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  Abstract:BasedontheEinsteinmodel,theuniversalequationofstateforsolidsproposedbyVinetetal.
isextendedtoincludethethermaleffect.EmployingthenearestneighborgeneralizedLennard-Jonespotential
todescribetheeffectiveinteractionbetweentheions,thelatticepartofpotentialenergyperatomisexpanded
asquadraticfunctionofdisplacementofiontoderivetheEinsteintemperatureandDebye-Grüneisenparameter
asafunctionofthevolume.Thetheorycontainsfourpotentialparametersexceptforthethreeparametersin
theVinetEOS,butonlyfiveofthemareindependent,andasthetemperaturebeinghigherthantheDebyetem-
perature,thenumberofindependentparametercanbefurtherreducedtofour.Thetheoryisappliedfor23me-
tallicsolids,topredictDebye-Grüneisenparametersandcompressibilitycoefficientsatchambertemperature.
Thepredictedresultsareingoodagreementwiththeexperimentaldata.Thepredictedvariationofcompressi-
bilityandthermalexpansivitycoefficientswithtemperatureforgold,copper,xenonandsodiumchloridealso
areingoodagreementwiththeexperimentaldata.
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1 Introduction
  Theequationofstate(EOS)ofasystemdescribestherelationshipsamongthermodynamicvaria-
blessuchaspressure,temperature,andvolume.In1986,Vinetetal.argued[1~4],basedontheoretical
calculationsandexperimentaldata,thereisauniversalEOSforallclassesofsolidsincompressionand
intheabsenceofphasetransitions.TheVinetEOS[4]isasfollows

p=3B0
1-y
y2 eη0

(1-y) (1)

y (= V
V )
0

1/3
,η0=32

(B′0-1) (2)

Wherepisthepressure,VisthevolumeofmaterialcontainingNions,V0isthevolumeatzeropres-
sure,B0andB′0are,respectively,theisothermalbulkmodulusanditsfirstpressurederivativeatzero
pressure.

TheVinetEOSisacoldpressureEOS,soonafteritsproposition,Vinetetal.modifiedtheirEOS
toincludethermaleffectathightemperature[5,6].However,theirderivationisbasedonanempirical
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assumptionthatthethermalpressureisindependentofthevolumeandlinearwithtemperatureabove
theDebyetemperature.SothemodifiedEOSisnotapplicabletothelowrangeoftemperature,and
evenathightemperature,thepredictionofthermalpropertiesalsoisnottoosatisfactory.

Inthispaper,weproposedasimplemethodtoestablishaGrüneisenfunctionandextendtheVinet
EOSformetallicsolidstoincludethermaleffects.WeemploythenearestneighborgeneralizedLen-
nard-Jones(GLJ)potentialtodescribetheeffectivepairpotentialbetweenionsandcombiningthe
EinsteinmodeltoconsiderthetemperatureeffectofVinetEOS.Byexpandingthelatticepartofpo-
tentialenergyperionasquadraticfunctionofdisplacementofionnearitsequilibriumposition,wede-
rivedtheEinsteincharacteristictemperatureandtheDebye-Grüneisenparameterasafunctionofvol-
ume.WiththeappropriatelydeterminedparameterstheextendedEOScanexcellentlypredictthecompressi-
bilityandthermalexpansivitycoefficientsatwholerangeoftemperature.Eventhenonlineareffectsinthe
thermalexpansion,whichhavebeendifficulttoobtain,areaccuratelypredictedbythisapproach.

InSection2,theEinsteintemperatureandtheGrüneisenparameterforthegeneralizedLennard-
Jonespotentialarederived,andtheVinetEOSisextended.Thetheoryisappliedto23metallicsolids,

andthetheoreticalresultsforgoldarecomparedwiththeVinet’smodifiedEOSandtheexperimental
datainSection3.TheconclusionispresentedinSection4.

