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Key Points:
e Finite-element simulations are performed for viscous incompressible flows in a rapidly rotating and precessing cylinder with sidewall
topography.
e Introducing a vertical fin-type barrier along the sidewall substantially alters precessionally driven flow structures and enhances
turbulence intensity.
e At high precession rates and large barrier heights, sidewall topography amplifies the flow’s kinetic energy to unexpectedly high levels,
potentially contributing to the maintenance of long-lived planetary magnetic fields.
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Abstract: The influence of topography on rotating fluids may exceed conventional expectations. Here, we numerically examine viscous
incompressible flows induced by sidewall topography, confined within a modified cylinder that rotates rapidly about its central vertical
axis and precesses about another axis. To investigate specific flow patterns and boundary-interior correspondences, the cylindrical
sidewall is modified by adding a vertical fin-type barrier extending all the way from the bottom to the top. The fully nonlinear
Navier—Stokes equations with precessional forcing are solved in this modified cylindrical geometry, using a mixed finite element method.
Numerical results show that the introduction of sidewall topography significantly alters the precessionally driven flow, particularly at high
precession rates. While the primary dynamics associated with inertial wave propagation persist, rich vortical structures and turbulence
emerge. Interestingly, the barrier does not invariably suppress the kinetic energy density; when its height approaches the cylinder radius
under strong precession, the kinetic energy density even exceeds that of the cylinder case without a barrier. Such an anomalous
enhancement of kinetic energy may offer new insights into how precession-driven flows over topography could contribute to sustaining
long-lived planetary magnetic fields, including that of the early Moon.
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1. Introduction

The influence of boundary topography on fluid dynamics has
attracted considerable attention across a wide range of scientific
and engineering disciplines. In geophysics, for instance, the
Earth's core—mantle boundary (CMB) exhibits significant topo-
graphic irregularities, which play an essential role in the evolution
of core and mantle dynamics (Lay et al., 1998). These irregularities
can induce boundary-layer instabilities that are believed to cause
various phenomena, such as enhanced core—mantle coupling,
alterations in core convection, and the modulation of dynamo
processes (Garcia and Souriau, 2000; Vidal et al., 2024). In atmo-
spheric and oceanic dynamics, it is well known that certain equa-
torially trapped shallow-water waves, e.g. Kelvin modes and Yanai
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modes, are protected by the underlying topography (Delplace et
al,, 2017). In industrial applications, such as the design of fuel
tanks for highly maneuverable vehicles, aircraft, and spacecraft,
the deliberate placement of internal obstacles (i.e., artificial
topography) is used to mitigate unwanted fluid motions (Whit-
ford, 2004). Collectively, these examples highlight the pervasive
influence and practical importance of boundary topography in
shaping fluid behavior.

In response to these diverse applications, many fundamental
studies have been conducted to explore how topography influ-
ences fluid motion. To study the dynamo transition of an incom-
pressible electrically conducting fluid in a Couette system, numer-
ical simulations are performed with a rough inner boundary (Finke
and Tilgner, 2012). The presence of boundary roughness
enhances the boundary forcing and reduces the critical rotation
rate for dynamo onset. Such a scenario is currently realized in
experiments by means of baffles attached to the inner sphere of a
spherical Couette device (Rojas et al., 2021). Inspired by the topo-
logically protected states found in two-dimensional semiconduc-
tors, studies of three-dimensional viscous rotating convection in
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cylindrical containers have shown that nonlinear wall states can
persist even in the presence of bulk turbulence, and remain
robust when the cylinder's sidewall is partially truncated by a
vertical rectangular barrier (Favier and Knobloch, 2020). In the
above-mentioned numerical and experimental studies, boundary
topography does not seem to change the primary characteristics
of the bulk fluid motion. However, the latitudinal libration experi-
ment (Chen XY et al., 2025) in a triaxial ellipsoid indicates that the
turbulent boundary layer may be responsible for the onset of bulk
turbulence, and that the influence of boundary topography
should be considered more carefully.

