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  Abstract:Apreviouslyproposedapproximatequasi-statictheoreticalmethodisemployedhereintoexam-
inethedeformationandperforationofasimply-supportedcircularplatestruckbyaflat-facedprojectileatnor-
malincidence.Basedontheprincipleofvirtualwork,staticload-displacementrelationshipsarefirstobtained

andthenusedtopredicttheenergy-absorbingcapacityoftheplatesubjectedtorelativelylowspeedimpact.Itis

shownthatgoodagreementisobtainedbetweenthetheoreticalpredictionsandtheavailableexperimentaldata,

providedthatadiabaticshearpluggingfailuredoesnotoccur,buttheinfluenceofstrainratesensitivityistaken

intoaccount.
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1 Introduction
  Thedeformationandfailureofstructuresimpactedbyprojectilesisveryimportantfordesigning
structuralsystemsinengineeringsuchasnuclearpowerplantanddefenseinstallation.Whenaprojec-
tilestrikesatarget,complexphenomenamayoccurwhichinvolveselastic,plasticdeformation,crack
initiationandpropagation,strainrateeffects,thermalsoftening,projectilebreakuporevenexplosion
dependingonimpactvelocity,geometryandmaterialpropertiesofboththeprojectileandthetarget.In
ordertounderstandthedeformationandfailuremechanismsandtodesignthecontainmentandprotec-
tivestructuresagainstprojectilesordroppedobjects,itisnecessarytocarryoutextensiveexperimen-
talprogramstoexaminetheeffectsofthevariousfactorscitedabove.However,therehavebeenrela-
tivelyfewavailableexperimentaldatathatcanbeusedtoguidetheengineeringdesign.

Extensivereviewsontheballisticimpacthavebeenpublishedinrecentyears[1~4].Inthesepubli-
cations,Ref.[1]andRef.[2]focusedontheanalyticalproceduresotherthanexperimentalinvestiga-
tions,whilst,Ref.[3]andRef.[4]documentedtheoreticalanalysestogetherwithexperiments.Ascan
beseeninthesereviews,thetheoreticalsolutionsareusuallyobtainedonlybaseduponidealisticsim-
plificationstotherealcomplicatedevents.Forexample,whentheprojectileimpactvelocitiesareap-
preciablyhigherthantheballisticlimit,theglobaldeformationoftargetcanbeneglectedtoachieve
thereasonableapproximationoftheenergyabsorbedbytheplateintheperforationprocess.Whena
relativelargemassstrikesthetargetwithlowvelocities,theglobaldeformationmaydominatethere-
sponse.Thecombinationofglobalresponseandlocalfailurehasbeendemonstratedtobedifficultto
analyse[5].
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Itisexpectedthataquasi-staticprocedureshouldbesuitablefortheanalysisofmetalplates
struckbyprojectilestravelingwithrelativelylowspeedwherebothglobalandlocaleffectscontribute
significantlytotheoveralltargetresponseandperforation.Theaccuracyofthemethodhasbeenstud-
iedbysomeauthors.Ref.[6]explainedthetheoreticalbasisofthequasi-staticmethodandemployed
anerroranalysistoexaminetheaccuracyofthisprocedure,andsuggestedthatthedynamicplasticre-
sponseofastructurestruckbyaheavymasstravelingatalowspeedcouldbeestimatedreasonablyby
theprocedurementionedabove.Ref.[7]alsoinvestigatedtheaccuracyofthemethodforpredicting
theinelasticbehaviorofstructuresunderimpactandcomparisonsweremadebetweenthequasi-static
theoreticalpredictionsandtheexperimentalresultsandthesameconclusionwasdrawnasabove.

WenandJones[8]developedanapproximatequasi-statictheoreticalproceduretostudythebehav-
iorofafullyclampedcircularmetalplatestruckbyamassatlowvelocity.Basedontheprincipleof
virtualwork,theload-deflectionrelationshipandenergy-absorbingcapabilityoftheplatewerepresen-
ted.Itisshownthatthetheoreticalpredictionsareingoodagreementwiththeavailableexperimental
data.

