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Abstract: Based on the Einstein model, the universal equation of state for solids proposed by Vinet et al.
is extended to include the thermal effect. Employing the nearest neighbor generalized Lennard-Jones potential
to describe the effective interaction between the ions,the lattice part of potential energy per atom is expanded
as quadratic function of displacement of ion to derive the Einstein temperature and Debye-Griineisen parameter
as a function of the volume. The theory contains four potential parameters except for the three parameters in
the Vinet EOS, but only five of them are independent,and as the temperature being higher than the Debye tem-
perature,the number of independent parameter can be further reduced to four. The theory is applied for 23 me-
tallic solids, to predict Debye-Griineisen parameters and compressibility coefficients at chamber temperature.
The predicted results are in good agreement with the experimental data. The predicted variation of compressi-
bility and thermal expansivity coefficients with temperature for gold, copper, xenon and sodium chloride also

are in good agreement with the experimental data.
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1 Introduction

The equation of state (EOS) of a system describes the relationships among thermodynamic varia-
bles such as pressure,temperature,and volume. In 1986, Vinet ez al. argued”' ™', based on theoretical
calculations and experimental data,there is a universal EOS for all classes of solids in compression and

in the absence of phase transitions. The Vinet EOS™! is as follows
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Where p is the pressure,V is the volume of material containing N ions,V is the volume at zero pres-
sure, B, and B', are,respectively, the isothermal bulk modulus and its first pressure derivative at zero
pressure.

The Vinet EOS is a cold pressure EOS, soon after its proposition, Vinet et a/. modified their EOS

to include thermal effect at high temperature”®. However, their derivation is based on an empirical
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assumption that the thermal pressure is independent of the volume and linear with temperature above
the Debye temperature. So the modified EOS is not applicable to the low range of temperature, and
even at high temperature,the prediction of thermal properties also is not too satisfactory.

In this paper,we proposed a simple method to establish a Griineisen function and extend the Vinet
EOS for metallic solids to include thermal effects. We employ the nearest neighbor generalized Len-
nard-Jones (GL]) potential to describe the effective pair potential between ions and combining the
Einstein model to consider the temperature effect of Vinet EOS. By expanding the lattice part of po-
tential energy per ion as quadratic function of displacement of ion near its equilibrium position, we de-
rived the Einstein characteristic temperature and the Debye-Griineisen parameter as a function of vol-
ume. With the appropriately determined parameters the extended EOS can excellently predict the compressi-
bility and thermal expansivity coefficients at whole range of temperature. Even the nonlinear effects in the
thermal expansion,which have been difficult to obtain,are accurately predicted by this approach.

In Section 2,the Einstein temperature and the Griineisen parameter for the generalized Lennard-
Jones potential are derived,and the Vinet EOS is extended. The theory is applied to 23 metallic solids,
and the theoretical results for gold are compared with the Vinet’s modified EOS and the experimental

data in Section 3. The conclusion is presented in Section 4.

2 Extension of Universal Equation of State

In Ref. [7],Xu and Zhang have given out the expression for the Einstein characteristic tempera-
ture

o= (L
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The expression is based on the Einstein model (or cell modeD)™ ,and u () is the potential energy of

1/2
V,Zu(r) ‘()) (3)

per ion contributed by the pair potential (). In order to derive the analytic expression of @, we adopt

the nearest neighbor generalized Lennard-Jones potential to describe the interaction between ions

e(r) =—=0 [7/1(”*0)”’*171(7’*0)”] 4)
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Where m,n,e, 7, are four potential parameters. In terms of Ref. [7~9],we have
Vil = G Dy — (i — Dy ] 5

(m— )’
Here a is the distance between the nearest neighbors,z is the coordination number, ¥, is the structure
constant,and
A" =zey,y=a/r,=(V/V)'? (6)
V=Na’/v,V, =Nri/7, D)
The meanings of V and V, are the same as Eq. (2). Substituting Eq. (5) into Eq. (3),the Einstein tem-

perature is given by following equation
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If we have the experimental value of @} and ¥{ at V,(y=1),from Eq. (6) we have
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Substituting Eq. (9) into Eq. (8),we obtain
0 1/2
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The experimental value of @% can be estimated by the relationship,®; = (3/4)0;. In terms of the defi-
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nition of Debye-Griineisen parameter,y;=—(V /@) (d@:/IV) ,we obtain
_m=Dm+2Dy"—=m—=—Dh+2)y™

: 11
G 6[(7}’1*1)3/7'"7(7171)3/7”] ( )

