of “linear compliance,” “piecewise linear compliance,” and
“nonlinear compliance.” Clearly, “piecewise linear compliance” and
“nonlinear compliance” significantly compensate for a main por-
tion of the applied force in the “no compliant” condition, indicating
a high level of energy consumption reduction, which modifies the
natural dynamics of the system such that the control performance
is improved and consequently the tracking error is also reduced.

569

85U8017 SUOWIIOD BAIE8.D 3|qeot(dde aup Aq peusenob are ssolle O @SN JO S9N 10} Aiqi8UljuO /8|1 UO (SUONIPUOD-PUe-SWIs) W00 A8 | ImAtelq 1 Ul |Uo//Sdny) SUORIPUOD Pue sWwe 1 8y} 89S *[6Z0zZ/2T/TT] U Akid)T8uluo A8|iM BuIyDeURIYO0D AQ ZT00L ZPSW/Z00T OT/I0p/Wioo A3 (1M Aelq 1 pul|uoy//sdny wolj pepeojumod ‘€ ‘G20z ‘Z0vT.9.2



3.2 | Manipulator—Gait Optimality

In this scenario, to have a linear FAC, we set a, = 0.44A m and
@ = 5A rad/s, where A is the amplitude scaling factor and changes
from A =1 to A = 1.5 with a step of AA = 0.1. To attain energy
efficiency and control robustness over the set of motions, the opti-
mal compliance coefficients are computed using Equation (16) with
w; = 1. For this simulation, the optimal compliance coefficients in
“linear,” “piecewise linear,” and “nonlinear” conditions are com-
puted as Kj = [5.1; 28.2], K, = [~16.3; 9.0], K,; = [-20.7; 106.7;
—11.8], Kj, = [=7.7; 15.5; —4.4], K, = [43.2; 132.1; —82.5], and
K,» = [1.2; —9.6; 2.3]. The simulation results are presented in
Figure 5.

Figure 5A,B illustrates the force-position profiles of the applied
force in the “no compliant” case and the optimal force-position
profiles of “linear compliance,” “piecewise linear compliance,”
and “nonlinear compliance” over the set of motions. Since the
frequency and amplitude of the motions are coupled, the force-
position profiles of the applied force have the same shape but

scale by increasing the amplitude of motions. In this condition,

“linear compliance” fails to properly compensate for these force
profiles; however, “nonlinear compliance” can compensate for
the average of the applied force profiles.

According to Figure 5D,E, except for A = 1, the “linear compli-
ance” RMS applied force and RMS tracking error are always
higher than “piecewise linear compliance” and “nonlinear compli-
ance” for both joints, and the condition worsens in motions with
higher amplitude. Finally, according to Figure 5F, the total energy
consumption reduction of “nonlinear compliance” and “piecewise
linear compliance” is mostly higher than the linear one.

3.3 | 3-DOF Bipedal Walker—Gait Optimality

In this scenario, the gait cycles are designed such that the stride
length increases linearly from 35cm to 170 cm, while the stride
time is fixed at t; = 0.5s; that is, the frequency is constant and
independent of the amplitude of motions (w = 47 rad/s). To attain
energy efficiency and control robustness over the gait cycles, the
optimal compliance coefficients are computed using Equation (16)
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FIGURE 5 | Simulation results for gait optimality in a 2-DOF manipulator. (A, B) Present the force-position profile of the controller in the “no

compliant” case, and the optimal compliance applied force in “linear,

(C) Shows the energy consumption of the robot for the first and second joints in “no compliant,” “linear compliance,

»

iecewise linear,” and “nonlinear” conditions for the first and second joints.

