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Abstract: Dynamic cylindrical cavity expansion model and its application to penetration problems were
studied. Both incompressible and compressible bilinear strain-hardening material models were considered.
First,solutions for dynamic cylindrical cavity expansion (DCCE) are obtained in terms of the velocity of plastic
wave front,radial stress distribution and stress on the cavity surface. The influence of material properties such
as compressibility, elastic-plastic constitutive equations and plastic modulus is discussed. Based on the DCCE
models, penetration equations are then constructed. Comparison with experimental penetration data shows rea-
sonable agreement between theory and experiment. It also shows that material properties such as plastic modu-

lus have considerable effects on the dynamics cavity expansion and its resistance to penetration.
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1 Introduction

An understanding of the response of structures subjected to intense dynamic loadings which pro-
duce large plastic deformation and failure are of great significance for safety calculations and assess-
ment in a variety of engineering such as aerospace,transportation,naval architecture,chemical.nuclear
and defense industry. In particular, the penetration and perforation of targets are very important for
protective engineering.

Cavity expansion approximations are often used to simplify the target analyses and to formulate
penetration models. While quasi-static analyses have been used for deep-punching problems in elastic-
plastic materials by Bishop et al. """, Wright et al. '*' ,and Satapathy et al. **',dynamic analyses have al-
so been developed in literatures of Goodier' ,Forrestal®™ ,Luk et al. "1, Luk et al. "’ ,and Forrestal et
al. [ ete,

Previous models for the dynamic expansion of cylindrical cavities assumed materials as either per-
[7]

[9-10] materials. However,it has been observed experimen-

fectly plastic or power law strain-hardening
tally that most ductile materials show elastic, linear plastic hardening behavior in the true stress-true
strain relationship both in tension and compression. A linear plastic hardening material model is proba-
bly more suitable for large deformation problems such as penetration and perforation of ductile
targets.

The objectives of the paper are two folds. First,a theoretical study is conducted on the dynamic

cylindrical cavity expansion (CSCE) from zero radius for bilinear strain-hardening material. Then, the
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CSCE is employed to derive equations for penetration. Comparison of the present models with available
experimental data and existing power law model is made. The influence of materials properties such as
compressibility, plastic hardening modulus and elastic-plastic constitutive equations,on the CSCE and

penetration is discussed.

2 Cavity Expansion Models

Cylindrical cavity expansion model assumes
the target response is one-dimensional axisymmet-
ric and only radial motion is allowed. A cylindrical
symmetric cavity is expanded from zero initial radi-

us at constant velocity v..as shown in Fig. 1. This

expansion produces plastic and elastic response re- Plastic region

gions. The plastic response region is bounded by

.. . . Elastic region
the radii r=wv.t and r=ct,where r is the radial,Eu- &

lerian coordinate, is the time,and ¢ is the elastic- Undisturbed region
plastic interface velocity. For the compressible
model the elastic region is bounded by r=c¢t and r Fig.1 Response regions

=c4t,» where ¢4 is the elastic dilatational velocity.

For the incompressible model, there is no elastic wave front,and the elastic region occupies r=>ct.
2.1 Control Equations in Plastic Region

From the momentum and mass conservation equations in Eulerian coordinates with spherical

symmetry,one obtains

do, o,—0oy _ _ (dvu dou

5, - = ( P v (,}r) (la)
J 2]

po[w(r*u) ]—Zpr (1b)

whereos, 04 are the radial and hoop components of Cauchy stress,taken positive in compression;p, and
o are the densities of target materials in the undeformed and deformed states;u and v are the displace-
ment and particle velocity in the radial direction,with outward motion considered positive. Particle ve-

locity and displacement are related by

v(l —du/dr) =3du/dt (2)
2.2 Equations of Material Mechanical Property ]
For a bilinear strain-hardening material, the uniaxi- ;
al true stress-true strain relationship is shown schemat- Fy E,
ically in Fig.2 where E, and E, are the elastic and
plastic moduli, respectively and Y is the yield stress.
The uniaxial stress-strain relationship can be written as E
(setting k = (1 — EI ) for simplification) o
True strain
o=Eze oY (3a) Fig. 2 Schematic diagram of stress-strain relationship
c=FE,e + kY c>Y (3b) for bilinear strain-hardening materials