In the present study, we investigate precessionally driven flows in
a modified cylindrical geometry, where a vertical fin-type barrier is
set up on the sidewall and its height is varied across simulations.
Precession occurs when a rapidly rotating body experiences an
external torque that perturbs its spin, causing its angular momen-
tum to precess in the inertial frame of reference. Under weak
precessional forcing, inertial modes can be excited in the rotating
frame of reference (Wood, 1966; Manasseh, 1992; Meunier et al.,
2008; Liao XH and Zhang K, 2012). In certain geometries such as
spheres, cylinders, and ellipsoids, these precessionally-driven
flows can become particularly strong when an inertial mode
resonates with the precessional forcing (Kong DL et al., 2014,
2015; Jiang JF et al., 2015). The cylinder used in this study is delib-
erately chosen with an aspect ratio I = 0.502559, defined as the
ratio of the cylinder radius to its height, which corresponds to the
primary resonance of the inertial mode u;;,. The geometry is a
circular cylinder equipped with a single sidewall-mounted vertical
fin; its height is varied systematically across simulations, in a
configuration similar to Favier and Knobloch (2020). Geophysically
speaking, a circular cylinder mimics the Earth's tangent cylinder,
an imaginary cylindrical region tangent to the inner-core equator
and aligned with the Earth's rotation axis (Zhang K and Liao XH,
2017). A series of numerical simulations are performed to examine
the evolution of precessionally driven flows within these sidewall-
distorted cylinders, spanning regimes from quasi-linear to
strongly nonlinear.

It should be emphasized that topographic coupling is not exclu-
sively introduced by artificial barriers. Even in a smooth circular
cylinder without internal obstacles, precessionally driven flows are
constrained by the container geometry (Kong DL et al., 2015). The
introduction of barriers disrupts this geometric smoothness by
adding discontinuities (sharp edges and vertical walls), thereby
strengthening boundary-driven effects. In this sense, fin-type
barriers amplify geometry-driven boundary effects that are
already present in the unmodified cylinder.

The paper is organized as follows. Section 2 describes the geometry
and the dimensionless governing equations. Section 3 presents
the finite-element method and the three-dimensional discretiza-
tion of a topography-modified cylinder. Section 4 discusses the
numerical results and phenomena. And the concluding remarks
and future perspectives are given in the final section 5.

2. Governing Equations
A cylindrical container filled with viscous incompressible fluid is
considered, which has a radius I'd and height d. The aspect ratio
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I =0.502559 is chosen to be at the primary resonance of the inertial
mode uy;,, where the triple subscripts (m, n, k) in u,,, specify the
azimuthal (m), vertical (n) and radial (k) wavenumbers, respectively
(Zhang K and Liao XH, 2017; Kong DL et al., 2014). In a horizontal
cross-section perpendicular to the central vertical axis, the sidewall
topography of the cylinder is marked by a mountain-shaped
smooth curvature that can be described by
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and illustrated in Figure 1, in which H is the height of the barrier,
. is the central location of the barrier in the azimuthal coordi-
nate, and A¢ is the half-angle width of the barrier. In a three-
dimensional view, the sidewall topography extends from the
bottom to the top of the cylinder, forming a fin-type vertical
barrier. The modified cylindrical container rotates rapidly with an
angular velocity Q, = Q,z along its positive z axis and precesses
slowly about a different axis that is fixed in an inertial frame. The
angle between the two axes is a,,.

The cylindrical coordinate system fixed to the container is

employed to describe the fluid motion, with the unit vectors (3, ¢,

2) defined in the container frame of reference. The origin of this

cylindrical coordinate system is at the center of the bottom plane.

