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Abstract: To calculate the electromagnetic fields induced by the flow around moving objects in the ocean,
Maxwell’s equations for a moving conductive medium were derived based on the principle of relativity, and the
Lorentz covariant problem of Ohm's law was addressed. By applying the Lorentz transformation to shift the
problem into a reference frame moving with the object, the calculation of electromagnetic fields induced by
the wake becomes a steady-state problem, significantly simplifying the process.Formulas for electromagnetic
fields induced by point sources and dipole flow fields are provided, revealing that a vortex field is a necessary
condition for generating induced charge. An approximate calculation model for the induced electromagnetic
fields in the wake of a marine moving object is established, with which it is estimated that the induced
magnetic intensity at a distance of 1 kilometer behind the object is approximately 0.0006 nT.
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0 Introduction

Moving objects in the ocean generate large-scale and long-lasting wakes. Due to the conductivity of
seawater, the motion of seawater in the wake across the Earth's magnetic field induces electromagnetic fields.
These induced electromagnetic fields have become important subjects of study in marine physicsm.

In the 19th century, while formulating the law of electromagnetic induction, Michael Faraday also
investigated the relationship between seawater motion and the geomagnetic field. From the 1960s and 1970s
onward, research on electromagnetic fields induced by seawater flow has been conducted from an ocean
physics perspective[z], focusing on ocean waves” ", tides'”, currents” ", and internal waves". After Fraser”’
noted that the flow induced by ship motion can also disturb the geomagnetic field, studies on calculation

10—-12 . . 13-16 —19
: ], simulation methods'” '

models , experimental technologies[I7 !, and the characteristics of wake-
induced electromagnetic fields”’ > have become key areas in the marine science and technology.

The calculation method for the magnetic fields induced by seawater motion is based on simplified
Maxwell equations. For quasi-steady flows, a steady-state approximation is used, such as for ocean circulation”.
For flows where time variation is not dominant, the displacement current term in Maxwell’s equations is
ignored (e.g., waves and swell[H]); For the wake of ships, Maxwell’s equations in the ground frame!'" """

are solved, where the wake's time-dependent nature complicates the problem. Ohm's law is essential for these
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calculations™ **. For the current form of Maxwell's equations, Ohm's law does not satisfy the covariance of
coordinate transformation, and it is necessary to solve the unsteady Maxwell's equations in the ground
coordinate system or to use some approximationsm]. By adopting a frame moving with the ship, the wake
field becomes time-invariant, simplifying the problem significantly.

This paper analyzes the covariance of Ohm's law and proposes an improved form of Maxwell's
equations to ensure Lorentz covariance. Maxwell’s equations are then presented in the ship's moving frame,

along with solution methods for steady-state wake-induced electromagnetic fields.
1 The covariance of Ohm's law

According to the electromagnetic theory, the electric field strength E and magnetic induction strength B
induced by seawater flow in the Earth's magnetic field satisfy Maxwell's equations. In the ground frame

(x,y,z), there are

V.Ez&
&0
VxE:—a—B
ot O]
V-B=0
OE
VXB =/.[()J+ﬂ08()E

where J is the electric current density, p. is the charge density, & and p, are the permittivity and

permeability of free space, respectively, ¢ is time. For conductive seawater, the current density relates to the

electric and magnetic fields as

J=0(E+uxB) )
where, u is the velocity vector of seawater, and o is the conductivity of seawater. Eq.(2) represents Ohm's
law.