The cylindrical cavity expansion problems are assumed
as plane-strain,so e.=0. ¢, and & are defined as logarithmic strain components in radial and circumfer-

ential direction,respectively. The logarithmic strain-displacement relationship is
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e, =In(1 —Jdu/dr) (4a)
e =1In(1l —u/r) (4b)
As the assumption of Bishop et al"',the octahedral shear stress z, is a definite function of the octahe-

dral shear strain ¥, for all strain states. In the case of uniaxial stress state

7. =/20/3 (5a)
yn:¥<1+y>e (5b)

where v is Poisson’s ratio and for incompressible materials v=1/2.

Substituting Egs. (5a) and (5b) into Eq. (3b),then

o @

Following Hill"'", we assume that in plastic region the axial stress is equal to the average radial and

Tn —

circumferential stresses,or
.= (o, +0,)/2 D)
where 0, .0, are the radial and circumferential components of Cauchy stress taken positive in compres-
sion.
For incompressible materials,e, +&,=0, then

5

Ty :T(G, —0y) (8a)
Ya :72J€ €, (8b)
3
For compressible materials,
)’n:% e +ei + (e, — )t (8¢)

Therefore, plastic flow for the cavity expansion problem is governed by Eq. (9a) for incompressible

materials and Eq. (9b) for compressible materials as follows

6, —oy = iEge,. + &kY (9a)
3 3
eBE . .28
o, — 0y = 311 0) (el +ej —ee9)” + 3 RY (9b)
Material compressibility is models by a linear pressure-volume relation. That is
p=1C(o, +oy+0.)/3=KU—p,/p) (10)

where p,p, are the initial and current densities, K is the bulk modulus and p is the pressure.
2.3 Boundary Conditions
The plastic and elastic regions of response are linked through the Hugoniot jump condition that
conserves mass and momentum across the elastic-plastic interface (where,r=ct)
0:C(c—vy) =p; (c —v) (11a)
0202 (c— ) —p1vi (c —v1) =0, —0n (11b)
where the subscripts 1,2 denote the variables in elastic and plastic regions. It is obvious that for in-
compressible materials the velocity and radial stress are both continuous. On both sides of the interface

between elastic and plastic regions,the von-Mises yield condition must be satisfied, viz.

G,y —op =23Y/3 (122)
0,1 — Onm :2«/§Y/3 (12b)

On the elastic interface
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p=v(o, +0y) (13)
Combining Eqgs. (11a),(11b),(12a),(12b),(13) and (10) and eliminating p, 0 sv; 502 can be denoted
in terms of vy ,01 , which is shown in section 2. 5 in forms of dimensionless variables.
Furthermore, the boundary condition at the cavity surface is
ulr=uv.t) =uv.t (14
2.4 Incompressible Bilinear Strain-Hardening Materials
2.4.1 Plastic Region
We adopt the same similarity transformation as Crozier and Hunter!™ , viz.
E=vr/cat (15)
and the dimensionless variables
S=¢,/Y, u=u/ct, U=v/c, y=vuv./c (16)
Thus,with Egs. (9a),(10),(15) and (16) control Egs. (1a),(1b),(2),can be recast into

dS | AE, 1, duy 23, _pc ., dU

& sy Sln(l dE)Jr 2 k=@ (17a)

d o N o

& (E—w 2§ (17b)

du du
Boundary conditions for incompressible materials yield

u(E=y) =y (18a)
S¢=1) =S, (18b)
Ut=1) =U, (18¢)

where S| denotes the dimensionless radial stress on elastic side of elastic-plastic interface. Substituting
Eq. (18a) into Eq. (17b) ,gives

u=§— (&—yH” S1))
From Eq. (19) ,we get
U=vy?/¢ 20
Combining Egs. (17a),(18b),(18¢),(19) and Eq. (20),we obtain
_o _ 243 Poc” e _ 4 E, Jl 1 x
S8 =S5, g kIng+ L5y (v'—2Ing P )5 v T 2l
The integration term in Eq. (21a) can be rewritten as
IL T 77LJ‘IL 7),2 77LJ1f72 11"117 -
L S In e Y dax = 7). 2 ln(l e )dx— e T2 dax =
1 J‘ Inx Jl " nx o\
4( 1—(/o? 1*xdx+ 1 lfxdl)i
1, . Y \2
—Z{dllog(l—}’z)—d1log[1—(?) ]} (21b)
where the dilogarithmatic function is defined as follows
dilog () :J %dt (210)
1=