The time-dependent precession vector 0, can be expressed in the

container frame by

0, =0, [§ sin a,cos (¢ + Qot) — é sin apsin (¢ + Qot) + 2 cos ap],

(2)

and the overall angular velocity can be written as Q = 0z + Q. As
a result, the incompressible Navier—Stokes equations that
describe the flow in the container are
u . .
% +u-Vu+ 2{2()0 +10Q,|[8 sin a,cos (¢ + Qot)
—¢ sin a,sin (¢ + Qot) + 2 cos ap] } xu &)

=-Vp+wWu- 22|0,|Qos sin apcos (¢ + Qot),

V-u=0. (4)

Figure 1. The sketch of an modified cylinder with a barrier.
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In Equation (3), the last term on the right-hand side represents the
Poincaré force which drives flows against viscous dissipation. The
parameter v denotes the kinematic viscosity. It should be noted
that the reduced pressure p in this equation absorbs a time-
dependent potential term —sz|Q,|Qqsina,cos(¢ + Qot). Equation (4)
is the incompressibility condition. By adopting Q,' as the time
scale, the height d as the length scale, and p,d”Q} as the unit of
pressure, the dimensionless equations read
ou

Bt +u-Vu+2{2+Po[§sin a,cos (¢ + 1)

—psin apsin (¢ + t) + zcos ap]}xu &)

= —Vp + EkV’u — 22sPo sin apcos (¢ +t),
V-u=0, (6)

where the Poincaré number Po = |Q,|/|Q,| represents the relative
strength of precession with respect to the rotation rate, and the
Ekman number Ek = v/(Q,d”) measures the relative importance of
viscous force compared with Coriolis force. In the container frame,
the flow on the bounding surfaces of the modified cylinder is at
rest, imposing

u=0 7)
on the bottom z = 0, the top z = 1, and the sidewall s = R(4).

Note that the value of Ekman number depends on the choice of
length scale. In this paper, the length scale is the height d of the
cylinder. However, another typical choice of the length scale (e.g.,
Giesecke et al., 2019; Pizzi et al., 2021a) can be the radius of the
cylinder. Because the aspect ratio I in this paper is about 0.5, the
difference in the value of Ekman number caused by different
length scales is by a factor of about 4. As a result, the adopted
Ekman number 107 in Giesecke et al. (2019) is equivalent to
Ek = 2.5x 107> of the present study. Although the value of Ekman
number is not our primary concern, it indeed affects the dimen-
sionless amplitude of the resonant flow. The critical precession
forcing (the critical Po number), which characterizes the transition
from a more laminar flow to a turbulent flow, shifts to smaller
values when decreasing Ek.

3. Mixed Finite-element Methods and Numerical
Computations

The time integration for the numerical model engages a semi-

implicit, second-order, uniform time-step backward differentiation

formula (Ascher and Petzold, 1998; Chan KH et al., 2006),

(au)n-ﬂ 3un+1 _4un + un—1

2

for the time derivative and

un+1 . vun+1 - (2un _ un—1) . vun+1 + O(Atz),

for the nonlinear term. The superscript n marks the n-th time step

at which the time is t, = nAt for n=0,1,2,.... The full temporal

discretization of the dimensionless Navier—Stokes Equation
(5)—(6) reads
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where
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Q, =sina, [s Cos (¢ + ther) — @sin (¢ + to )] +2Zcosap. (10)
Starting from arbitrary initial conditions, u™’
determined from the known u” and u"".

can be successively

In order to solve Equations (8)—(9) subject to the boundary condi-
tions Equation (7) at the time step n+ 1, the computational
domain is discretized into tetrahedral elements using Netgen, an
open-source mesh generator (Schoberl, 1997). It is flexible to put
more nodes near the boundary for resolving the thin viscous
boundary layer while retaining fewer bulk nodes in order to
reduce computing loads. The typical mesh size, as illustrated in
Figure 2, is therefore refined near the bounding surfaces but
coarse in the interior domain. The total number of nodes in the
mesh is about 2 million and these nodes make up about 1.5
million tetrahedral elements, which are sufficient for the numerical
simulations at the Ekman number 107,

A P2/P1 mixed finite element method (Stenberg, 1984) is
employed, by which the velocity field is expanded into a piece-
wise second-order polynomial by nodal quadratic bases defined
on tetrahedral vertices and edge midpoints, while the pressure
field is approximated by a piece-wise first-order function
constructed by nodal linear bases defined on tetrahedral vertices.
A saddle-point algebraic problem is obtained after the Galerkin
weighted residual approach is applied (John, 2016). A stabilized
Krylov subspace iterative solver (the stabilized BiCG) is used to
solve the system of linear equations. The convergence property
and numerical stability of the spatial discretization have been
extensively demonstrated in Chan KH et al. (2010), Kong DL et al.
(2015, 2014).