In special relativity, Maxwell's equations exhibit Lorentz covariance. The relationship between physical
quantities in a moving frame with velocity (v,0,0) and those in the ground frame is given by
E =(E.y(E,~VvB.),y(E.+VB,))

, v/,
pe=7(pe—7) W
J =y U=vpe),Jy, J.)
w= l;vu (e =v,u,/y,u./y) )
c2

where the superscript apostrophe represents the physical quantity in the moving frame, and y = 1/ V1 -1?/c2
is the Lorentz factor, ¢ is the speed of light.
In the moving frame, according to Lorentz covariance, Ohm's law should also hold and have the same
form as Ohm's law in the ground frame, that is
J'=0(E'+u’xB") (6)
In addition, by substituting the inverse transformation of Eqgs. (3) and (4) into Eq.(2) , the calculation

formula for current density in the moving frame can also be obtained
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where i’ is the unit vector of the coordinate x components in the moving frame, which is consistent with the

direction of the frame's motion velocity. Eq.(7) is significantly different from Eq.(6) , which means that

Eq.(6) has no covariance and requires a new form to ensure the covariance of Ohm's law.

2 Maxwell's equations for moving conductor

The issue of Ohm's law covariance arises from the incomplete electromagnetic constitutive relations for
moving conductive media. By introducing two auxiliary quantities, electric displacement vector D and
magnetic field strength H, the polarization and magnetization effects of electromagnetic medium can be
solved™. For a moving medium, the influence of motion is reflected by reconstructing the relationships
among the electric displacement vector D, magnetic field strength H, polarization strength P, and
magnetization strength M 22 For the case of moving conductors, there have also been studies™ ", but
there is no complete and concise form proposed, mainly low-speed approximation results” . In this section,
Maxwell’s equations for moving conductors will be presented through the Lorentz transformation between
the frame that moves with the conductive medium and the ground frame.

For a conductive medium, assuming its polarization and magnetization are both zero, at a point in space,

Maxwell’s equations in the frame moving with the medium are

V// . E// - @
€o
1 1’ B”
V XE = —6—,,
ot ®)
V// .BN — 0
V'%xB" = yyoE" +pyg0—-

ot

where the superscript with two strokes represents the physical quantity in the frame that moves with the
medium, and p, is the charge density measured in a frame that is stationary relative to the medium. Convert
the first equation of Eqgs. (8) to the ground frame without converting the charge density, resulting in
Lo

Yu€o

1 JE, _
V-E+u(§ 5 —(VxB)x)_ )

where 7y, =1/+v1—-u?/c*. Convert the fourth equation of Eq.(8) to the ground frame and write it as a

component in the form of

E
49 B (e 2B —(vxB) )= -H%E,
c? ot u
JE,
#OSOE - (V X B)) = ~YuHoO (Ex - MB") (10)
OE,
(yosoa—t‘ - (Vx B)Z) = —yu oo (E. +uB,)

Multiply the first equation in Egs. (10) by u and subtract it from Eq.(9) to obtain
V-E:yu(@ +u00'uEx) (11)
€o

u
Multiply Eq.(8) by 2 and subtract the first equation in Egs. (10) to obtain
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OE,
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The formula ¢*=1/u,g, for calculating the speed of light is utilized in the above calculations.
Considering u=(u,0,0), the following related statement extensions can be made as
uk. »u-E
Polt = Polk
—uB, = (uxB),
uB, — (uxB), (13)
At the same time, similar transformations and calculation methods are adopted for the middle two
equations of Eq.(8) , and Maxwell’s equations for a moving conductive medium in the ground frame are

obtained as follows

V-E:yu(@ +u00'u~E)

&0

0B
VXE=—-——

ot (14)
V-B=0

OE
VX B =y [0 (E+u X B) +pou] +H080§

Compared with Eq.(1) , we can obtain
Pe = YuPo + Yuto&ooU - E (15)
J=y.[0(E+uxB)+pou] (16)
Eq.(15) indicates that the charge of a moving conductive medium includes the net charge in a stationary
state and the charge induced by the medium's motion. Eq.(16) is the form of Ohm's law, which includes the
current generated by the movement of net charges and the expansion effect of medium motion. We substitute
the expressions for charge density and current density into Egs. (15) and (16) , and also substitute the inverse
transformations of Eqs. (3) and (5) into Eq.(4), to recalculate the expressions for current density and charge

density in the moving frame

Pe = YuPo+YutoEoou - E' (17)
J'=yu o (E +u' x B +pott| (18)
The expressions of Egs. (17) and (18) are exactly the same as those of Egs. (15) and (16) , indicating
that the newly defined charge density and Ohm's law are covariant under Lorentz transformation, thus
ensuring that the expression of the equation system has an invariant form under various inertial frames, and
thereby providing a consistent mathematical and physical description of the variation of the electromagnetic

fields in the ship frame proposed earlier.