Theobjectiveofthispaperistoexaminethedeformationandperforationofaxiallyrestrained
simply-supportedcircularpatesstrucknormallybyflat-nosedprojectilesbycloselyfollowingthe
methodsuggestedbyWenandJones[8].Analyticalresultsarepresentedandcomparisonsaremade
withtheexperimentaldatareportedinRef.[5]anddiscussed.

2 ApproximateQuasi-StaticTheoreticalAnalysis

2.1 BasicEquations

Fig.1 Asimply-supportedcircularplate

  Considera simply-supported circular
platehavinganouterradiusRandthickness
H whichisloadedatthecenterbyacircular
flat-nosedpunchwithradiusa,asshownin
Fig.1.Ifthematerialoftheplateobeysvon
Misesyieldcondition,thetransversedisplace-
mentfieldfortheplateloadedbyaflat-nosed
punchatthecentrehasthefollowingform[9]

W =W0      for r≤a (1)

and

W = W0 [c 1 (- r )R ]
1
2
 for a≤r≤R (2)

wherec=1-(a/R)1/2isaconstantforaspe-
cificimpactproblem,Wisthetransversedis-
placementoftheplateataradiusrandW0is
thetransversedisplacementattheperipheryofthepunch-plateinterface.

FromthevonMisesyieldcriterionforinfinitesimaldisplacementsasshowninFig.2(a)andthe
associatedflowrule,usingEq.(1),wecanobtainMr=0,Mθ=M0everywhereintheplateexceptinthe
punchregionwhereMr=Mθ=M0,seeRef.[9].Mr,MθandM0aretheradialbendingmomentperunit
length,circumferentialbendingmomentperunitlengthandthefullyplasticbendingmomentperunit
length,respectively.

Itisevidentformtheforegoingstatementand,also,fromFig.2(a),thatthisgeneralizedstress
fieldisnotcontinuousatr=a,butitisusedasanapproximationtotheactualone.Asmentionedin
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introduction,thedifficultiesofpredicting

Fig.2 Limitedinteractionyieldconditions

theimpactperforationofplatesoften
leadtothedevelopmentofempirical
equationsandtheapproximatetheo-
reticalsolutionswhichhaveapoten-
tialforagreaterrangeofvalidity
comparedtotheempiricalformulae.

Ithasbeendemonstratedinthe
previousworks[10,11]thattheindenta-
tionoccursinabeam whenloaded
staticallyordynamicallyandisdue
mainlytotheshearingactionatthe
peripheryofthepunchontheupper
surfaceofabeam.Thisbehaviorhas
alsobeenobservedinacircularplateloadeddynamicallyinRef.[12].

AccordingtotheEq.(11)oftheRef.[12],ifthemagnitudeoftheindentationisexpressedasΔ
andtheshearstrainγcanbecalculatedasfollows

γ=Δ/e (3)

whereeisthehalf-widthoftheshearzone,asshowninFig.3.Bycloselyfollowingthestudyin

Fig.3 DefinitionofWf,W0,Δandefor
asimply-supportedcircularplate

Ref.[8],itcanbeshownthat

e= 3H/8 (4)

Combining(4)and(3)yields

Δ= 3γH/8 (5)

Thus,atransverseshear(plugging)

failureoccursattheloadingpointfor
acriticalindentationΔc,or

Δc= 3γcH/8 (6)

Where,γcisthecriticalshearstrain,whichalsocorrespondstothecriticaltransverseshearforce(Fu).
Thetransverseshearstress,τ,atthepunch-plateinterface,maybewritteninthefollowingform

τ=τu(γ/γc)n (7)

or,equivalently
Fs=Fu(Δ/Δc)n (8)

whereniswork-hardeningindexfortheplatematerial;Fsistransverseshearloadandτuiscritical
shearstress.Forsteelplatesmaybetakenas[8]

τu=λσy[0.41(H/d)+0.42] (9)

whereλ=σu/σywithσu,σybeingtheUTSandtheyieldstressoftheplatematerial,respectively.