2.4.2 Elastic Region
For the elastic region,the deformation is small. Then,the second order infinitesimal terms can be

neglected. Thus,the mass conversation equation yields

du | 1
ding?”*O 22

Integrating Eq. (22) and rearranging give,
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1

u=D - (23)
) ¢
Similarly,the displacement-velocity relationship is
or
U=2D - {1__ (24b)
In elastic region,we have
o, — 0y = 1+ (eg —¢,) (25)

On the elastic-plastic boundary, using the condition é=1 together with the von-Mises yield criterion,
viz. 6, —0y, =2/3Y/3.we obtain
p_3Y

oF, (26)
The momentum conversation equation can be rewritten as
dS 2B 1w du @oc :
R AN b R S =0
At the infinite boundary,S must be of finite value. Thus
_ ﬁ \/7[905
S = 3¢7 E, In& (28a)
along with £&=1 at the elastic-plastic interface,one obtains
5 =273 (28b)

3
2.4.3 Response Equations
At the elastic-plastic interface (§=1),the continuity condition U, =U, must be satisfied. Hence
y=Q2D)"* (29a)
c=u./y=0v.(E/J3Y)" (29b)
Substituting Eq. (28b) and Eq. (29b) into Eq. (21) the stress at the cavity can be written as

_ oy 28 zf _ o S3Y 1
Sé=p = 3 dilog(1 —y*) ]+ ( oF, 5 In }’) (30a)
or
6,0/Y=A~+B[(o/Y)"*v. ] (30b)
where 0,, represents stress at the cavity surface and A, B are evaluated by the following expressions
By Y B [ o) aiton(1 - 43
A= {2 > ngr[ddog(O) dilog(1— - )]} (31a)
_ 13y J3Y
B—Z( Bl ) (31b)

2.5 Compressible Bilinear Strain-Hardening Materials
2.5.1 Plastic Equations

For the compressible bilinear strain-hardening materials, the density p is no longer a constant,
which means that the plastic wave velocity is also no longer a linear function of cavity expansion veloc-
ity and the compressibility equation must be taken into consideration. By Eq. (15), Eq. (16), Egs.
(la),(1b) ,and Eq. (9b) can be recast into
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ds | E, 1 dw 1 23, poc’ w®  dPww/dE?
e Ty G ) e T N T ey (322)
_1 E dwy | K oodw w3
S=5 vy M(Ewgo) Fyin(ge o) gk (32b)
where
. dwy = 243 , dw ; w dw w \1/2
A& e) =31 (I gg T g —In"gein ) (32¢)
w=~&—u (32d)
On the plastic side interface, velocity,stress and yield criterion produces
S(é=1) =S, (33a)
1) (1 7.y dw
w(E=1)=(1—U,) & | (33b)
dw _2J3, Y
f(&w. ds) LT R (33¢)
Eq. (14) can be rewritten as
w(&=y) =0 (33d)
The interface condition is obtained in Section 2. 3, viz.
(A—20(S, —1/4/3)
U, =U, + SCK/Y — o /Y) (33e)
5 — 0(:2 - h—
S, =S, +4{0—3(K—p0c2) (1—20(S; —1//3) (33D

where U, , S, will be given in the following section. Obviously, above equations can only be solved
numerically.
2.5.2 Elastic Equations

The strain can be seen as a first order infinitesimal. Then the control equation can be obtained by

neglecting the nonlinear items of the second order infinitesimal, viz.

