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Abstract: The Einstein model to consider thermal effect in universal equations of state (UEOS) is modi-
fied. It is proposed that the zero-point vibration term should be deleted in a thermal UEOS, and the parameters
can not be directly taken as experimental data at a reference temperature,Vy s BrsB'r and 7§, but their values
at absolute zero temperature,V, s By s B’y and ¥§. An approach is proposed to solve VB, sB', and 7§ from Vi,
By B’y and ¥$. The approaches are applied to three typical universal EOSs,including the Baonza, mMNH and
Vinet EOSs. The numerical results show that the solved values of parameters are almost identical for different
EOSs. And the thermo-physical properties predicted through different EOSs are almost identical at zero and
low-pressure conditions.once the same approach and input experimental data are used to solve parameters. It is
concluded that the prediction of thermo-physical properties at zero and low-pressure conditions cannot be taken

as the criteria to judge the applicability of a universal EOS.
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1 Introduction

The equation of state(EOS) of a system describes the relationships among thermodynamic varia-
bles such as pressure,temperature,and volume. It provides numerous information of a material at high
pressure,and has been widely applied in engineering and other scientific research. Recently,rapid ad-
vances in computational capabilities and accurate high-pressure experimental techniques have given a
strong impetus to theoretical work. Significant progress has been achieved over the past few years as
regards describing the properties of condensed matter in terms of universal relationships involving a

1 [1]

small number of parameters. Especially since 1986 Rose et a proposed that there is a universal

EOS (UEOS) valid for all kinds of solids through analyzing the energy-band data;a lot of forms of the
UEOSs have been proposed with varying success-* %,

Holzapfel’s et al. "'"'*J pointed out that most of present EOS cannot satisfy the Fermi gas (FG)
limitation at high pressure"'”?", and thus modified the ER2 EOS to satisfy the FG limitation condi-
tion. However, the form of EOSs modified by Holzapfel et al. becomes complicated, and loses some

important merits. And recently, we proposed two Murnaghan-type EOSs'** , and compared the preci-
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sion of five EOSs including Baonza and Holzapfel EOSs by [itting the experimental compression data
of 50 solids. The results show that EOSs strictly satisfying the FG limitation give the worse results
than other EOSs not satisfying. For practical applications, the FG limiting condition is not important
for it only operates as volume tends zero.

Among the EOSs,the Baonza EOS has been shown to have fairly high precision"*!*!

. The original
Baonza EOS is a cold EOS. Recently, Baonza et al. **/ have extended their EOS to consider thermal

effect by the aid of the Einstein model

B 7R .1
p=p. V) + VR3AM@E(2 +fe%”__1) (D)
L BBR , 1 1/A0—p) __
po= LR+ B8 — DIn(vi/v)] 1} (2
R

where (8 can be taken as universal constant,$20. 85,0y is the Einstein characteristic temperature of
the solid,it can be taken as experimental values. Baonza et al. directly take other four parameters By,
B'r 7% and Vi as their values at zero pressure and a reference temperature Tx.

The approach of Eq. (1) to dispose thermal effect has an advantage;all parameters can be directly
taken as their experimental values. However,it can be easily seen that Eq. (1) has a physically incor-
rect problem. That is the equation can not satisfy the zero-pressure condition, p(Tx,Vy)=0. In order
to overcome this problem,we think two modifications should be taken. At first,we should delete zero-
point vibration term from Eq. (1). At second,the parameters Bg B’ » 78 and Vi should be replaced by
their values at zero pressure and 0 K, B, ,B’,,75 and V,. This does not mean we do not consider zero-
point vibration, but alternatively include it in the cold pressure term through consistently solving pa-
rameters B, sB', .75 and V,,. Then Eq. (1) and Eq. (2) change to following form
375 NEO

pzpc(V)+ (3
. BBO ’ 1 1/Aa—p __
pe =" {1+ B (8" = DIn(V,/V)] 1} 4

Although the difference of physical quantities deduced from Egs. (1),(2) and that from Egs. (3),
(4) are small,we think the modification to Egs. (1),(2) is necessary for the physical inconsistence can
be avoided in the modified Egs. (3),(4). Otherwise,the parameters B, ,B', .75 and V, at 0 K are inter-
esting for many applications, but their values are difficult to access. So in most cases people avoid u-
sing these parameters at 0 K. Our modification provides an approach to obtain their values convenient-
ly. This is meaningful for practical applications.