” <

piecewise linear compliance,”

and “nonlinear compliance.” (D-F) Present the RMS tracking error, RMS applied force, and total energy consumption of the robot, respectively. Based

»

on the illustrated results in (A, B), compared to “linear compliance,” “nonlinear compliance” and “piecewise linear compliance” can properly estimate
the average of force profiles over the set of motions in the first and second joints. This yields a higher reduction in tracking error (D), applied force

(E), and total energy consumption (F) compared to “linear compliance.”
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with w; = 1. In this simulation, the optimal compliances in total energy consumption reduction compared to the no-

“linear,” “piecewise linear,” and “nonlinear” conditions are compliant condition for different step lengths; clearly, “piecewise

designed using Equation (16) as K, = [0.0; —19.8], K}, = [0.0;11.6], linear compliance” and “nonlinear compliance” have similar per-

K, = [0.0; —25.2;18.1; 18.1], K, = [0.0; 14.8; —12.4; —12.4], formance regarding energy consumption reduction; however, they

K,, =[0.0; —25.8;19.2], and K,,, = [0.0; 15.1; —52.5]. The sim- are both better than the “linear compliance” condition.

ulation results are presented in Figure 6A-C, including the com-

pliance and actuator force profiles and energy consumption Based on our mathematics presented in Section 2.3, for mass-

reduction. Due to using a dynamic compensation controller (i.e., spring systems, a fixed frequency leads to an identical optimal

HZD), the perfect tracking condition (identically zero tracking linear compliance regardless of the considered set of motions.

error and its derivative) is attained for all conditions; hence, the However, due to the nonlinearity in bipedal robot dynamics, even

tracking error is not reported in this simulation. a fixed frequency leads to a set of nonlinear applied force profiles
that cannot be properly compensated by linear compliance.

Figure 6A,B compares the force-position profile of the “no

compliant,” “linear compliance,” “piecewise linear compliance,”

and “nonlinear compliance” conditions at the first (g;) and second 3.4 | Hopper Model—Gait Optimality

(g,) controllable joints. As is clear, “linear compliance” can only

compensate for the “no compliant” force in the lower set of  In this scenario, due to the simplicity of the hopper dynamics,

motions (i.e., Iq| < 25° and lg,| < 12.5°). Figure 6C shows the  instead of optimizing the compliance profile, the compliance force
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FIGURE 6 | Simulation results for gait optimality in 3-DOF bipedal walker and hopper models. (A-C) Are the simulation results for a 3-DOF bipedal
walker with a fixed frequency. (A, B) Present the force-position profile of the controller in the “no compliant” case, and the optimal compliance force profiles

” «

in “linear,” “piecewise linear,” and “nonlinear” conditions for the first and second controllable joints (g;, g,). (C) Compares the total energy consumption

”

reduction in “linear compliance,” “piecewise linear compliance,” and “nonlinear compliance” with respect to the “no compliant” condition. Based on the

”

illustrated results in (A, B), Compared to “linear compliance,” “nonlinear compliance” and “piecewise linear compliance” can properly estimate the average of
force profiles over the set of motions in the first and second joints. This yields a higher reduction in total energy consumption (C) for the bipedal walker
model simulation. (D-F) Are the simulation results for the hopping model. (D) Shows the “linear” and “nonlinear” compliance force profiles for hopper
simulation. (E) and (F) Compare “no compliant,” “linear,” and “nonlinear” compliance conditions in terms of the RMS actuator applied force and RMS
tracking error over one hopping cycle at different hopping heights. Based on (E, F), compared to all “linear compliance” profiles, the designed “nonlinear

compliance” profile leads to a higher reductions in RMS tracking error (E) and RMS actuator applied force (F) for all hopping heights.
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is computed analytically. The hopper system has hybrid dynamics,
stance and flight. Neglecting the dynamics of the small mass (%),
the dynamics of the large mass (x) during the flight and stance
phases are M, + Mg =0 and M + By + F.(q) + Mg =F,,
respectively, where B; is the damping coefficient. During the flight
phase, the system has no control over the large mass trajectory, and
the large mass has parabolic motion as x; (t) = —0.5gt2 + vot + d,
where d is the spring rest length, x; is the position of the large mass,
Vo > 0 is the flight initial velocity, and g is gravitational accelera-
tion. To have symmetric hopping cycles, the flight trajectory
should be flipped to design the stance trajectory as
X (t) = 0.5gt% — vyt + d.