E,.(1—w I*u 1 du _LZ o d%u
Grwa—zn(ap T 5, 7)) =r 5 (34)
The elastic wave velocity is defined as
Cﬁ El(l—v) (35)

T+ wd =20,
Eq. (34) can be rewritten into the following forms with the similarity transformation and dimension-

less variables,i. e.

d’u 1 du 1 -

(1 —a%&%) 4& +?d7€7572u:0 (36a)
or
uzc(“"‘zszasln1+ ““5) + Dt (36b)
ak a&
where C and D are constants to be determined and
a=c/cy (36¢)
The boundary conditions are
u(é=1/a) =0 (37a)
on —on =2Y/ 3 (37b)

Therefore,C and D can be evaluated through Egs. (36a), (36b), (36¢), (37a), (37b), constitutive

equation and strain-stress relations in elastic region. Thus
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- R Y
a=Bapy X e [Vl s aElnMj (38a)
3 E. /1—& aé aé
U:;fgdi:&(l_kwlivlia_s' (38h)
dé 3 E, 1—d’ €
S=- —| (1—2») Ty
Soa—2»/1—4 @&
The velocity and stress solutions at the elastic-plastic interface are given by Egs. (38b),(38c) ,viz.
_ 23 d+wy
3 E,
5 =13 « {(1 ) P eSS P W VA S “_“} (39b)
S a—2»J/1—d a a

2.5.3 Numerical Calculation

tIn HV};“Z? } (380)

U1 (398)

In plastic region,Eqgs. (32a), (32b) contain the unknown physical quantities, S,w, (dw/d&) ¢, 7.
Therefore,to solve the variables S,w,dw/dé we must first set a value for ¢,and then calculation starts
backward from the elastic-plastic interface £=1. When w=0,7 is known,and the expansion velocity v,
=7c can also be computed. The calculated v, is compared with the actual expansion velocity and a loop
of calculation is carried out with calculated of last step until the precision is satisfied.

For convenience,we differentiate Eq. (32b) and make the replacement

1 (&) =S&), 1,8 =w(&, y;(&)=w'(& 40)
Then,a system of differential equations is deduced from Eqs. (32a),(32b) and (40), Viz.
y,I +H1y/s =H, (41a)
y’1 +Q1y/3 =Q, (41b)
v =ys (41¢)
Where
2 3
_ __ ¢ R
H] Y 5. y% (428)
__ly23, , E
H, = s[ Lkt Y_}‘(E,yg,yg)] (42b)
171 E, 2lny; — In(y,/&) K
=—— — 42
@ v [ Y 301+ w7 f(Eryayy) +Y] (1ze)
V3 1 E, —Iny; +21n(yz/5) K
= — = - = 42d
Q: (yz 5) Y 3(14+wEPFE,yys) JrY] ( )
Then
v =(H,Q — H Q,)/(Q — H,) (43a)
¥ =y (43b)
v =(Q, — H,)/(Q — H)) (430)

The initial conditions at boundary §=1 for y;,y,,y; can be given by Eqgs. (33b),(33¢), (33D).
We developed Adams-Bashforth finite difference codes to carry on the calculation. It is robust al-
though it will encounter the difficulty as those discussed by Luk et al*. The integrator can monitor

y'; and adjust the integration step in case that it becomes too large as y,—>0.

3 Penetration Equations

We consider the penetration of ductile metal targets subjected to impact by conical-nosed projec-

tiles. The geometry of conical-nosed projectiles is shown schematically in Fig. 3 (a). Two situations
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may arise considering the penetration of the projectile impacting on semi-infinite targets as shown
schematically in Fig. 3(b) and Fig. 3(c). One is that the final depth of penetration has not reached the

shoulder of the projectiles as shown in Fig. 4(b) ,and the other is that the final depth of penetration is

larger than the nose length L, as shown in Fig. 3(c)M?1,

2a
2a .
. 2q
: =
~ ~
i w W
s ( ( \
] ; ) ) . AN
3 : ( (= @ )
¢! \ \ : |
! \ ‘] : /
; / ' I AN
R ) L)
(a) Geometry (b) Impacting when P<L, (¢) Impacting when P>1,