3 Induced electromagnetic fields of steady-state wave and flow

The induced electromagnetic fields by seawater motion, as the name suggests, originate from the
movement of seawater.When the motion remains constant in an appropriate reference frame, the induced
electromagnetic fields also remain constant, thereby transforming the problem into a steady-state problem.
The induced electromagnetic fields from various steady marine motions—such as ship waves generated by
vessels moving at constant speed, internal waves caused by submerged bodies (the so-called body effect), and
slowly varying ocean currents—all exhibit this characteristic. These are collectively categorized as steady-

state wave- and flow-induced electromagnetic problems. Based on Eq.(14) , the time derivative term can be
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eliminated by considering the realistic condition where the flow velocity is significantly lower than the speed
of light (y, = 1) . The governing equations for this class of electromagnetic fields therefore become
V.-E= &+,u(,0'uoE
€o
VXE=0 (19)
V-B=0
VX B = uy[o(E+uxB)+pu]

Performing a divergence operation on the fourth equation in Eq.(19) leads to

oV-E+oV-(uxB)+V-(pu)=0 (20)
Applying the vector operation formula
V-uxB)=B-(Vxu)-u-(VxB) 21)
By substituting the fourth equation of Eq.(19) into Eq.(21), we can obtain
V-uxB)=B-(Vxu)—pyo[ou-E+pou-ul (22)
Substitute the first equation of Egs. (19) and (22) into Eq.(20), and use y, = 1 to obtain
2o Lo o) = —B - (Vxu) 23)
& O

Due to g, = 8.85x 10> F/m, o = 5 s/m, and the u is generally on the order of m/s, the above equation
can be approximately expressed as
00 = —&,B-(VXu) (24)
As shown in Eq.(24) , the presence of vorticity in the oceanic velocity field generates induced charges,
while irrotational motion yields zero charge density when measured in the medium's reference frame.
Furthermore, from Eq.(19) , it can be seen that the curl of the electric field E and the divergence of the
magnetic field B are equal to 0, which can be expressed as
E=V¢ (25)
B=VxA (26)

where, ¢ is a scalar function, A is a vector function, and V- A = 0, in this way

{A¢ Sy +ugou-E
2 27)
AA = —py [0 (E +ux B)+pu]
The electric and magnetic fields in the right-hand expression of Eq.(27) can be decomposed into their
background and induced components as follows
E=E.+E, (28)
B=B.+B, (29)
where, E, and B, are the electric field and magnetic induction intensity of the Earth in the moving frame,
both being spatially uniform and temporally constant within the studied domain. E, and B, are the electric
field and magnetic induction intensity induced by seawater motion, generally much smaller than the electric
field and magnetic field of the Earth. Therefore, Eqgs. (24) and (27) can be approximated as
o =—&B.-(VXu)

A = ‘? + uoou-E. (30)

0

AA = —p[o(E. +uxB.)+pu]
Eq.(30) constitute an approximate governing system for steady-state wave- and flow-induced

electromagnetic phenomena, forming a well-posed boundary value problem when supplemented with
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appropriate electromagnetic boundary conditions. For infinite space, the solutions of the steady-state wave-
and flow-induced electric field and magnetic induction intensity obtained using scalar and vector Poisson

equations are
0o =—&B. - (VxXu)

E = —ijjv (po/ &0 +4,LTlc(;O'u-Ee)dV 31)

3 oo (E.+uxB,)+pou]
B,=Vx ff ) =

dv

The third equation in Eq.(31) is the Biot Savart formula, where r is the vector from the field point to the

spatial integration point, and r is its magnitude.