2.2 Load-DisplacementRelationship
  Withthebasicequationsderivedabove,itisnowpossibletodetermineanapproximatestaticload-
displacementrelationshipforasimply-supportedcircularplatestruckbyaflat-facedcircularpunchat
thecenterwitha≪R.Accordingtotheprincipleofvirtualworkandbycloselyfollowingthemethod
presentedinRef.[8],itiseasytoshowthat

F=KmW0+Fc (10)

fortheglobaldeformationand
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F=Fs=Fu(Δ/Δc)n (11)

forthelocal(shear)response.Km=πN0(R-a)/2Rc2,Fc=(2- a/R)πM0/carethemembranestiff-
nessandthestaticcollapseloadoftheplateforinfinitesimaldisplacements,respectively.Itisobserved
thatFc→2πM0whena→0,whichagreeswithRef.[7]whentheinfluenceoftransversesheardeforma-
tionsandfinitedisplacementsareneglected.

RearrangingEqs.(10)and(11)andusingWt=W0+Δyields
Wt=(F-Fc)/Km+(F/Fu)1/nΔc (12)

Eq.(12)isanapproximatestaticload-displacementrelationshipforasimply-supportedrigid-plastic
circularplateloadedatthecenterbyaflat-endedcircularpunchhavinga≪R.

2.3 Energy-AbsorbingCapabilityofaPlate
  Theenergyabsorbedbyasimilarrigid-plasticplateloadedstatically,asshowninFig.1(a),is

Et=Ebm+Es (13)

whereEbmandEsaretheenergiesdissipatedbybendingdeformationsandmembranestretchingrelated
toW0andbytransversesheareffectsrelatedtoΔ,respectively,andareevaluatedasfollows[8]

Ebm=∫
W0

0
(KmW0+Fc)dW0= Km

2 W2
0+FcW0 (14a)

and Es=∫
Δ

0
FsdΔ=Ecs[(KmW0+Fc)/Fu](n+1)/n (14b)

whenusingEqs.(10)and(11)andwhereEcs=FuΔc/(1+n)isthecriticalshearworkdoneatthe
punch-plateinterfacewhenashear(plugging)failureoccurs.Thepermanentmaximumtransversedis-
placementcanbewritteninthefollowingnon-dimensionalform

δ=Wp

H {= -J [+ J2+16c
2ψ3(χt-χs)

β ]π
1/

}
2
·β
2

{

+

[J2+16c2ψ3(χt-χs)/βπ]1
/2

4λc2(0.41+0.42ψ })
1/n
· 3
8γc (15)

whereWpisthemaximumpermanenttransversedisplacementoftheplateincludingtheindentationat
theloadingpointandχt=Et/σyd3,χs=Es/σyd3,J=c+c2,β=R/(R-a)andψ=d/H .

Itisassumedthatthecriticaltransverseforce(Fu)isreachedwhenatransverseshear(plugging)

failureoccurs.SubstitutingF=FuintoEq.(10)gives
Wos=(Fu-Fc)/Km (16a)

or Wos=4Raλc
2

R-a
[0.41(H/d)+0.42]- HRc

2(R-a)
(2- a/R) (16b)

afterusingEq.(9)andKm =πN0(R-a)/2Rc2,Fc=(2- a/R)πM0/c.WhereWosisthecritical
transversedisplacementatwhichatransverseshear(plugging)failureoccurs.SubstitutingWosforW0

inEq.(14)andusingEq.(13)yields

Et= Km

2 W2
os+FcWos+Ecs (17)

which,usingEq.(16a),becomes

Et=F2
u-F2

c

2Km
+ FuΔc

1+n
(18a)

or Et
σyd3

= (A )H
d + (B )H

d
2

+ (C )H
d

3
(18b)

whereEt=EpistheperforationenergyoftheplateandA,B,Caredefinedbythefollowingequations