Without loss of generality, our simulations set the precession
angle a,=n/4, the barrier location ¢ =z and half-width
Ag = r/20. The Ekman number in most laboratory experiments
and numerical simulations typically falls within the range of
107° < Ek < 107* (for example, Kobine, 1995; Meunier et al., 2008;
Lin YF et al., 2014). As direct numerical simulations are computa-
tionally expensive, and since numerical solutions at Ek = 10~ or
smaller show similar behavior to those at Ek = 107, we choose a
moderate value of £k = 10~* for all simulations presented below.

4. The Influences of Sidewall Topography
We have carried out three groups of numerical simulations,

z

<

X

Figure 2. A sketch of the three-dimensional tetrahedralization of a
cylinder with a barrier on the sidewall. The mesh is coarse in the
interior and refined near the boundaries.
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demonstrating the influences of the sidewall topography on
precessionally-driven flows. The Poincaré number increases from
small, to moderate, to large values across different groups, result-
ing in progressively more turbulent flow. In each group of simula-
tions, the topographical distortions are imposed stronger and
stronger by increasing the height H of the barrier.

4.1 A Perfect Cylinder without Sidewall Topography

In order to clarify the influence of sidewall topography, we first
review the fundamental precessionally-driven flows in a perfect
circular cylinder without any topography.

When the precession rate is small, Po = 0(10™*), in the perfect
cylinder with aspect ratio I = 0.502559, the precessionally-driven
flow can be decomposed into a series of inertial modes u,,,,. The
Poincaré force can resonate directly with the inertial mode u;y;
whose half-frequency is 0.5. Other modes are damped heavily by
viscous dissipation (Kong DL et al., 2015). Figures 3a-3f show the
retrograde wave in one propagating period by plotting the z

—1.8e-04
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component of the flow velocity in the z=1/2 plane. Figures
3g-3h show, respectively, the axial component of the flow velocity
z-u and the helicity h = u - w in the perfect circular cylinder. Helic-
ity quantifies the degree of alignment between the velocity (u)
and vorticity (w = V x u) fields, and is a key indicator for identifying
the three-dimensional and complex structure of turbulent flows,
such as helical motions and strong vortex interactions (Moffatt,
2014). In this study, helicity is used to assess the intensity and
spatial distribution of turbulence under various precessional forc-
ings and with barriers of different heights. The results shown in
Figure 3h demonstrate that the interior flow primarily exhibits
azimuthal motion, where the velocity is perpendicular to the
vorticity (u - @ = 0). In contrast, at the top and bottom boundaries,
and at the sidewall layer, the combined effects of precession and
viscosity (Ekman boundary layers) introduce secondary flows with
axial and radial velocity components. In these regions, enhanced
alignment between velocity and vorticity leads to elevated local
helicity, while the interior remains stable and nearly laminar.

When the Poincaré number gets large, e.g. Po = 0.5, the retrograde

5e-04

—5e-04

5e-04

—5e-04

—5.9e-06

—1.2e-05

Figure 3. Precessionally driven flow in a perfect cylinder at Po = 10~ Panels (a)-(f) show contours of z - u in the container frame on the plane
z=1/2 for I = 0.502559. Solid lines indicate positive contours and dashed lines indicate negative contours. Panels (a) to (f) depict the six
sequential instants in one wave propagation period. The wave propagates westward (in the —¢ direction), i.e. retrograde. Further details are given
in Kong DL et al. (2015). Panels (g) and (h) show the z component of the velocity field and the helicity, respectively, in the perfect cylinder at a