2 ExtensionofUniversalEquationofState
  InRef.[7],XuandZhanghavegivenouttheexpressionfortheEinsteincharacteristictempera-
ture

ΘE=
췍h (k
1
μ

Δ

2
ru(r)| )0

1/2
(3)

TheexpressionisbasedontheEinsteinmodel(orcellmodel)[8],andu(r)isthepotentialenergyof
perioncontributedbythepairpotentialε(r).InordertoderivetheanalyticexpressionofΘE,weadopt
thenearestneighborgeneralizedLennard-Jonespotentialtodescribetheinteractionbetweenions

ε(r)= ε0
m- [n (n r0 )r

m

- (m r0 )r ]
n

(4)

Wherem,n,ε0,r0arefourpotentialparameters.IntermsofRef.[7~9],wehave

Δ

2
ru(r)|0= mnΛ*

(m-n)a2
[(m-1)y-m -(n-1)y-n] (5)

Hereaisthedistancebetweenthenearestneighbors,zisthecoordinationnumber,γ0isthestructure
constant,and

Λ* =zε0,y=a/r0=(V/V0)1/3 (6)

V=Na3/γ0,V0=Nr30/γ0 (7)

ThemeaningsofVandV0arethesameasEq.(2).SubstitutingEq.(5)intoEq.(3),theEinsteintem-
peratureisgivenbyfollowingequation

ΘE=
췍h

kr0 {y
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IfwehavetheexperimentalvalueofΘ0Eandγ0GatV0(y=1),fromEq.(6)wehave

Θ0E=
췍h

kr (
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3 )μ

1/2
(9)

SubstitutingEq.(9)intoEq.(8),weobtain

ΘE=Θ0E {y
1

m-n
[(m-1)y-m -(n-1)y-n }]

1/2
(10)

TheexperimentalvalueofΘ0Ecanbeestimatedbytherelationship,ΘE=(3/4)ΘD.Intermsofthedefi-
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nitionofDebye-Grüneisenparameter,γG=-(V/ΘE)(∂ΘE/∂V),weobtain

γG=
(m-1)(m+2)y-m -(n-1)(n+2)y-n

6[(m-1)y-m -(n-1)y-n] (11)

IntermsofEq.(7)andEq.(8),theextendedVinetEOSisderivedas

ξ= pV
NkT =3B0V0

NkT y(1-y)exp[η0(1-y)]+ 3γG(ΘE/T)
exp(ΘE/T)-1

(12)

Eqs.(10,11)showthatbothEinsteincharacteristictemperatureΘEandGrüneisonparameterγGare
volumedependent,andconsequentlythethermalpressureinEq.(12)alsoisvolumedependent.The
experimentalvalueofγ0GatV0(y=1)canbeusedasaconditiontodeterminetheparametersintheex-
tendedEOS,supposingy=1inEq.(11),wehave

γ0G=16
(m+n+1) (13)

  ItshouldbepointedoutthatthereseeminglyexistsevenparametersinEq.(12),theyarenotin-
dependenteachother,onlyfiveofthemareindependent.Becausewefoundtheparameterncanbe
takenasuniversalconstantinthefittingprocedure,andtheexperimentaldataV0notonlyisdirectlya
parameterandisrelatedΘEandγG.Otherwise,ifthetemperatureofmaterialishigherthanΘE,then
parameterΘEcanbeeliminatedfromEq.(12),andtheequationcanbechangedasfollowingsimpler
form

p=3B0
1-y
y2 exp[η0(1-y)]+3γGNkTV

(14)

Eq.(14)containsonlyfourindependentparameters,thusismoreconvenientforpracticalapplications.
ByusingEq.(12),otherthermodynamicquantitiescanbeevaluated.Forexample,theequation

forthethermalexpansivitycoefficientis

αT =1V
∂V
∂T =1y

∂y
∂T ≈ 1

y(T,p)
·y(T+ΔT,p)-y(T,p)

ΔT
(15)

andtheequationforthecompressibilitycoefficientis

βp =1V
∂V
∂p =1y

∂y
∂p ≈ 1

y(T,p)
·y(T,p+Δp)-y(T,p)

Δp
(16)

Inthiswork,weonlycalculatethethermalexpansivitycoefficientandthecompressibilitycoefficientat
normalconditionswithpressurep≈0,Eqs.(15,16)canbesimplifiedas

αT ≈ 1
y(T,0)

·y(T+ΔT,0)-y(T,0)
ΔT

(17)

βp ≈ 1
y(T,0)

·y(T,Δp)-y(T,0)
Δp

(18)

Wherey(T,0),y(T+ΔT,0)andy(T,Δp)shouldbesolvedfromEq.(12).