A=0.554λ2Rc2
R-a

(19a)
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B=0.286 λγc

1+n +1.082λ2Rc2
R-a

(19b)

C=0.279 λγc

1+n +0.528λ2Rc2
R-a - π

16
· R

R-
æ

è
çça 2- a ö

ø
÷÷R

2

(19c)

3 ComparisonwithExperimentalDataandDiscussion
  Thequasi-staticproceduredevelopedaboveiscomparedwiththeexperimentalresultsforthesim-
ply-supportedplatesloadedquasi-staticallyanddynamically,whicharereportedintheRef.[5].

Itiswellknownthatthemildsteelisstronglysensitivetotherateofloadingandthedynamic
yieldstress(σd)canbedeterminedbythewell-knownCowper-Symondsempiricalformula[18,15],viz,

σd=σy[1+ (̇εm/D)1/q] (20)

whereD=40.4s-1andq=5areempiricalconstantschosentodescribethestrainratesensitivebehav-
iorofmildsteel.AccordingtotheapproximatemethodssuggestedbyPerroneandBhadra[19,20],the
meanstrainrate(̇εm)inEq.(20)maybeexpressedas

ε̇m= W0viln(R/a)
62R(R-a)c2

(21)

whereviistheinitialimpactvelocity.Whentheplatefailsinshear(plugging)mode,thenEq.(21)can
berewrittenas

ε̇m= W0svcln(R/a)
62R(R-a)c2

(22)

wherevcisthecriticalimpactvelocityortheballisticlimitandW0sisthecriticaltransversedisplace-
mentoftheplatewhenatransverseshear(plugging)failureoccursandisdeterminedfromEq.(16).
ThemeanstrainratepredictedusingEq.(22)isgenerallylessthan10s-1andisofthesameorderof
magnitudeastheexperimentalobservationsonthecircularmildsteelplatesinvestigatedinthe
Refs.[5,22].Therefore,Eq.(18b)canberecastintothefollowingform

Ep

σyd3 [= 1 (+ W0svcln(R/a)
62DR(R-a)c

)2

1/

]
q

[· (A )H
d + (B )H

d
2

+ (C )H
d ]

3
(23)

which,substitutingEp=Gv2
c/2intoEq.(23)andrearranging,yieldsanapproximatevalueforthebal-

listiclimit

vc= 2σyd3 [G 1 (+ W0svcln(R/a)
62DR(R-a)c

)2

1/

]
q 1/2

[· (A )H
d + (B )H

d
2

+ (C )H
d ]

3 1/2
(24)

whereGistheprojectilemass.

Fig.4 VariationofthecoefficientsofA,BandC
inEq.(25)withtheratiotoplatethicknessto
strikerdiameter(H/d)forthesimplesupported
circularmildsteelplateexaminedinRef.[5]

Fig.4showsvariationofthecoefficientA,B
andCwiththeratioofplatethicknesstostrikerdi-
ameter(H/d)forthesimply-supportedcircular
mildsteelplatesinvestigatedinRef.[5],wherethe
parameters,nandγc,aretakentobethetypical
valueof0.25and0.8formildsteel,respectively,

accordingtotheRefs.[5,8,21].Theplates,details
ofwhicharegiveninTable1,weresimply-suppor-
tedatadiameterof248mmandeachplatewas
loadedbymeansofaflat-endedcylindricalpunch
with12.7mmindiameterinthequasi-statictest,

oraflat-nosedprojectilewiththesamediameter,
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launchedbyacompressedair-guninthedynamicinvestigation.ItappearsthatthevalueofA,BandC
decreasewithincreaseinH/dexceptfortheplatethatthenominalplatethicknessis5mm,asshown
inFig.4.However,iftheplatesweremadefromthesamematerialintermsofthemechanicalproper-
tiessuchasλ,nandγc,thenthecoefficientsA,B andCshouldremainconstantaccordingto
Eqs.(19a)~(19c).