In terms of Eq. (7) and Eq. (8),the extended Vinet EOS is derived as
=t~ et YT Yewln G (12)

exp(@/T) — 1

Egs. (10,11) show that both Einstein characteristic temperature ®; and Griineison parameter Y are
volume dependent,and consequently the thermal pressure in Eq. (12) also is volume dependent. The
experimental value of ¥} at V,(y=1) can be used as a condition to determine the parameters in the ex-

tended EOS,supposing y=1 in Eq. (11) ,we have
7?;:%(7”—0—77—0—1) 13)

It should be pointed out that there seemingly exist seven parameters in Eq. (12),they are not in-
dependent each other, only five of them are independent. Because we found the parameter n can be
taken as universal constant in the fitting procedure,and the experimental data V,, not only is directly a
parameter and is related ®@; and ¥;. Otherwise,if the temperature of material is higher than @, then
parameter O can be eliminated from Eq. (12),and the equation can be changed as following simpler
form

17
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Eq. (14) contains only four independent parameters, thus is more convenient for practical applications.

p =3B, (14

By using Eq. (12), other thermodynamic quantities can be evaluated. For example, the equation
for the thermal expansivity coefficient is

1oV _1 39y _ 1 y(THAT.p)—y(T.p)

TV ATy 9T y(T.p) AT a9
and the equation for the compressibility coefficient is
1Lov 19y 1 L Y(Tp+Ap) —y(T.p) (16)
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In this work,we only calculate the thermal expansivity coefficient and the compressibility coefficient at

normal conditions with pressure p=0,Eqs. (15,16) can be simplified as

s~ 1 L (T +AT.0) —y(T,0) an
T (T, 0 AT
B> T 0 Ap (18

Where y(T,0),y(T+AT,0) and y(T,Ap) should be solved from Eq. (12).

3 Results and Discussion

For determining the parameters in the extended EOS, we need five experimental data,B, B’y ,V, ,
O%, 7!, (or thermal expansivity at some temperature a}). As in the original Vinet EOS, the former three
experimental data can be directly used in EOS,and strictly speaking,all of them should be at zero tem-
perature. However, because their temperature dependence is not evident except B',, we use their ex-
perimental values at a reference temperature,and B, is taken as the value at zero temperature. We de-
termine m by fitting o, and solve n from Eq. (13),then all parameters in Eq. (12) can be determined.
The experimental data used are taken from Ref. [7,10~137.

We have applied the extended EOS to 23 metallic solids and find that the parameter n can be

taken as a universal constant with value 2 or 3,the two different values have little influence to the the-
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oretical results. However, the value 3 may result two metallic solids Li and Ca have a physically mean-
ingless value of m(m<n),so we recommend the value 2 of n. Thus by using Eq. (12),we only need
the experimental values of compressibility coefficient at zero temperature and thermal expansivity co-
efficient at any one temperature point,but we can predict the compressibility coefficient and the ther-
mal expansivity coefficient at any temperature,even other thermodynamic properties also can be pre-
dicted, including the Debye-Griineisen ¥;. The predicted 7; and the compressibility coefficients at
chamber temperature are compared with the experimental data in Table 1. The values of m are also listed

in the table. The table shows that the theoretical results are in good agreement with the experimental data.

Table 1 The potential parameters /2 determined in this paper with n=2,and the experimental and calculated
Griineisen parameters and the compressibility coefficients for 23 metallic solids at 293 K

(The experimental data used are taken from Ref. [10~13])