3 ResultsandDiscussion
  FordeterminingtheparametersintheextendedEOS,weneedfiveexperimentaldata,B0,B′0,V0,

Θ0E,γ0G(orthermalexpansivityatsometemperatureα0T).AsintheoriginalVinetEOS,theformerthree
experimentaldatacanbedirectlyusedinEOS,andstrictlyspeaking,allofthemshouldbeatzerotem-
perature.However,becausetheirtemperaturedependenceisnotevidentexceptB′0,weusetheirex-
perimentalvaluesatareferencetemperature,andB0istakenasthevalueatzerotemperature.Wede-
terminembyfittingα0T,andsolvenfromEq.(13),thenallparametersinEq.(12)canbedetermined.
TheexperimentaldatausedaretakenfromRef.[7,10~13].

WehaveappliedtheextendedEOSto23metallicsolidsandfindthattheparameterncanbe
takenasauniversalconstantwithvalue2or3,thetwodifferentvalueshavelittleinfluencetothethe-
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oreticalresults.However,thevalue3mayresulttwometallicsolidsLiandCahaveaphysicallymean-
inglessvalueofm(m<n),sowerecommendthevalue2ofn.ThusbyusingEq.(12),weonlyneed
theexperimentalvaluesofcompressibilitycoefficientatzerotemperatureandthermalexpansivityco-
efficientatanyonetemperaturepoint,butwecanpredictthecompressibilitycoefficientandthether-
malexpansivitycoefficientatanytemperature,evenotherthermodynamicpropertiesalsocanbepre-
dicted,includingtheDebye-GrüneisenγG.ThepredictedγGandthecompressibilitycoefficientsat
chambertemperaturearecomparedwiththeexperimentaldatainTable1.Thevaluesofmarealsolisted
inthetable.Thetableshowsthatthetheoreticalresultsareingoodagreementwiththeexperimentaldata.

Table1 Thepotentialparametersmdeterminedinthispaperwithn=2,andtheexperimentalandcalculated

Grüneisenparametersandthecompressibilitycoefficientsfor23metallicsolidsat293K
(TheexperimentaldatausedaretakenfromRef.[10~13])

Metals
V0

/(cm3/mol)
B0

/(GPa)
B′0 m

γG
Exp. Cal.

βp/(10-11cm2·N-1)

Exp. Cal.