4 Induced electromagnetic source and sink flow fields

4.1 Induced electromagnetic a source flow field

The velocity field of the unit point source located at r, can be expressed as

1
u(r)=-v—— (32)
4r|r —ro|
According to Eq.(31) , the induced electromagnetic source field is

Po=0

11
o= %V(Ee'vm =l |r—r' dv') (33)
Bu=—16 2Vx(B <v[[ |r’—r0| P V’)

The kernel integral of Eq.(33) is

Hf |,.,_r0| |r r, jff |r"+D| |r"—D| (34)

r—r r+r,
where D= ) O, ""Zr'—T, equivalent to translating the coordinate origin to T Define the angle
between r” and D as ¢ then
—2nr*dr"dcose ¢ 2n
=D | 2mpsin' ——d 35
J:[[ |r//+D| |r/r Dl f\[ f TU]SIH 7]2+l T] ( )

\/ 72 4 D?) — (21" D)*cos’p 0
where n =r"/D. When n — oo, the integral of Eq.(35) tends towards infinity, which does not converge, can

be written as a two-stage integral as follows

R 2 ; 2 B 2
D [2mysin” Zldn =D | 2mpsin” Zldejzm;sin" Zldn (36)
0 0 A

where A is a large but finite value, and the second term on the right side of Eq.(36) is approximately

D f 2m]sm dn 4D f dnp=4n f dr” (37
let
A 277
— inl
= szmysm el (38)

The value of Eq.(37) is infinite, but /7 is a finite value. The integral of Eq.(34) is written as follows
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1 1 w

Substituting Eq.(39) into Eq.(33) yields the induced electromagnetic fields of the point source induced
flow field, but its value is infinite and has no practical significance.
4.2 Induced electromagnetic dipole flow field

Arrange the source and sink of dipole at positions +d on the x-axis, respectively. According to the
calculation formula for the induced electromagnetic fields of a point source induced flow field in the previous

section, a kernel integral similar to Eq.(33) can be obtained as follows

1 1 ADT
Hf dV’ = (D* —= D)1 —4n f dr’ = (D" =D )(IT-41A)  (40)
—r||" "'| |r'—ra||"—"'| e
r-r;
where r{ is the location (—d,0,0) of point source, r; is the location (d,0,0) of point sink, and D*= 5 ’
Using Eq.(38) , Eq.(40) can be expressed as
+ — + — ¢ e -1 277
(D* — D) (IT - 4nA) = (D* = D )fzn psin” ——— —2dn (1)
t n?+1
By using numerical integration, we can obtain
A
2
[2n (nsin1 i - 2) dn = —12.56 (42)
0
This leads to
1 1 , P
jﬂ _ _|dV' = -12.56 x (D" - D) (43)
r-r ||” "| | —rg|Ir=ri

The induced electromagnetic fields of the flow field induced by the point source and point sink arranged

at position +d on the x-axis are as follows

~12.
E, = MV[EC-V(DJ' -D)]
16m2 (44)
12.56
B, = —2HYT g B.x V(D" -D)]
167

4.3 The electromagnetic field induced by wake of a marine moving object

This section demonstrates a simple application of the derived theory: calculating the magnetic fields
induced by the flow field of a moving vehicle with constant speed in an unbounded fluid domain. The flow
field is expressed using potential of source and sink. A ground-fixed reference frame (x, y, z) is established
with the positive x-axis pointing towards the east, the positive y-axis pointing towards the north, the positive
z-axis pointing upwards. The length, diameter, and volume of the vehicle are L =100m, D =10 m, and
V = 5000 m?®, respectively. The speed is U = 10 m/s, and its direction is (—1, 0, 0), moving from east to west.
The geomagnetic intensity is B, =5x 10~ T, which is parallel to the horizontal plane and points to the north
(0, 1, 0) . These are shown in Fig. 1.