Considering the designed flight and stance trajectories, the period of
one hopping cycle is twice the flight duration (¢) as T = 2ty =
4v, /g. Using conservation of energy, the flight phase initial velocity
is computed as a function of hopping height (amplitude; A) as
mgA = 0.5mv§ — v, = /2Ag. Hence, the frequency of hopping
can be computed as w = 27/T = 7,/g /(2V/2)A™%5 > w «x A™05;
the symmetric hopping has a nonlinearly decreasing FAC. Com-
paring this equation with Equation (14), we can conclude that
¢=0.5,8, =1, k = g, the compliance force is f = gsign (x — d),
and consequently, the system dynamics should be written as
X + gsign( — d) = 0. Comparing these dynamics with the
hybrid dynamics of the hopper system indicates that the compliance
in the hopper system should be designed as F.(h) = —2Mgu (h),
where h = d — X, is the spring compression length. However, this
compliance profile is discontinuous and cannot be implemented in
practice. To resolve this issue, we approximate —u (h) with a con-
tinuous function as 2/mtan~!(I'h)u (h), where increasing I > 0
improves the approximation accuracy. Considering this approxi-
mation, the designed nonlinear compliance profile is
F.(h) = 4gM /mtan"'(F'h)u(—h), where in this simulation
M = 1kg, g = 9.81 m/s?, and I' = 100. Figure 6D illustrates the
linear and nonlinear compliance force profiles as a function of
spring compression during the stance phase.

Figure 6D-F present the hopping overall simulation results, where
we compare the designed nonlinear compliance performance with
a range of linear compliances with different coefficients; for all
compliance profiles, the zero force is at zero compression (h = 0).
Figure 6E,F compares “no compliant,” “linear compliance,” and
“nonlinear compliance” in terms of the RMS actuator applied force
and RMS tracking error over one hopping cycle at different hop-
ping heights. Based on the results, for all ‘linear compliance’
coefficients, the minimum of both RMS applied force and RMS
tracking error is higher than the “nonlinear compliance” condition.
This also indicates that, for a specific hopping height, “linear
compliance” can be a good suboptimal solution. For instance, for
10 and 50 cm hopping heights, the best linear solutions are linear
compliance with 250 and 50 N/m, respectively. However, to have
energy efficiency over a range of hopping heights, having “non-
linear compliance” is a must.

4 | Conclusion and Discussion

In this article, we presented a systematic method to design
nonlinear parallel compliance to achieve energy efficiency,
control robustness, and gait optimality. Moreover, we analyti-
cally proved the superiority of nonlinear compliance over linear

compliance in terms of energy consumption reduction, tracking
error reduction, and gait optimality. The proposed method was
evaluated using a diverse set of simulated robotic systems,
including a two-link manipulator, a 3-DOF bipedal walker, and
a hopper system. It was also observed that designing the com-
pliance to improve control robustness leads to both tracking
error and energy consumption minimization.

Based on the simulation results, it is concluded that having only
linear compliance is beneficial to improve energy efficiency and
control robustness compared to the no-compliant case. But, to
attain a higher performance in terms of energy consumption and
control robustness across a set of motions, nonlinear compliance
is required. It is investigated that, due to coupling between the
frequency and amplitude in nonlinear compliances, only the
nonlinear compliances have the potential to improve gait opti-
mality. In addition, comparing the results of piecewise linear and
nonlinear compliance, it is concluded that piecewise linear
compliance is a practical solution to realize different types of
nonlinear compliance profiles using a few linear compliances.

Based on the proposed results, the presented method for non-
linear compliance design can enhance the robot controller
performance. Minimizing the tracking error indicates that the
proposed method can improve the closed-loop control per-
formance such that a weak controller or actuator can be utilized
in the robotic system with nonlinear parallel compliance. In
addition, minimizing the robustness cost function not only
minimizes the reliance on the controller performance, but also
minimizes the actuator's maximum applied force. This poten-
tially leads to using smaller actuators and prevents the control
command (actuator force) saturation which is one of the most
common instability reasons in practice.