specific instant.
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traveling wave in the perfect cylinder is shown in Figures 4a-4f,
where many modes are excited (Kong DL et al, 2014). The
strongly forced flow is marked by a predominant axisymmetric
geostrophic component (zonal flow) in the bulk volume of the
cylinder plus a sidewall-localized shear layer. Figure 4g shows the
z component of the flow velocity in the perfect cylinder, revealing
clearly the presence of a sidewall localized shear layer. As shown
in Figure 4h, the helicity is predominantly elevated in these sidewall
regions, whereas the interior of the cylinder exhibits lower helic-
ity. This distribution suggests that the flow near the sidewall is
more complex, while the interior region remains comparatively
quiescent and less structured. This numerical simulation is run for
a sufficiently long time, and the overall structure of the strongly
nonlinear flow appears to be highly stable.

4.2 Small Poincaré Number with Different Barrier Heights

When the Poincaré number is small, the flow is laminar, and the
sidewall topography does not fundamentally alter the primary
inertial mode. In Figures 5a-5¢, three sub-figures are presented
demonstrating the wave propagation with different barrier

0.0e+00

—7.7e-02

heights (multimedia views are available via the Supplementary
Materials link). The barrier heights H are 0.1, 0.25 and 0.5 respec-
tively. In the cases with small to moderate barrier heights, the
overall fluid motion is not substantially affected. A barrier has a
greater effect on the precessionally-driven flow only when the
height almost reaches the radius of the cylinder container (as
shown in Figure 5c¢ (multimedia view)). The inertial mode is
slightly distorted as it propagates around the barrier but largely
returns to its undistorted pattern after it propagates away from
the barrier. Boundary topography does not cause bulk turbu-
lences. This can be seen from Figures 5d-5f (multimedia view),
which demonstrate the helicity.

4.3 Moderate Poincaré Number with Different Barrier
Heights

As the Poincaré number increases to Po = 0.1, the topographical

influence of the boundary on precessionally-driven flow becomes

more apparent. Even without a barrier, the original flow is moder-

ately turbulent (Kong DL et al., 2015). The presence of the barrier,

regardless of its height, intensifies the chaotic condition both near

0.0e+00

—1.8e+00

—3.6e+00

Figure 4. Precessionally driven flow in a perfect cylinder at Po = 0.5. Panels (a)-(f) show contours of z - u in the container frame on the plane
z=1/2 for I =0.502559. Panels (a) to (f) depict the six sequential instants in one wave propagation period. Panels (g) and (h) show the z
component of the velocity field and the helicity, respectively, in the perfect cylinder at a specific instant.
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the boundary and in the bulk, as shown in Figures 6a-6c (multi- barrier (i.e., the side first encountered by the propagating wave). A
media view). However, the propagating wave amplitude depicted major bulk vortex is formed at the trailing side of the barrier (i.e.,
by the z-u component is suppressed at the leading side of the the side downstream where the wave passes after interacting

6e-04 (b) 8e-04

3e-04
4e—-04 5e—04

2e-04

- 3e—04

2e—04 1e—04
0 0 0
~2e-04 —3e-04 ~le-04
—4e—-04 —5e-04 —2e-04
—6e—04 —8e-04 —3e-04
3.5e-06 6.6e—06 1.0e—06
1.7e-06 3.3e-06 5.2e-07
0.0e+00 0.0e+00 0.0e+00
-1.7e-06 —3.3e-06 —5.2e-07
—-3.5e-06 —6.6e—06 —1.0e-06

Figure 5. Precessionally driven flow in a cylinder with a barrier of different height at Po = 107 (I = 0.502559). Panels (a)-(c) show contours of z- u
in the container frame on the plane z = 1/2 for barrier heights (a) H = 0.1, (b) H = 0.25, and (c) H = 0.5 (multimedia views). Panels (d)-(f) show
instantaneous three-dimensional visualizations of the helicity for (d) H = 0.1, (e) H = 0.25, and (f) H = 0.5 (multimedia views).