/Cem?®/mol)  /(GPa) Exp. Cal. Exp. Cal.
Ag 10. 32 108. 72 5.95 11.9 2.40 2.48 1.01 0.996
Al 9.985 79. 381 4.61 10.6 2.19 2.27 1. 36 1. 351
Au 10. 21 180. 32 6.18 9.0 3.03 3.00 0.59 0.591
Ca 26.13 15.2 4.48 3.18 1. 07 1.03 — 6.975
Co 6.774 194.8 5.05 10.6 2.22 2.26 0.53 0.536
Cu 7.071 142.03 5.65 9.12 1.99 2.14 0.75 0.748
Fe 7.071 169 4. 96 8.52 1.81 1.92 0. 60 0.616
Ir 8.513 366.67 6. 00 13.1 2.50 2.69 0.28 0.281
K 42.97 3. 66 4. 05 5.28 1. 34 1. 38 33.7 34.3
Li 13.02 12.65 3.51 4. 14 0. 878 1.19 8.65 8.42
Mo 9.393 265.29 5.49 7.86 1. 57 1. 81 0. 38 0. 383
Na 22.70 7.24 3. 84 4. 38 1.25 1. 24 16.5 16.3
Nb 10. 92 173.03 4.72 6.90 1.74 1. 65 0.59 0. 589
Ni 6.629 187. 6 4.92 9.90 2.00 2.15 0. 55 0.555
Pb 18.13 48.79 5. 88 13.8 2.84 2. 80 2.30 2.307
Pd 8. 858 195. 43 5.91 11.0 2.38 2.33 0.54 0.535
Pt 9.034 288. 4 5.96 13.9 2.87 2.81 0. 36 0.361
Re 8. 858 371.5 5.70 13.9 2.66 2.82 0. 27 0.276
Ta 10. 72 194. 21 4.76 7.20 1.74 1.70 0.52 0.526
Th 19. 88 58.1 4. 17 7.26 1. 67 1.71 1.74 1.783
Ti 10.72 109. 7 4.66 4.62 1.23 1. 27 0.93 0.932
\% 8. 344 157. 04 4.70 5.46 1.40 1.40 0.65 0.652
Zn 9.213 59.8 6.53 8.22 1.75® 1. 87 — 1. 877

Note: (1) Calculated from the experimental data in Ref. [9].

In Fig. 1 and Fig. 2, the predicted variations of compressibility and thermal expansivity coefficients
with temperature for gold and copper are compared with experiments and the modified EOS of Vinet
et al. " In order to compare both EOS directly.,we use the same experimental data for both equations.
It should be noted that the difference for the compressibility is invisible for gold. However, the im-
provement of our EOS as compared with the Vinet’s one for the thermal expansivity is obvious. It can

be observed that the modified EOS of Vinet ef al. is not adequate for low temperatures,as expected
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from its derivation. Our EOS is applicable over whole range of temperature,and at high temperatures,

our results even are better than the EOS of Vinet et al.
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Fig. 1 Temperature dependence of thermodynamic properties for the solid Au
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0.99 76
(@) (b)
2\
+ Exp. 2 57F T2
) 1 This work S
= 0.88F X ‘Z
= 2 Vinet g £
< 5
Z a 2
s \ 8 38
=3 =
g 1 g ~— + Exp.
0.77F 5 h
o 2 1 This work
& 19 2 Vinet
0.66 I 1 1 0 1 I 1
0 300 600 900 1200 300 600 900 1200
T/(K) T/(K)
(a) Isothermal compressibility coefficient (10~ " em” « N™ 1) (b) Volume thermal expansivity coefficient (10" °K™")

Fig. 2 Temperature dependence of thermodynamic properties for the solid Cu
(The experimental data used are taken from Ref. [10~13])

This may has two reasons. The first is because our extension of Vinet EOS has some theoretical
foundation of molecular thermodynamics,yet the thermal modification of Vinet et al. only is a semi-
empirical one. The second reason can been seen from Eq. (14) that the thermal pressure p~ at high
temperature can be expressed as

p" &~ 3YsNRT/V
It indeed is a linear function of temperature,this is in agreement with the assumption of Vinet et al. ;
however,it also is a inverse linear function of volume, this is in contradict with the assumption of
Vinet et al. that the thermal pressure is independent with the volume. The third reason is that both
Einstein characteristic temperature ®; and Griineison parameter ¥ are volume dependent in our theo-
ry.it is more reasonable than the Vinet’s assumption that ¥ is a constant independent of volume.

Otherwise,considering the Vinet EOS is claimed to be applicable to all solids,we also use our ex-
tended EOS to two nonmetallic materials Xe and NaCl. In Fig. 3 and Fig. 4,the predicted variations of
compressibility and thermal expansivity coefficients with temperature are compared with experiments
and the modified EOS of Vinet et al. " Although the difference for the compressibility is invisible in

these figures,it also can be shown that the extended EOS are more appropriate to these materials.
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In the extension to include the thermal effect, we have used the Einstein model. If supposing the
average frequency for the Debye approximation equal to the Einstein frequency,one can easily obtain
O, =(4/3)0Og,and if replacing the Einstein function by the Debye function in Eq. (12),the Einstein
model can be easily extended to the Debye model. The comparison between the two models was not
shown since the predictions using Debye model instead of Einstein model are easily obtained. And as
shown by Baonza et al. ™ in their EOS that the Debye model only improve the predictions near T=0.
However,both models are indistinguishable at high temperatures and for the sake of simplicity we uti-

lize Einstein model since it leads to an analytical EOS.
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Fig. 3 Temperature dependence of thermodynamic properties for the solid Xe
(The experimental data used are taken from Ref. [10~131])
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Fig. 4 Temperature dependence of thermodynamic properties for the solid NaCl