We notice that different forms of UEOS have different precision to fit the isothermal compression
data, although many authors claim that the thermodynamic properties calculated by using different
thermal UEOS are in good agreement with experiments. Thus we have three main goals in this paper.
The first goal is to modify three typical UEOS to consider thermal effect by using approach related to
Egs. (3) and (4) ,including the Baonza,mMNH and Vinet EOSs. The second goal is to develop a pro-
cedure to solve parameters at zero pressure and 0 K from experimental data at zero pressure and a ref-
erence temperature. The third goal is to compare thermo-physical properties of 22 typical materials
calculated through the three UEOSs at zero and low-pressure conditions.

In Sec. 2, the volume analytic Baonza EOS with thermal effect taken into account is presented,and ana-
lytic expressions for bulk modulus and thermal expansivity are derived. The approach to solve parameters in
the zero pressure and 0 K is presented. In Sec. 3,the procedure in Sec. 2 is applied to the mMNH EOS, In Sec.
4 ,the procedure in Sec. 2 is applied to the Vinet EOS, In Sec. 5,the numerical results are given and compared

with experimental data available. At last in Sec. 6,the conclusion is presented.
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2 Thermal Baonza Equation of State

The thermal Baonza EOS in Eqgs. (3),(4) can be easily converted to following volume analytic
form
In(V,/V)=[B (' —D]"'+(@Q*F—1) (5
B 3B,7SNEO:
BB, BBV, (ef'" —1)

Here Q is an auxiliary quantity. The bulk modulus can be derived as follows

Q=1+ (6)

B=B,[1+ B ("' —DIn(V,/V)JF*» D)
The derivative of bulk modulus with respect to pressure can be derived as follows
B =B [1+B,@"—DInV,/V) ] &
Substitution of Eq. (5) into Eq. (7) and Eq. (8) yields
B=B,Q’ D)
B =B ,Q""' 10

The equation for thermal expansion coefficient also can be derived as follows

" — 375 Nk ( O )Z e%e/T
Q’B,V, T (e%/'T —1)°

By using Eqgs. (5)~(11) ,we can easily calculate the variation of V,B,B" and « versus temperature and

an

pressure relations. Substituting Eq. (9) into Eq. (11),we have

_ 3)’%’Nk ( @E )2 e%/T
BV, T (%7 —1)*

Although Eq. (12) has been derived based on the Baonza EOS,it can be applied to other UEOS, pro-

vided the same Einstein model to consider thermal effect in Eqgs. (3,4) is used.

12

Now we give the approach to solve By B’y 75 and V,, from B ,B'x s 78 and Vi at zero pressure and
a reference temperature Tg. Considering Eqgs. (5),(6),(9),(10) can be applied to any temperature, we

would apply them to zero pressure and reference temperature Ty

In(V,/Vi) =B, ('—D]"'- QL —1 (13)
. 3B, 7SNkO;

Qr =1 BB,V, (/T — 1) 14

By =B, Q% (15)

B'x =B, Q¢! (16)

It can be seen that Egs. (13) ~ (15) just can solve three unknown parameters. In order to solve four
unknown parameters, we need another equation.

Noting that the Griineisen parameter ¥° should be a function of volume y° (V). And strictly
speaking,the factor (¥5/V,) should be (y°(V)/V). However,it has been shown that y“(V) can be
taken as linear function of volume for most applications ™ , ¢ (V) =y5(V/V,). And the factor [ y¢(V)/
V)] naturally changes to (75/V,). Otherwise,we have ¥ =7 (Vi) =75 (Vy/V,) ,and

Vak AN I 4

VoV, V. an
Substituting Egs. (15) ~(17) into Eq. (14),Qg can be solved as follows
- 3B 78 NkO -1
Q= [1 * BBV (% Tk — 1) ] (1s

Now by using Eq. (18) ,we can analytically calculate VB, , B’y and 7§ from Egs. (13),(15)~(17),

respectively.
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3 Thermal Modified Murnaghan Equation of State

Substituting the modified Murnaghan EOS'* (called as mMNH here) into Eq. (3), we obtain the
thermal mMNH EOS
375 NkO

PGy 4D 1) SR (19)
Y =(V,/VH"—1, 2=@GB,—1)/4 (20)
Eq. (19) can be converted to following volume analytic form
Y=A'LA+QY —1] 2D
£ G .
Q= Fv e D
The bulk modulus is
B=B, (Y +1D QY+ D" (23)
The pressure derivative of bulk modulus is
B =@GAY + 4+ 1 /3QY + D (20
The equation of thermal expansion coefficient is
:7?};2"%}" (%) e (Y DAY D (25)