Table1 SomeofthemechanicalpropertiesofthematerialsexaminedinRef.[5]

Nominalplatethickness
H/(mm)

R
/(mm)

Yieldstressσy
/(MPa)

U.T.S.σu
/(MPa)

Young’smodulus
/(MPa)

 1(Inrollingdirection) 124 191 310 240

 2(Transversetotherollingdirection) 124 181 300 230

 3 124 273 440 228

 5 124 352 472 220

 6 124 305 446 235

 8 124 342 472 211

10 124 351 490 230

  Note:Supportdiameter2R=248mm;platediameterD0=300mm;punchdiameterd=12.7mm.

Fig.5showsvariationofEcs/EpandEbm/Epwiththeratiooftheplatethicknesstostrikerdiame-
ter(H/d)forthesameplatesasabove.Itisclear,asexpected,thatEcs/Episamonotonicallyincreas-
ingfunctionofH/d,whileEbm/EpmonotonicallydecreaseswithanincreaseinH/dwiththerangeof
parametersstudied.

Fig.6showscomparisonbetweenballisticlimitvelocitiespredictedbyEq.(24)andtheexperi-
mentaldataforsimply-supportedcircularmildsteelplatesreportedinRef.[5].ItisseenfromFig.6
thatgoodagreementisfoundbetweenthepredictionsandthecorrespondingexperimentaldataupto
somecriticalvalueofH/d.Thisisdue,possibly,toachangeintheenergy-absorbingmechanisminthe
platesfromaglobalstructuralresponsecombinedwithashearfailureattheprojectile-targetinterface
toapredominantpluggingfailureforlargervaluesofH/d.

Fig.5 VariationofEcs/EpandEbm/Epwiththeratioof

platethicknesstostrikerdiameter(H/d)for
thesimplesupportedcircularmildsteelplate

investigatedinRef.[5]

Fig.6 Comparisonofthetheoreticalpredictionswith
theexperimentalresultsforthesimplesupported

circularmildsteelplatestruckby
aprojectileatthecenter
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4 Conclusions
  Anapproximatequasi-statictheoreticalanalysishasbeengiveninthispapertoexaminethede-
formationandfailureofaxiallyrestrainedsimply-supportedcircularplatesstruckbyflat-endedprojec-
tilesbycloselyfollowingthestudyinRef.[8].Basedontheprincipleofvirtualwork,staticload-dis-
placementrelationshipsareestablishedandthenemployedtopredicttheenergy-absorbingcapacities
ofplates,whichwereperforatedatrelativelowspeed.

Itisshownthatthetheoreticalpredictionsagreewellwiththeexperimentalobservationsinterms
oftheballisticlimitswhentheinfluenceofmaterialstrainratesensitivityistakenintoaccountand
providedthattheperforationdoesnotoccurbyadiabaticshearplugging.Itisalsoshownthatthequa-
si-staticprocedureemployedissuitableforanalysingtheresponseofasimply-supportedcircularplate
struckbyaflat-facedprojectileatrelativelylowvelocity.
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简支圆板在平头弹丸撞击下的变形与穿透

文鹤鸣,饶伟锋
(中国科学技术大学,中国科学院材料力学行为与设计重点实验室,安徽合肥 230027)

  摘要:采用准静态近似理论方法分析简支圆板在平头弹丸正撞下的变形和穿透。首先基

于虚功原理得到了静态荷载位移关系,并将其用于预测低速冲击下圆板的能量吸收能力。当

考虑了材料的应变率敏感性,并且不发生绝热剪切冲塞破坏的前提下,理论预测和实验结果吻

合良好。

  关键词:变形;穿透;简支圆板;弹丸;弹道极限
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