Ag 10.32 108.72 5.55 11.9 2.40 2.48 1.01 0.996

Al 9.985 79.381 4.61 10.6 2.19 2.27 1.36 1.351

Au 10.21 180.32 6.18 9.0 3.03 3.00 0.59 0.591

Ca 26.13 15.2 4.48 3.18 1.07 1.03 - 6.975

Co 6.774 194.8 5.05 10.6 2.22 2.26 0.53 0.536

Cu 7.071 142.03 5.65 9.12 1.99 2.14 0.75 0.748

Fe 7.071 169 4.96 8.52 1.81 1.92 0.60 0.616

Ir 8.513 366.67 6.00 13.1 2.50 2.69 0.28 0.281

K 42.97 3.66 4.05 5.28 1.34 1.38 33.7 34.3

Li 13.02 12.65 3.51 4.14 0.878 1.19 8.65 8.42

Mo 9.393 265.29 5.49 7.86 1.57 1.81 0.38 0.383

Na 22.70 7.24 3.84 4.38 1.25 1.24 16.5 16.3

Nb 10.92 173.03 4.72 6.90 1.74 1.65 0.59 0.589

Ni 6.629 187.6 4.92 9.90 2.00 2.15 0.55 0.555

Pb 18.13 48.79 5.88 13.8 2.84 2.80 2.30 2.307

Pd 8.858 195.43 5.91 11.0 2.38 2.33 0.54 0.535

Pt 9.034 288.4 5.96 13.9 2.87 2.81 0.36 0.361

Re 8.858 371.5 5.70 13.9 2.66 2.82 0.27 0.276

Ta 10.72 194.21 4.76 7.20 1.74 1.70 0.52 0.526

Th 19.88 58.1 4.17 7.26 1.67 1.71 1.74 1.783

Ti 10.72 109.7 4.66 4.62 1.23 1.27 0.93 0.932

V 8.344 157.04 4.70 5.46 1.40 1.40 0.65 0.652

Zn 9.213 59.8 6.53 8.22 1.75(1) 1.87 - 1.877

  Note:(1)CalculatedfromtheexperimentaldatainRef.[9].

InFig.1andFig.2,thepredictedvariationsofcompressibilityandthermalexpansivitycoefficients
withtemperatureforgoldandcopperarecomparedwithexperimentsandthemodifiedEOSofVinet
etal.[5]InordertocomparebothEOSdirectly,weusethesameexperimentaldataforbothequations.
Itshouldbenotedthatthedifferenceforthecompressibilityisinvisibleforgold.However,theim-
provementofourEOSascomparedwiththeVinet’soneforthethermalexpansivityisobvious.Itcan
beobservedthatthemodifiedEOSofVinetetal.isnotadequateforlowtemperatures,asexpected
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fromitsderivation.OurEOSisapplicableoverwholerangeoftemperature,andathightemperatures,

ourresultsevenarebetterthantheEOSofVinetetal.

(a)Isothermalcompressibilitycoefficient(10-11cm2·N-1)  (b)Volumethermalexpansivitycoefficient(10-6K-1)

Fig.1 TemperaturedependenceofthermodynamicpropertiesforthesolidAu
(TheexperimentaldatausedaretakenfromRef.[10~13])

(a)Isothermalcompressibilitycoefficient(10-11cm2·N-1)  (b)Volumethermalexpansivitycoefficient(10-6K-1)

Fig.2 TemperaturedependenceofthermodynamicpropertiesforthesolidCu
(TheexperimentaldatausedaretakenfromRef.[10~13])

Thismayhastworeasons.ThefirstisbecauseourextensionofVinetEOShassometheoretical
foundationofmolecularthermodynamics,yetthethermalmodificationofVinetetal.onlyisasemi-
empiricalone.ThesecondreasoncanbeenseenfromEq.(14)thatthethermalpressurep*athigh
temperaturecanbeexpressedas

p* ≈3γGNkT/V
Itindeedisalinearfunctionoftemperature,thisisinagreementwiththeassumptionofVinetetal.;

however,italsoisainverselinearfunctionofvolume,thisisincontradictwiththeassumptionof
Vinetetal.thatthethermalpressureisindependentwiththevolume.Thethirdreasonisthatboth
EinsteincharacteristictemperatureΘEandGrüneisonparameterγGarevolumedependentinourtheo-
ry,itismorereasonablethantheVinet’sassumptionthatγGisaconstantindependentofvolume.