In the geodetic frame, the flow field induced by the moving vehicle varies with time, and the problem
studied has unsteady characteristics, requiring the solution of the unsteady Maxwell’s equations. If the
reference frame is established on the moving vehicle, the flow field around it will not change over time, and
the problem will become a steady-state problem, requiring only the solution of the stationary Maxwell’s
equations. The frame moving with the vehicle is (x’, ', '), whose coordinate axes are aligned with the

geodetic frame, but the origin is located at the midpoint of the vehicle. In frame (x', y', 7), the vehicle is



850 fE AR 127 530 5 6 401

fixed, but there is an incoming flow of U= (10, 0, z
0) from far ahead. According to the
electromagnetic fields transformation relationship
between reference frames, under the approximation K4
of y,=1, the Earth's magnetic field remains ,
unchanged B = B., and there is a uniform electric

field with a direction 7’ in space, and its magnitude + x'
is UB,, namely (0,0,UB,). e
For the simplification of the problem, without

considering the viscous effect, the induced flow ’

field of the vehicle is expressed using a source and Fig.1. Definition of coordinate system and problems
a sink with a distance of L and an intensity of UV/L. The calculation formula for the velocity field is?’

uv 1 1
W=——V (45)

4nL \/(x/ +L/2)2 +y'2+z’2 \/(X’—L/2)2 +y/2 +77?

The superscripts in the above equation represent the physical quantities in the reference frame that move

with the vehicle, &', j', k' are the unit directions vectors of x’, y’, 7’ respectively. To simplify the calculation

of the electromagnetic field strength at the far rear of the vehicle, only the points on the axis are considered,
namely ¥ = 7/ = 0. Using Eq.(44) , we obtain

Po=0 (46)

12.56u,0U*VB,

B - -12.56p4,0UVB. |,

b 32m2 (a2 - L2/4)
Using the inverse transformation of Eq.(3) , considering that U << ¢, transform Egs. (47) - (48) into the

E, K (7

s

(4%)

ground frame, we have
E, =0 (49)
_ —12.56p,0UVB, j

© 3w (- Uy - 12/4)

(50)

From Eq.(50) , the variation of magnetic
0.05}

induction intensity with distance in the wake of a
sailing vehicle is shown in Fig. 2. At a distance of

1 kilometer behind the vehicle, the magnetic

IB/nT

0.01}
induction intensity is about 0.0006 nT, which can

be detected by the most sensitive magnetic detector

currently available.

(1)00 360 960
. (x—Ut)/m
5 Concluding remarks

Fig.2 Magnetic induction intensity in the wake of a vehicle

The electromagnetic induction calculation and characteristics of marine moving object’s wake are
complex interdisciplinary problems of electromagnetics and fluid mechanics. In this article, the Lorentz
covariance of Ohm's law is analyzed and presents Maxwell's equations in moving conductors through the
principle of relativity, thereby solving the Lorentz covariance problem of Ohm's law. By using Lorentz

transformation, the problem of the induced magnetic fields in the wake of a vehicle is transformed into a
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reference frame that follows the vehicle's motion and the unsteady problem is transformed into a steady-state
problem, greatly simplifying the solving process. At the same time, an approximate calculation method for
the induced magnetic fields of vehicle’s wake is provided.

However, the rationality of several issues in the theoretical analysis of electromagnetic fields in moving
conductors still needs further research: 1) the relationship between Ohm's law and polarization and
magnetization is unclear, and whether Ohm's law includes polarization and magnetization needs further
analysis; 2) the relationship between the evolution equation of charge and the velocity of conductor motion is
unclear. The use of moving coordinates seems to indicate that the evolution of charge is independent of the
velocity of the medium. However, further research is needed to investigate what happens when there is a

spatial gradient in the velocity of the medium.
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