Fig. 3 Schematic diagram of a conical-nosed projectile

From the projectile geometry, the radial velocity,wv,,at the nose interface can be expressed as
v, =v.tane (44a)
where, v, is the projectile impact velocity and ¢ is defined as in Fig. 3(a).
As discussed by Forrestal™® , we can assume that during penetration a film of melted target mate-
rial is formed between the nose and target. Thus, penetration resistance is assumed to consist of stres-

ses normal to the nose and a tangential, frictional component. We assume the tangential stress on the

nose o, is proportional to the normal stress o,
o, =po, (44b)
As for the frictional coefficient,x, Bowden and Tabor'™ found experimentally that values of x were
velocity dependent and varied between p=0. 10~0. 20. Montgomery"'*’ measured sliding frictional re-
sistance on projectile rotating bands during field test of gun launches and suggests a frictional coeffi-
cient of £=0. 02 at high-velocity. In the following section,we consider a set of values of x to select the
most suitable g in the calculation.
For the present penetration problem,we can approximate that
o, =0, (v.) (44¢)
where o, is the radial stress on the cavity surface, which can be deduced s,, is determined by Eq. (30b)
and the coefficients A, B are given by Egs. (31a),(31b) for incompressible models and by curve-fitting

from the numerical results of stress on the cavity surface versus impact velocities for compressible

model.
3.1 Case I pP<L,

Defining z as the position of nose in the penetration direction at a moment,the force acting on the

projectile nose in the penetration direction (axial direction) is

F. =nz"tang(pu + tang) (AY + Bp,v? + tan’¢) (45a)
Using Newton’s second law of motion,we obtain
dv. dv.

m & =mv., dz‘ —F. (45b)
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Or

muv.dv.

AY + Bp()“uftaHng
Integrating Eq. (44¢) yields the expression for the depth of penetration

= —mntang(u + tang)z*dz (45¢0)

Bmln(1+ 2 L% an’ g) 19

P=
2nBp,tan® o(p 4+ tan @)

(45d)>

3.2 Case I pP>L,
In this case, the nose of projectile is completely embedded in the target. Therefore, the force acting
on the projectile nose in the penetration direction (axial direction) can now be expressed as
F.=mna’ (1 + p/tang) (AY + Bp,v’tan®¢) (46a)
Substituting Eq. (45a) into Eq. (44b) and integrating it, we obtain

" mln(l—ﬁ—K Y)tan 50)

P= . 4
tang . 2nBpya’tan(u -+ tang) (46b)

where v, denoting the residual velocity after the situation of Case I . Integrating Eq. (45¢) yields

m B PoVo 'Uo B Po‘Uo 2 :i 3
2nBp,tan® ¢(u+ tang) [1 A Y tan’ go) ln(l A Ay 9D)] 3 L. (6o
Therefore,Eq. (46b) is rewritten as
2% mln(l + T 7tan go)

= 4
3tane¢ 2nBpoa’tan(u -+ tang) (46

400

4 Results and Discussion

We applied the above models to the 6060-T651

Alaluminum alloy material. Fig. 4 shows the exper- §
imental true stress versus true strain graph of the %200_
material , which was reported in Ref. [4]. A bilinear § 150k — Experimental data'”
model with Y=317 MPa,E, =63 MPa provides the = 100l + Bilinear fit: E;=63 MPa
best fit to the data as shown in Fig. 4. For compari- sol
son,a power law fit with n=0. 051 adopted by Luk 0 , , , )
o o 02 0 06 08 10

et al. I is also presented in Fig. 4. True strain
4.1 Cavity Expansion Fig. 4 Experimental true stress-strain curve and

The elastic-plastic interface velocities ¢ versus the bilinear and power-law data-fit for 6061-T651

the cavity expansion wv. velocity are shown in

Fig. 5. The interface velocities for the incompressible bilinear strain-hardening model are given by
Eq. (30b) and are computed numerically for the compressible bilinear strain-hardening model. In the
case of lower velocity, the results between incompressible and compressible models are negligibly
small. With the increase of cavity expansion velocity v, ,the compressibility effect becomes more im-
portant, which results in the big difference between the incompressible and compressible models as
can be seen from Fig. 5. The results of the bilinear models with E,=0,500 MPa are also presented in
Fig. 5. It can be seen from Eq. (29) that strain hardening has no effects on the relationship between the
elastic-plastic interface velocity and the cavity expansion velocity for incompressible model. Similar

conclusion can be drawn for compressible model as can be seen from Fig. 5.
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Fig. 6 shows the radial stress distribution when v. =400 m/s. It is seen that the effect of strain
hardening is small and completely diminishes with distance. The difference between incompressible
and compressible models is also not so big. There is a small discontinuity in radial stress at the plastic-

elastic interface for the compressible models,while it is continuous for incompressible models.