0.4 06 0.4
0.2 0.4 0.2
0.2 0
0
0
-0.2
-0.2 -02
I 1.4e+00 I 4.5e+00 (f) T I 4.2e+00
7.1e-01 2.2e+00 2.1e+00
i
o
0.0e+00 0.0e+00 : " N 0.0e+00
] ‘l »
-7.1e-01 —2.2e+00 > —2.1e+00
~1.4e+00 —4.5e+00 -~ —4.2e+00

Figure 6. Precessionally driven flow in a cylinder with a barrier of different height at Po = 0.1 (I = 0.502559). Panels (a)-(c) show contours of z- u in
the container frame on the plane z = 1/2 for barrier heights (a) H = 0.1, (b) H = 0.25, and (c) H = 0.5 (multimedia views). Panels (d)-(f) show
instantaneous three-dimensional visualizations of the helicity for (d) H = 0.1, (€) H = 0.25, and (f) H = 0.5 (multimedia views).
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with the barrier), especially when the barrier height is larger than
half of the radius of the cylinder, as shown in Figures 6d-6f (multi-
media view). Through the animation of the helicity variations, it
can be seen that the sign, strength and large-scale pattern of the
trailing vortices are roughly stable and periodic in time.

4.4 Large Poincaré Number with Different Barrier Heights

As the precession rate gets really large to Po = 0.5, the strongly
nonlinear waves are changed dramatically by sidewall barriers.
Even a very short barrier can induce significant turbulence, as can
be seen in Figure 7a (multimedia view) and Figure 7d (multimedia

5.4e+00

2.7e+00

0.0e+00

—2.7e+00

—5.4e+00

view). When the barrier becomes even taller, namely H = 0.25 and
H = 0.5, the sidewall-localized wave (see Figures 4a-4f) is totally
replaced by bulk turbulent flows, which are displayed in Figures
7b-7c (multimedia view) and Figures 7e-7f (multimedia view).

4.5 Downstream Modification of the u, Structure by the
Barrier

We further examine the flow in a vertical cross-section located

immediately downstream of the barrier (Figure 8). Figure 8a

shows the reference structure given by the axial component of

the u;y; mode, z- u;;;. For a small Poincaré number and a finite

0.75

0.50

0.25

0.00

-0.25

—-0.50

I 1.4e+01 I 1.3e+01

7.1e+00 6.7e+00
0.0e+00 0.0e+00
—7.1e+00 —6.7e+00
—1.4e+01 —1.3e+01

Figure 7. Precessionally driven flow in a cylinder with a barrier of different height at Po = 0.5 (I = 0.502559). Panels (a)-(c) show contours of z- u in
the container frame on the plane z = 1/2 for barrier heights (a) H = 0.1, (b) H = 0.25, and (c) H = 0.5 (multimedia views). Panels (d)-(f) show
instantaneous three-dimensional visualizations of the helicity for (d) H = 0.1, () H = 0.25, and (f) H = 0.5 (multimedia views).
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Figure 8. Axial velocity in a vertical cross-section at Ag = 191/20, immediately downstream of the barrier. Panels (a) and (c) show results in a

perfect cylinder, while panels (b) and (d) correspond to a cylinder with a barrier of height H = 0.1. Specifically, (a) z - u,;; in the perfect cylinder; (b)

u, with the barrier at Po = 107 (multimedia view); (c) u, in the perfect cylinder at Po = 0.5; and (d) u, with the barrier at Po = 0.5 (multimedia view).
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barrier height H = 0.1, the vertical pattern u, is only weakly modi-
fied (Figure 8b), and remains largely consistent with the u;;;-
dominated structure. This is also consistent with the Fourier-spec-
tral analysis, in which the response is dominated by the forcing
frequency.

As the Poincaré number increases to moderate and large values,
the sidewall-localized structure observed in the perfect cylinder
becomes increasingly perturbed by the barrier (Figure 8c-8d).
Compared with the smooth, coherent pattern in Figure 8¢, Figure
8d exhibits a more irregular, patchy structure with small-scale
fluctuations. Likewise, the spectra extracted in the vicinity of the
barrier are still dominated by the forcing frequency, but numerous
secondary peaks emerge as Po increases, indicating that the flow
has become fully turbulent. This suggests that the excitation of
inertial waves may be associated with the formation of large-scale
vortices at moderate and large Poincaré numbers.