(The experimental data used are taken from Ref. [10~13])

4 Conclusion

Considering the screened effective interaction between the ions is short-range one, the nearest
neighbor generalized Lennard-Jones potential is used to describe the effective interaction. The lattice
part of potential energy of an ion is expanded as quadratic function of displacement of the ion to derive
the harmonic frequency of an atom vibrating near its equilibrium position and the Debye-Griineisen pa-
rameter as a function of volume. Combining the Einstein model, the universal EOS proposed by Vinet
et al. is extended to include the thermal effect. Apart from the experimental value of Einstein charac-

teristic temperature that usually can be found in literature,one only need the thermal expansivity coef-
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ficient at a temperature to determine the parameters in the extended equation of state.

The variation of compressibility with temperature is not evident, so the theoretical prediction in

this paper are in good agreement with the experiments and also are comparable to the EOS modified

by Vinet et al. However, the results for thermal expansivity coefficients of four typical materials at

low temperature are obviously improved,and are in fairly satisfactory agreement with the experiments

when the EOS modified by Vinet et al. is inapplicable. Even at high temperature, the results for the

thermal expansivity coefficients also are slightly improved as compared with the EOS modified by

Vinet et al. ,this is because the assumption utilized by Vinet et al. is in fact not correct.

References:

(1]

(2]

(3]

[4]
[5]

[6]

L7]

[8]
[9]

(10]

[11]

[12]
[13]

Rose ] H,Ferrante J,Smith J R. Universal Binding Energy Curves for Metals and Bimetallic Interfaces [J]. Phys
Rev Lett,1981,47.675.

Rose ] H, Vary ] P,Smith J R. Nuclear Equation of State from Scaling Relations for Solids [J]. Phys Rev Lett,
1984,53:344.

Rose ] H,Smith J R,Guinea F,et al. Universal Features of the Equation of State of Metals [ J]. Phys Rev B,1984,
29:2963.

Vinet P,Ferrante J,Smith J R,et al. A Universal Equation of State for Solids [J].] Phys C,1986,19:1.467.

Vinet P,Smith J R, Ferrante J,et al. Temperature Effects on the Universal Equation of State of Solids [J]. Phys
Rev B,1987.,35.:1945.

Vinet P,Rose ] H,Ferrante J,et al. Universal Features of the Equation of State of Solids [J]. ] Phys: Condensed
Matter,1989,1:1941.

Xu X S,Zhang W X. Introduction for Practical Theory of Equation of State [ M]. Beijing : Science Press,1986. (in
Chinese)

Westera K,Cowley E R. Cell-Cluster Expansion for an Anharmonic Solid [J]. Phys Rev B,1975,11:4008.

Sun ] X, Wu Q,Cai L. C,et al. Analytic Equation of State for Generalized Lennard-Jones Solid Including Lowest-Or-
der Anharmonic and Correlation Corrections [ J]. Chinese Physics.2000,9(12):1009.

Baonza V G, Taravillo M,Caceres M,et al. Universal Features of the Equation of State of Solids from a Pseudospi-
nodal Hypothesis [J]. Phys Rev B,1996,53:5252.

Fernandez G E. A Debye-Griineisen Thermal Correction to the Murnaghan Equation of State for Solids [J]. ] Phys
Chem Solids,1998,59:867.

Qian X S. A Lecture for Physical Mechanics [ M]. Beijing: Science Press,1962. (in Chinese)

Varavillo M T, Baonza G. The Temperature Dependence of the Equation of State at High Pressure Revisited: An
Universal Model for Solids [J].J Phys Chem Solids,2002,63:1705.

EZEAYNM Vinet REFERENHA

AR BLERAED,BEER
1. TR RS LR, RS 610054 5
2. E AR BT S B i A BT ST vh o P B S AR W B SR & L U AR 621900)

WE: A TZEHEEAYR Vinet FARBO X TLEERNABARADAS T EH) F0F
WP, KRB EE A Lennard-Jones ¥ H R 2B EHEFZ MM ARE A HEEA, K F
NEFHBERFINETABN N B R, ATk ST Z ®HEEE R Grineisen & #
MENEREAR  ZEREAARSRRAXTMESREL X, ) FREEN T NS HAAS AR
AN EGETEABREN RFEZIANSH, HALERAMELBEM T ENERE X
I /5 & /AR,

KW RA TR & H I E A A IE MR

RESES: 0521.2 SCERARIRAG: A