If substituting Eq. (23) into Eq. (25), Eq. (25) can be changed to Eq. (12). This means Eq. (12) also
is valid for the thermal mMNH EOS.
Now we give the approach to solve BysB'y, 75 and V, from Br.B'r, 7% and Vi at reference tem-

perature Tg. Applying Eqgs. (21) ~(24) to zero pressure and reference temperature Ty ,we have

Ye=A"'[(1+ Q0" —1] (26)
~ BAYSNEO:

Q= B,V (e%/Te — 1) n

By =B, (Y + DQY + D* (28)

B =AY + 424+ 1D /3QAYx + 1D (29)

Noting that A=(3B’,—1)/4, Eqgs. (17),(26)~(29) can solve four parameters B, ,B’, ,75 and V, from
experimental data of By ,B'r,7% and V. The solving procedure is as follows. At first,we give B, ,B’,
initiative values, B, 2~ Byg,and B’,~B'y. At second, we calculate Y from Eq. (26) and Eq. (27). At
third, we calculate B, and B', from Eq. (28) and Eq. (29). The iteration should be done up to the val-
ues of B, and B, are consistent within acceptable precision. Our calculations show that the iteration is
absolutely convergent,and no multiple solutions exist to the iterative problem. We just need about ten

times of iterations to reach the desired precision. At last, we calculate V, from Eq. (20) and 7§ from

Eq. (17).

4 Thermal Vinet Equation of State

Substituting the cold Vinet EOS™! into Eq. (3),we obtain the thermal Vinet EOS

_ 1 - X o BYE)}J\]k®E
p =3B, X° expl n(1 X>:|+—Vo(e@E/T71) 30)
where
X=W/V)", =3B —1/2 3D
By using following two relationships
_ 1 J
B=—7 (X X )P (32)
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r_dB 1 J Nz
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we can derive the expressions for the bulk modulus and its derivative with respect to pressure

B:ﬁg [24 (p— DX — 52X Jexplp(1 — X)] (30

B/:4+(377—1)X+77(77—1)X2—7]2X3 (35)
32+ (p— DX —9X7]
Applying Eqgs. (30),(34),(35) to zero pressure and reference temperature T, we have

Xk 76 NEO,

XR :1+mexp[7]()ﬂgfl)] (36)
B, =B Xk[2 + (3— DXx — 9 Xk | Texplp(Xx — 1] (37)
77:[XR(3 *XR)] IESB/R(Z *XR + 7]XR - UX?{) - 4+XR - 772X%{(1 7XR):| (38)

Then using Egs. (17),(36)~(38) ,we can solve four parameter V,,B,,B’, and 7§ from experimental
data of Vi ,Bg,B'r and ¥%. The solving procedure is as follows. At first,we give Xr,B,.B’, initiative
values, Xy~ 1, B, 2 By, and B’, & B’y (or 9~ (3/2) (B'x —1)). At second, we calculate Xy from
Eq. (36). At third, we calculate B, and 5 from Eqgs. (37),(38). The iteration should be done up to the
values of B, and 7 are consistent within acceptable precision. Our calculations show that the iteration is
absolutely convergent,and no multiple solutions exist to the iterative problem. We just need about ten
times of iterations to reach the desired precision. At last,we calculate V,=Vy/Xk,B';=27/3+1 and
ys from Eq. (17).

5 Numerical Results and Discussion

In this section, we apply above three thermal equations of state to 22 solids. All experimental da-
ta used here are taken from Ref. [147] and references cited there. In Table 1,we list the experimental
data used to determine the parameters of the solids studied in this work,along with selected reference
temperatures and @g. The solved parameters V,,B, and B', at zero temperature for the three EOSs are
listed in Table 2. In the table,we do not list the values of y{ ,since its values can be easily converted by
using Eq. (17) ,o0r 7§ =V, /V )7k .

Table 2 shows that the Baonza and mMNH equations give the almost identical values for all three
parameters,the Baonza,mMNH and Vinet equations give the almost identical values for two parame-
ters V, and B,. We conclude from these results that the difference of parameters for different EOSs is
negligibly small,once the same procedure and the same input experimental data are used to solve the
parameters.