4.6 Azimuthal Flow and Kinetic Energy Density

It is also interesting to look at the impact of sidewall topography
on the flows both from their horizontal velocity and the perspective
of kinetic energy density. For a perfect circular cylinder of
I = 0.502559, increasing precession forcing leads to a strong west-
ward (¢ direction) axisymmetric geostrophic flow (Giesecke et
al., 2019; Pizzi et al., 2021b; Gao DL et al., 2021). In this paper, the
geometry is apparently non-axisymmetric, which prevents analysis
based on inertial modes decomposition in the cylindrical volume
(Kong DL et al., 2015). But because the geometric symmetry with
respect to the middle plane (z=1/2) remains, it is still sound to
examine the horizontal flow component on the plane z = 1/2 for
barrier-flow interplay. We focus on the azimuthal component of
velocity, which represents the part of a flow that directly collides
onto a sidewall barrier which should be strongly influenced by the
existence of a barrier. Figure 9 plots the mean azimuthal flows
that are defined as

¢ uls, ¢;z = 1/2)dg, (11)
As
where
As={¢ €[0,2n) : s < R(4)}. (12)

Here, A, represents the set of all azimuthal angles ¢ at which the
point (s, 4) remains inside the fluid domain, i.e., s does not exceed
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the local boundary R(¢). The measure function

ua)= | do (13)

gives the total angular span (in radians) where radius s lies inside
the domain. In the case of a perfect circular cylinder without
barrier, i.e, R(¢) = I for any ¢, we simply have u(A,) = 2x for all
s <T. Here, u(A,) denotes the total azimuthal length (in radians)
for which points at radius s are within the cylinder.

It is apparent that a barrier impacts the generation of zonal circu-
lation a lot. In the H = 0.1 case (see Figure 9a), the main feature of
westward zonal flow and the trend of zonal flow saturation still
can be seen. But for Po = 0.5, because the barrier is well higher
than the thickness of the outer shear layer of the strongly forced
flow, the weakening of the flow is obvious. With further increase
of H, namely Figure 9b-9c, the nature of mean circulation
changes fundamentally. There seems to be competition between
the topography and precession. Large Po forcing still works hard
to drive westward zonal flow, despite being suppressed, against
the topographical resistance. But smaller Po forcing is unable to
outweigh the obstacle, such that mean circulation can be
reversed to eastward (+¢ direction) in the outer cylindrical region
where barriers place azimuthal truncation. This feature can be
seen in Figures 6-7, where vortices form downstream of the
barrier.

The kinetic energy density of a flow can be defined by

— 1 2
Egin = 2V/V|U| av.

It measures the average strength of the flow. The dependence of
Eyin ON the Poincaré number Po in modified cylinders with different
topography H is plotted in Figure 10 for the purpose of seeing the
combined effect of precession and topography. The numerical
simulation agrees well with the linear analytic results given by
Zhang K and Liao XH (2017) in the perfect cylinder when
Po < 0.01. For example, direct nonlinear simulation yields Eg, =
1.6 x 10 for Po = 0.01 at Ek = 10~*, while the analytical expression
gives E, =1.9x 107 for Po = 0.01. However, when Po > 0.01, the
nonlinear simulations show that £, gradually saturates and devi-
ates from the linear theoretical prediction, which indicates that
nonlinear effects become significant at larger Po.

