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Abstract: To further investigate the forming mechanism and springback characteristics of strips under
multi-square punch forming (MSPF) considering partial-unloading effects, a series of concave form⁃
ing tests of strips are conducted on the MSPF machine. This paper aims to reveal the physical mecha⁃
nism of the elastic-plastic deformation in the MSPF process considering the effect of the forming ap⁃
proaches, and derive appropriate mathematical interpretations. The theoretical model is firstly estab⁃
lished to analyse the concave forming mechanism and springback characteristics of the strip, and its
accuracy is then validated by experimental data. The forming history and load evolutions are depicted
to explore the required forming capacity through the proposed analytical method. Besides, the paramet⁃
ric studies are carried out to discuss their effects on the springback of the strip. The results suggest
that the deformation paths of the strip are influenced by the forming approach, and the springback of
the strip in convex forming is larger than that in concave forming.
Key words：multi-square punch forming (MSPF); follower load; elastic-plastic deformation; partial-
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0 Introduction

In shipbuilding industry, line heating is a practical method for manufacturing hull plates[1], re⁃
sulting in thermal residual stress. Rigid tools, which are commonly used in aerospace and vehicles,
are not economical due to the uniqueness and non-mass production of the hull plate. The flexible
multi-point forming method discretizing the rigid tool into small dies that can further form into dif⁃
ferent shapes, was firstly proposed by some Japanese researchers for plate forming with arbitrary tar⁃
get shape. In 1999, Li et al[2] developed a multi-point forming machine; Wuhan University of Tech⁃
nology cooperated with Shandong Shuoli Machinery Manufacturing Co. Ltd. in developing a three-
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dimensional CNC hull plate forming machine in 2010, achieving the multi-point forming (MPF)
and multi-square punch forming (MSPF) of the hull plate automatically and economically, respec⁃
tively[3]. Compared with the MPF, the MSPF overcomes the dimples and wrinkles effectively be⁃
cause the staggered adjustable square heads can establish contact with the plate in a larger area.
However, the springback in MSPF is another factor that affects the forming quality of the hull plate.
Thus, the accurate springback prediction is of significant importance in hull plate forming with high
quality.

There are some experimental and numerical studies about the springback of the MSPF of
plates with different target shapes[4-5]. Although these studies have successfully reproduced the
springback phenomenon, theoretical interpretations of the mechanics of the springback are rare. In
order to investigate the springback in MSPF, the strip or the beam is undoubtedly the most represen⁃
tative research object that can explain the springback mechanism. Yu et al[6] and Zhang et al[7] con⁃
ducted pioneer researches about the plastic forming of strips on rigid tools both theoretically and ex⁃
perimentally. After that, many researchers studied the large deformation of straight beams or curved
beams under a concentrated load at the free end[8] or a uniformly distributed load[9] or a combination
of both two[10], aiming to uncover the forming mechanism of strips or beams under different loading
conditions. Unlike these loading scenarios, the directions of loads added on the plate in MSPF vary
during the process, but they are always normal to the plate at the contact point, just as a particular
follower load.

At the very beginning, the concept of follower load was raised in the structural stability analy⁃
sis in non-conservative system[11], and then applied to the non-linear analyses of cantilevers sub⁃
jected to different types of follower load by different semi-analytical[12] and numerical methods[13].
As for the closed-form solutions about beams under follower load, Shvartsman analysed a cantilever
beam under a concentrated follower force at free end[14], and under two concentrated follower forces
at different positions[15], respectively, and solved the elastic deformation of the beam directly. Zhu et
al[16] simplified the multi-square punch convex forming process as a cantilevered strip formed by fol⁃
lower loads, and revealed the elastic-perfectly-plastic forming and springback mechanism of the
strip theoretically.

In the convex forming scenarios, when the forming curvature of the strip is equal to the curva⁃
ture of the corresponding position on the lower dies, part of the strip wraps the lower dies and the
wrapped part deforms no more until the loading ends. However, the forming curvature at the bottom⁃
ing point on the strip is larger than the lower die in concave forming, and unloading occurs partially
with the forming process going on, which is quite different from the case in convex forming. As the
strip slides along the surface constructed by the lower dies, the forming behaviour of the strip is also
affected by the bending-under-tension friction[17]. The final state at the end of the forming process,
which is dependent on the deformation history, is of great significance in accurate springback pre⁃
diction[18]. Eggertsen and Mattiasson[19] compared different yielding criteria and hardening laws that
can fulfil the requirements concerning accuracy of the springback prediction, and investigated the
complexity of the strip’s forming through bending-unbending experiments. Pandit and Patel[20] pro⁃
posed an approach for describing a moment-curvature relationship from any given stress-strain
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law, which is very useful in cyclic loading where reverse plastic deformation has occurred.
Thus, on the basis of Ref. [16], a theoretical model of the elastic-perfectly-plastic strip in

multi-square punch concave forming will be established in this paper considering the influence of
partial unloading during the whole forming process, revealing the forming and springback mecha⁃
nism of the strip, and discussing the effect of the forming approaches and friction coefficients on the
springback of the strip. The rest of the paper will be arranged as following. In Chapter 1, the materi⁃
al properties and the multi-square punch concave forming process of the strip will be introduced
briefly. The forming and springback formulae of the elastic-perfectly-plastic strip will be theoreti⁃
cally derived in Chapter 2, while the results calculated by the theoretical model will be validated
and parametric studies will be conducted in Chapter 3. Finally, some concluding remarks will be
presented in Chapter 4.