In Fig. 1~Fig. 5,we plotted the variation of volume, thermal expansivity and bulk modulus versus
temperature at zero-pressure and low-pressure conditions for five typical materials,including Ar,LiF,
KCI,Li and Cu. In Fig. 6,we plotted the variation of bulk modulus versus pressure at three tempera-
tures. The parameters are taken from Table 2. These figures show that the agreement of theoretical
results with experimental data is fairly good,this verifies that the approach to consider thermal effect
is reasonable. However, these figures also show that the difference of thermo-physical properties of
solids calculated through the three different equations are invisible in these figures,and are almost i-
dentical at zero-pressure and low-pressure conditions. This situation is in agreement with Table 1 and
Table 2. Since the values of Vi and By at reference temperature Tk have been used to solve V, and B,
at zero temperature,the three EOSs must give the same value of V and B at Ty. Furthermore, since
Table 2 shows that the values of V, and B, are almost identical, the identity of the predicted variation

of V and B versus temperature relations is obviously reasonable.
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Table 1 Summary of the four input parameters as well as reference temperatures T and Einstein temperatures O
(calculated as 0. 750, from the @} values of the references) for the solids studied in this work

(These values are taken from Ref. [14])

Solid Tr/(K) Vi/(em?® /mol) Br/(GPa) B’R 7 O/ (K)
Ar 40 23.026 2.35 7.5 2.7 69.0
Kr 60 28.012 2.49 7.3 2.8 53.9
Xe 60 35.54 3.02 7.8 2.8 48
NaCl 298 27.00 23.5 5. 35 1.59 241
LiF 300 9. 833 66. 4 5.23 1.63 551
NaF 300 15.02 46. 1 5.28 1.52 367
KCl 300 37.529 17. 4 5.45 1.41 176
CsCl 300 42.22 16. 8 5. 85 2.03 113
Li 294 13.02 11.556 3.51 0. 878 258
Na 294 23.743 6. 06 4.125 1.24 119
K 297 45,557 2.963 4.208 1.24 68
Rb 295 55.74 2.301 4.15 1.26 42
Cs 270 70. 00 1.723 3.87 1. 14 29
Al 300 10. 00 72.8 5.15 2.16 322.9
Fe 300 7.09 163.0 5.99 1. 66 354. 3
Cu 300 7.11 133.0 5.65 2.00 258. 3
7n 300 9.16 64.8 4.9 1.90 245
Ag 300 10. 27 99. 6 6.20 2.35 169.9
Cd 300 13. 00 49. 8 6.77 2.20 157
Pt 300 9.09 277 5.61 2.63 178. 8
Au 300 10. 21 166. 65 6.5 2.99 121.3
Pb 300 18. 26 41.7 5.70 2. 60 79
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Fig. 1 Temperature dependence of thermodynamic properties  Fig. 2 Temperature dependence of thermodynamic properties

for argon at zero and low-pressure conditions for LiF at zero and low-pressure conditions
(Lines,numerical results calculated in this paper; (Lines,numerical results calculated in this paper;
Symbols,experimental data taken from Symbols,experimental data taken from

Ref. [14] and references cited there) Ref. [14] and references cited there)
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Table 2 The values of V, ,B,,B’, at zero temperature and zero pressure for 22 solids are calculated from
three modified equations of state in this paper
(The experimental data (represented by “Exp”) are taken from Ref. [14] and references cited there)
V,/(cm?®/mol) B,/ (GPa) B,
Solid
Exp Baonza mMNH Vinet Exp Baonza mMNH Vinet Baonza mMNH Vinet
Ar 22.57 22.6283 22.6283 22.6281 2.657 2.6741 2.6739 2.6709 7.3309 7.3229 7.1971
Kr 27.1069 27.1069 27.1030 3.1491  3.1485 3.1187 7.0037 6.9936 6.5820
Xe 34.70 34.7233 34.7232 34.7215 3.647 3.6102 3.6096 3.5923 7.5581 7.5439 7.2474
NaCl 26.32 26.3928 26.3928 26.3934 26.63 26.5070 26.5099 26.5506 5.2375 5.2475 5.2642
LiF 9.684 9.7101 9.7101 9.7103 70.21 70.8872 70.8898 71.0525 5.1700 5.1759 5.3324
NaF 14.7809 14.7809 14.7812 50.1447 50.1476 50.2619 5.2022 5.2095 5.3173
KCI 36.84 36.7002 36.7002 36.7009 19.73 19.6268 19.6287 19.6561 5.3354 5.3445 5.3559
CsCl 40.8874 40.8874 40.8862 20.2058 20.2086 20.1562 5.6625 5.6719 5.5063
Li 12.69 12.6918 12.6918 12.6927 12.65 12.6307 12.6335 12.6987  3.4554 3.4732 3.6429
Na 22.6637 22.6640 22.6657 7.3187 7.3236 7.3366  3.9899 4.0204 3.9819
K 43.1630 43.1637 43.1651 3.7022 3.7054 3.7035 4.0458 4.0807 3.9783
Rb 52.60 52.5266 52.5278 52.5286 2.940 2.9287 2.9318 2.9273 3.9771 4.0156 3.8889
Cs 66.3056 66.3067 66.3135 2.1172  2.1192 2.1234  3.7318 3.7684 3.7229
Al 9.8810 9.8810 9.8812 77.4036 77.4063 77.5856  5.0946 5.1004 5.2697
Fe 7.0509 7.0509 7.0510 168.4690 168.4695 168.6949  5.9552 5.9564 6.1855
Cu 7.026 7.0414 7.0414 7.0414 142.3 140.456 2 140.4585 140.7245 5.5959 5.5992 5.7726
Zn 9.0244 9.0244 9.0245 69.6822 69.6863 69.8716 4.8376 4.8457 4.9953
Ag 10. 1445 10.1445 10.1446 107.4332 107.4344 107.6034  6.1177 6.1196 6.2158
Cd 12.7658 12.7658 12.7658 56.2481 56.2472 56.2392 6.6261 6.6245 6.5614
Pt 9.0390 9.0390 9.0391 285.8513 285.8529 286.2577 5.5789 5.5809 5.8206
Au 10.1053 10.1053 10,1054 178.1297 178.1299 178.3896  6.4240 6.4243 6.5378
Pb 17.8803 17.8803 17.8806 46.9479 46.9512 47.0040 5.5820 5.5890 5.5916
45 14 -
_ | @Kl =~ |@L 0GPa
o 42t g
E =~
= mE
g S
s N
— 2.0p ®KC -
X 4
15 T
210 =
3 05 3
0
25
= 20 =
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S 15 05 S
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; ]
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Fig.4 Temperature dependence of thermodynamic properties