30, 3
7+ | Incompressible model, £,=500 MPa
ok Incompressible model, E,=0, 63MPa
. Incompressible model
20r 5k Compressible model,
& N E,=0, 63,500 MPa
o Sy1s
3 5
10¢ i
2_
Compressible model with —— Plasticregion
[E,=0,63,500 MPa 1r Elastic region 7
5 10 15 20 0 i0 —20
(p/Y)"*, (p/Y)2rlt
Fig.5 Elastic-plastic interface velocity versus Fig. 6 Radial stress distribution
cavity expansion velocity for v.=400 m/s
Fig. 7 shows the graphs of stress on cavity 14
surface versus cavity expansion velocity, which is — Compressible model

12 Incompressible model  E»=500 MPa
compared between incompressible and compressi- -

ble models with different plastic moduli. It can be 10r
seen that the effect of compressibility is small, % ak
whereas the effect of strain hardening is relatively

6_

great which makes much difference for models

with E; =500 MPa compared to those with E, =0, 4 E=63 MPa
: T~E=0
63 MPa. 5 . . .
. 0.0 05 1.0 15 20
4.2 Penetration (PIY)",
The coefficients A and B in Eqs. (44d), (45b) Fig. 7 Radial stress on the cavity surface versus
for all the models considered above are listed in the expansion velocity for bilinear model

Table 1. The predicted depths of penetration are
then compared with the experimental data for the 6061-T651 aluminum alloy targets subjected to im-

pact by 7.1 mm diameter conical-nosed rods™" .

Table 1 Coefficients for the expressions of stress on the cavity surface in different models

Incompressible Compressible
Ez/(MPa)
A B A B
0 3. 945 1.920 3.492 2.075
63 4. 050 1.920 3.613 2.073
500 4,785 1.920 4. 447 2.074

Fig. 8 shows comparisons between experimental data for conical nosed rods and the prediction of
compressible bilinear strain-hardening model with E; =63 MPa when x=0. 05,0. 10,0. 15,0. 20. It can
be seen that the predictions are very sensitive to ¢ and #=0. 15 gives the best {it to experiments.

Further to clarify the influence of compressibility and strain-hardening on depth of penetration for

bilinear models,Fig. 9 presents the results predicted by the incompressible and compressible bilinear
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models with different plastic moduli E,. It is evident for Fig. 9 that the influence of compressibility is
negligibly small. However, the effect of plastic modulus on penetration is relatively significant. The

larger the plastic modulus is,the smaller the depth of penetration is.

0.5, 0.40
T E;edeircitrir(l)enmal data poo [ —— Compressiblemodel v
0.4F p Incompressible model E=0
0.30r =  Experimental data
_ 03f T
s £ 020} E,=500 MPa
W A
0.2k
0.10
0.1r
O=="300""B00 1200 1600 2000 0 200 800 1200 1600 2000
vy/(m/s) vy/(m/s)
Fig. 8 Predictions of DOP under different Fig. 9  Predictions of DOP of different models for
values of p 6061-T651 Al materials under impact of ogival-nosed rods

5 Conclusions

A theoretical study has been given herein on dynamic expansion of cylindrical cavity from zero ini-
tial radius and its application to penetration problems. Both incompressible and compressible bilinear
strain-hardening materials are considered. Solutions for dynamic cylindrical cavity expansion are ob-
tained in terms of the velocity of plastic wave front,radial stress distribution and stress on the cavity
surface. The influence of material properties,such as compressibility, elastic-plastic constitutive equa-
tions and plastic modulus is then discussed. Based on the models, penetration equations are then con-
structed. Comparison with experimental data and the existing power law models is made. It shows that
the present theoretical predictions are in good agreement with experimental observations.

It is shown that the compressibility has negligible effect on radial stress distribution and stress on
the cavity surface etc. ,whereas the effect of strain-hardening is relatively significant.

For the corresponding penetration problems, it is found that the predictions by various models
with #=0. 15 are in good agreement with the available experimental data for 6061-T651 aluminum tar-
gets. It is also found that the influence of plastic modulus for bilinear stain-hardening materials is sig-

nificant for the prediction of penetration depth especially at higher impact velocities.
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