The main limitation of this study is the lack of experimental
implementation on a robotic system, which is considered as our
future work. Nevertheless, focusing on the simulated robotic
models provides us with a general formalism to compare the
main advantages of nonlinear compliance over the linear one
not only in robotic systems but also in other systems benefiting
nonlinear compliances; for example, animal biomechanics. The
animals attain stability, efficiency, safety, robustness, adapta-
bility, and so on using their neuromuscular system (i.e., muscles
which are also modeled as compliance) rather than their rigid
skeleton. The analytical analysis and robotic modeling such as
[37] are methods to address the biological pieces of evidence on
gait quality and gait optimality attained by a compliant body.
Inspired by nature, in this study, we presented a mathematical
framework to design nonlinear compliance and improve
the robotic system performance in cyclic tasks. The following
subsections discuss some other aspects of nonlinear parallel
compliance design, possible extensions, and future work.

4.1 | Gait Optimality and Pattern Generator

In many robotic applications, the system has an adaptive
pattern generator. To maximally utilize the FAC feature
of nonlinear compliance, the FAC of the selected nonlinear
compliance can be imposed in the pattern generator dynamics.
In this case, instead of frequency-adaptive oscillators [38],
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nonlinear adaptive oscillators [39] with selectable nonlinear
basis functions are recommended.

4.2 | Basis Function Selection

The efficacy of nonlinear compliance is highly tied to the proper
selection of basis functions. In this case, prior knowledge about the
force-position profile at the targeted joint [21] and the frequency-
amplitude coupling type of the motions are essential. Nevertheless,
to design nonlinear compliance with better performance compared
to linear compliance, instead of the selected nonlinear basis func-
tion, it is required to have a unit and a linear basis function in the
set of bases. Having the suggested bases guarantees that the base-
line performance of the designed nonlinear compliance is better
than the linear one; see Section 2.1 for more details.

4.3 | Bi-Articular Compliance

Due to the coupling terms in nonlinear dynamics, such as
Coriolis and gravity forces, in many cases, the applied force
cannot be properly compensated by compliance that applies
force as a function of the targeted joint position; that is, mono-
articular compliance. Biology resolves this problem using
compliances (muscles) that apply force to two adjacent joints;
that is, bi-articular muscles [40-42]. From an analytical view,
bi-articular compliance has more potential to reduce energy
consumption and improve control robustness [43]. To design a
bi-articular compliance profile, it is sufficient to consider the
basis functions as a summation of the targeted and adjacent
joint angles. In addition, using bi-articular compliance.

4.4 | Estimation of the Applied Force

To optimize the compliance profile, the required force over the
desired motion should be known, which seems challenging. The
solutions to estimate the required torque are using (1) a simulated
model of the robot controlled over the desired trajectory and (2) the
recorded DC-motor current in an experimental setup [44].

4.5 | Variable Compliance Versus Gait Optimality

The optimal nonlinear compliance profile is a function of the
reference trajectory, which differs in different conditions. A
solution to deal with changes in the optimal compliance profile
is to update the compliance profile using compliance adaptation
rules [45-47] and adaptable mechanisms [48-50]; however,
designing adaptive nonlinear compliance is complex and ex-
pensive. Besides, frequent variations of the compliance profile
increase the costs of compliance adaptation and make the
overall system inefficient. Hence, gait optimality is an alterna-
tive solution for cases where adaptation is not cost-efficient and
we have a certain FAC; that is, we have a certain gait.
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Endnotes

'In the rest of the paper, for the sake of simplicity and without loss of
generality, we focus on one arbitrary joint of the robot, and accord-
ingly, we may forbear specifying the joint index. Hence, we refer to
the jth joint's desired position, real position, applied force, parallel
compliance force, parallel compliance function, and tracking error as
geR,q € R F,eR,E e€R, and e € R, respectively.

2 Any pair of linearly independent functions can be represented as an
orthogonal pair; i.e., the Gram-Schmidt orthogonalization process
[33, 491].

3The natural frequency is the frequency of unforced periodic motions;
ie, [, =0.
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