Otherwise,consideringtheVinetEOSisclaimedtobeapplicabletoallsolids,wealsouseourex-
tendedEOStotwononmetallicmaterialsXeandNaCl.InFig.3andFig.4,thepredictedvariationsof
compressibilityandthermalexpansivitycoefficientswithtemperaturearecomparedwithexperiments
andthemodifiedEOSofVinetetal.[5]Althoughthedifferenceforthecompressibilityisinvisiblein
thesefigures,italsocanbeshownthattheextendedEOSaremoreappropriatetothesematerials.
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Intheextensiontoincludethethermaleffect,wehaveusedtheEinsteinmodel.Ifsupposingthe
averagefrequencyfortheDebyeapproximationequaltotheEinsteinfrequency,onecaneasilyobtain
ΘD=(4/3)ΘE,andifreplacingtheEinsteinfunctionbytheDebyefunctioninEq.(12),theEinstein
modelcanbeeasilyextendedtotheDebyemodel.Thecomparisonbetweenthetwomodelswasnot
shownsincethepredictionsusingDebyemodelinsteadofEinsteinmodelareeasilyobtained.Andas
shownbyBaonzaetal.[9]intheirEOSthattheDebyemodelonlyimprovethepredictionsnearT=0.
However,bothmodelsareindistinguishableathightemperaturesandforthesakeofsimplicityweuti-
lizeEinsteinmodelsinceitleadstoananalyticalEOS.

(a)Isothermalcompressibilitycoefficient(10-11cm2·N-1)  (b)Volumethermalexpansivitycoefficient(10-4K-1)

Fig.3 TemperaturedependenceofthermodynamicpropertiesforthesolidXe
(TheexperimentaldatausedaretakenfromRef.[10~13])

(a)Isothermalcompressibilitycoefficient(10-11cm2·N-1)  (b)Volumethermalexpansivitycoefficient(10-4K-1)

Fig.4 TemperaturedependenceofthermodynamicpropertiesforthesolidNaCl
(TheexperimentaldatausedaretakenfromRef.[10~13])

4 Conclusion
  Consideringthescreenedeffectiveinteractionbetweentheionsisshort-rangeone,thenearest
neighborgeneralizedLennard-Jonespotentialisusedtodescribetheeffectiveinteraction.Thelattice
partofpotentialenergyofanionisexpandedasquadraticfunctionofdisplacementoftheiontoderive
theharmonicfrequencyofanatomvibratingnearitsequilibriumpositionandtheDebye-Grüneisenpa-
rameterasafunctionofvolume.CombiningtheEinsteinmodel,theuniversalEOSproposedbyVinet
etal.isextendedtoincludethethermaleffect.ApartfromtheexperimentalvalueofEinsteincharac-
teristictemperaturethatusuallycanbefoundinliterature,oneonlyneedthethermalexpansivitycoef-
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ficientatatemperaturetodeterminetheparametersintheextendedequationofstate.
Thevariationofcompressibilitywithtemperatureisnotevident,sothetheoreticalpredictionin

thispaperareingoodagreementwiththeexperimentsandalsoarecomparabletotheEOSmodified
byVinetetal.However,theresultsforthermalexpansivitycoefficientsoffourtypicalmaterialsat
lowtemperatureareobviouslyimproved,andareinfairlysatisfactoryagreementwiththeexperiments
whentheEOSmodifiedbyVinetetal.isinapplicable.Evenathightemperature,theresultsforthe
thermalexpansivitycoefficientsalsoareslightlyimprovedascomparedwiththeEOSmodifiedby
Vinetetal.,thisisbecausetheassumptionutilizedbyVinetetal.isinfactnotcorrect.
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考虑热效应的Vinet状态方程及其应用

孙久勋1,吴 强2,蔡灵仓2,经福谦2

(1.电子科技大学应用物理系,四川成都 610054;

2.中国工程物理研究院流体物理研究所冲击波物理与爆轰物理实验室,四川绵阳 621900)

  摘要:基于爱因斯坦模型将Vinet等人提出的关于金属固体的通用物态方程推广到包括

热效应。采用最近邻普遍化Lennard-Jones势描述金属离子之间的有效配对相互作用,将每

个离子的势能展开为离子位移的二阶泰勒级数,从而推导出爱因斯坦温度和Grüneisen常数

的解析表达式,该表达式只与体积有关而与温度无关。推广方程包括的7个参数只有5个是

独立的,在高于德拜温度时,只需要4个参数。对典型金属及两种非金属材料计算的结果与实

验符合得很好。

  关键词:状态方程;爱因斯坦模型;热物理性质
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