(b) (o 4
— Po=10"*
I — Po=10"
0 3 Po=0.01
5 — Po=0.1
o -1 ° Po=05
< 3
z ., 2
> — Po=10" = 0=
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— Po=0.1
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' ! -4
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s s s

Figure 9. Mean azimuthal flow at the z = 1/2 plane, computed from Equation (11). The horizontal axis (s) represents the distance from the

rotation axis, and the flow speed is re-scaled by Po. Panels (a)-(c) plot respectively cases of H= 0.1, H = 0.25 and H = 0.5. In each panel, the gray

shaded region indicates the barrier's height measured from the sidewall of the cylinder. Note that for panel (c), since the barrier height H = 0.5, is
nearly equal to the cylinder's aspect ratio, I' = 0.502559, the shaded region extends close to the left vertical axis.
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Figure 10. The kinetic energy density £, is plotted in logarithm
scale as a function of the Poincaré number Po in cylinders with
sidewall barriers of heights H = 0, H = 0.25 and H = 0.5 respectively. The
dashed line represents the analytical expression of £, in the perfect
cylinder, as given by Zhang K and Liao XH (2017). For visual clarity, the
case H = 0.1 is omitted as it overlaps with the adjacent curves for H = 0
and H = 0.25.

Another interesting phenomenon is that, at weak to moderate
precessional forcing (i.e., at the small Po end in Figure 10), increas-
ing the height of the obstacle leads to a greater reduction in the
flow strength. The trend becomes opposite when the precession
gets strong. As demonstrated in Figure 10, towards the large Po
end, higher barrier height H results in higher kinetic energy
density. For example, at the large Po end, E, is 5.2x 107> for
H =0, while it increases to 8.8 x 1072 when H = 0.5. Under strong
Poincaré forcing, topographical barriers on the cylindrical sidewall
interact with the flow more vigorously, generating significant bulk
turbulence through complex boundary processes (see the
helicity's magnitude in Figure 7). In this regime, taller barriers
enhance these turbulent interactions and drive more energetic
flows, resulting in a noticeable increase in kinetic energy with
barrier height. This suggests that, rather than damping the flow,
high barriers can act as catalysts for turbulence and energy input
when the precession is sufficiently strong.

5. Conclusions

In this paper, we have investigated the topographical influences
of boundaries on fluid motions in rapidly rotating and precessing
modified cylindrical containers via numerical experiments using
3D finite-element method. Compared with the precessionally
driven flow in a perfect cylinder at the primary inertial-mode-reso-
nance, which is mainly marked by a retrograde m = 1 wave propa-
gation, the topographical effects resulting from modified cylindri-
cal sidewalls are mainly found to be of three remarkable charac-
teristics. First, a simple vertical barrier on the cylinder's sidewall
will not fundamentally alter the large-scale m = 1 wave structure.
The resonance between the Poincaré forcing and the u;;; mode is
robust under topographical perturbations. Second, the presence
of a vertical barrier on the cylinder's sidewall can interact nonlin-
early with precessionally-driven flows, causing vortices near the
boundary and even in the bulk interior as Po increases, which is
fundamentally different from the phenomenon discovered in the

rotating convection (Favier and Knobloch, 2020). Third, the topog-
raphy does not always dampen the flow intensity. Under
extremely strong Poincaré forcing, a sufficiently large barrier leads
to a higher kinetic energy density in the modified cylinder than in
the perfect cylinder. This suggests that boundary topography may
exert a stronger influence on long lived planetary magnetic field
than previously assumed.

It is worth pointing out that this study paves the way for a series
of future explorations. In the currently reported work, the aspect
ratio of the cylinder, I, is chosen to be at the primary resonance
with the specific inertial mode u;;; whose radial wave number is
unity. For other resonant aspect ratios, the radial structure of such
excited inertial modes could bring different types of topography-
flow interplay. Especially, if the cylindrical geometry is not exactly
at resonance with any particular mode, a large number of inertial
modes will be excited, which might make the topographical
effects even more complex. A second open question concerns the
azimuthal modulation between terrain and flow. We by far have
only set up a single topographical barrier on the cylindrical side-
wall. It is necessary to extend the study to multiple-barrier cases or
even general sidewall-topography cases. Last but not least, in
geophysical problems such as the core dynamics, thermal convec-
tion and precession jointly play roles in driving core flows. How
the terrain on core—mantle boundary or inner-outer core boundary
affects core dynamics needs more numerical and experimental
research.
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