Fig.3 Temperature dependence of thermodynamic properties

for KCI at zero and low-pressure conditions

(Lines,numerical results calculated in this paper;

Symbols.experimental data taken from

Ref. [14] and references cited there)

for Li at zero and low-pressure conditions

(Lines,numerical results calculated in this paper;

Symbols,experimental data taken from

Ref. [14] and references cited there)
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8 As for the thermal expansivity,Eq. (12) is the
= 74 @) Cu Ofl;)a universal expression applicable to all universal
% TOFTYYT e _— EOSs, the predicted variation of thermal expansivi-
§ - ty versus temperature relation should be controlled
by V(T) and B(T) relationships,and also is identi-
_ cal for different EOSs,since V(T) and B(T) rela-
—E tionships are identical for different EOSs. Other-
% wise,if we apply Eq. (12) to Tk ,we have
G O./T
a(To) =S (2) o o)
= 150 B S thus the values of thermal expansivity should be
?\D:, IBOM” e identical for all EOSs, since Vi and By are experi-
= 1o 0‘9}1\ mental data being independent to specific EOS
%0 . . . . , \ forms
0200 400 600 800 1000 1200 1400 :
TI(K) -
Fig.5 Temperature dependence of thermodynamic properties NaCl me ]

for Cu at zero and low-pressure conditions
(Lines,numerical results calculated in this paper;
Symbols , experimental data taken from
Ref. [14] and references cited there)

Baonza et al. have applied their thermal Baonza
EOS to research thermo-physical properties of 22
solids. They conclude the thermal Baonza EOS
gives fairly good results for thermo-physical prop-
erties at zero pressure condition,including the vol-

bulk

modulus. Here our numerical results show that the

ume, thermal expansivity and isothermal
conclusion is also valid to the mMNH and Vinet
EOSs, not only the Baonza EOS. We also notice

that Baonza et al. also conclude that the different

p/(GPa)

Fig. 6 Pressure dependence of the isothermal bulk
modulus for solid NaCl at three temperatures
(Lines,numerical results calculated in this paper;
Symbols,experimental data taken from

Ref. [14] and references cited there)

EOSs,including Boanza, Vinet and Holzapfel EOSs give almost identical results at moderate pres-

sures. In terms of above results and analysis,we think that the prediction of thermo-physical proper-

ties at zero and low-pressure conditions is not appropriate to judge the applicability of a universal EOS,

6 Conclusions

In conclusions,we modified the Einstein mode

proposed an approach to solve the parameters at ab

|l to consider thermal effect in universal EOSs,and

solute zero temperature from experiment at a refer-

ence temperature. The approaches are applied to three different universal EOSs, the numerical results

show that the solved values of parameters are almost identical for different EOSs. Combining above re-

sults and analysis, we conclude that the thermo-physical properties predicted through different EOSs

are identical,once the same approach and input experimental data are used to solve parameters,and the

prediction of thermo-physical properties can not be taken as the criteria to judge the applicability of a

universal EOS.
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