1 Experimental procedures and details

1.1 Static tensile tests
Static tensile tests were conducted on the tensile test machine. For each thickness of strips,

three standard tensile test specimens were tested. The data obtained directly from the machine were
force and displacement corresponding to the engineering stress σ and strain ε. The true stress and
true strain were calculated using σtrue=σ(1+ε), εtrue=ln(1+ε). True stress-strain curve of two sample
strips with 2t=5.89 mm and 2t=11.90 mm are depicted as examples in Fig.1, and the corresponding
material properties of these strips are listed in Tab.1 including yield stresses and ultimate stresses
according to the true stress-strain curve.

1.2 Plastic forming process
The concave forming of the strips was conducted on the SKWB-400 forming machine, and the

details of the machine can be found in Ref.[16]. Before forming the strip, the heights of lower dies
were adjusted and arranged into tool shapes. The strips outlined by red lines were put symmetrical⁃
ly on lower dies, see Fig.2. Then, upper punches were pulled to the pre-determined position (see
the left picture in Fig.2). After that, upper punches were driven by hydraulic system and pressed the
strip gradually to lower dies until they were close together (see Fig.2 (right)).

M
Pa

Thickness
2t /mm
5.89
11.90

Young's
module
E /GPa
207

Yield
stress
σy /MPa
296.01
283.80

Ultimate
stress
σu /MPa
538.67
519.72

Tab.1 Material properties of the tested strips

Fig.1 True stress-strain curve of the exper⁃
imental strip
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(a) (b)
Fig.2 Concave forming of strips under SKWB-400

According to the dimensions of the SKWB-400 forming machine, the in-plane dimensions of
the experimental strips were adopted as 840 mm×50 mm. The tool radius was 1250 mm. Therefore,
a forming case is named as R1250T6V, where R1250 denotes that the forming radius is 1250 mm,
T6 denotes that the forming strip is 6 mm thick (5.89 mm in fact) and“V”denotes that the strip is
to be forming into a concave curve. To provide experimental validations for the theoretical studies,
the following cases listed in Tab.2 are chosen to conduct the experiments.

Tab.2 List of concave forming cases of strips
Loading method
Forming into a
concave curve

Tool radius R/mm
1250

Thickness 2t/mm
5.89
11.90

Forming cases
R1250T6V
R1250T12V

The tool shape consisting of the lower dies can be regarded as the shape of the strips before un⁃
loading with allowable errors. The final shape of the strip is scanned by the 3D scanner. Then the
curve along the mid-width of the upper surface (the surface contacting with the upper punches) is
obtained by the Solidworks and AutoCAD, and is adopted as the final curve of the strip presenting
in the following analysis.
2 Theoretical analysis of forming process

According to the observations in the experiments of strips’multi-square punch concave form⁃
ing, the deformation process for strips pressed into flexible lower dies can be divided into two pre⁃
dominant stages, i. e. the elastic-plastic deformation before bottoming and after bottoming. Each
stage has its own assumptions and approximations for solving the deformation and the springback in
a relatively easy way.
2.1 Elastic-plastic bending before bottoming

Similar to the forming scenario in Ref.[16]，each upper punch applies a same load to the strip
during the forming process, and every upper punch and lower die can rotate freely to contact with
the strip along their normal directions, thus, it is rational to assume that the upper punches exert a
uniformly distributed normal load q on the strip. The strip is simply supported by the lower dies at
two ends (D and A) along the normal direction at the contact position of the lower dies, and frictions
also exist between the upper punches and the strip, as well as between the strip and the lower dies
(see Fig.3). The bold solid line is the deformed strip and the dash line represents the friction qf be⁃
tween the upper punches and the strip.
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Since the strip and its loading and boundary conditions are symmetrical, a half of the strip is
taken for analysis. The coordinate system is established as shown in Fig.4, and the centre (o) of
the strip at the flat state is adopted as the origin of the x and y coordinates. For the convenience of
calculation, the arc coordinate s is measured from the centre (B) of the deformed strip, and the
slope φ(s) of the centroid axis of the strip is measured from x axis counter clockwise. The local arc
coordinate and the global coordinate satisfy

dx = cosφ ( )s ds, dy = -sinφ ( )s ds (1)
The whole length of the strip is assumed to be constant, thus the right end of the strip (i. e.

Point A in Fig.4) will slide along the lower dies during the forming process. The support and the fric⁃
tion at Point A from the lower dies change during the deformation of the strip, but they are always
along the normal and tangential directions of the corresponding point on the lower dies, respective⁃
ly. In addition, the centre of the whole strip, i.e. Point B in Fig.4 (also the left end of the half-length
strip), moves vertically during the forming, and the slope is zero at Point B due to the symmetry of
the system. Taking Eq.(1) into consideration, the integration of the x and y coordinates of the strip’s
segment along the half-length strip can be∫0Ldx = RsinφN = xA - xB , ∫0Ldy = yA - yB (2)
where, yA and yB denote the y coordinate of Points A and B on the strip respectively, and L is the
half-length of the strip.

The equilibrium equation along the y direction can be expressed as
NAcosφN + fAsinφN + ∫0L q fsinφ ( )s ds = ∫0L qcosφ ( )s ds (3)

where, φN is the slope of the lower dies at the corresponding point of A of the strip; NA and fA are the
supporting force and the dynamic friction at Point A of the strip provided by the lower dies respec⁃
tively, qf is the dynamic friction between the strip and the upper punches, and the dynamic frictions
satisfy

fA = μNA, q f = μq (4)
where μ is the dynamic friction coefficient between the strip and the punches/dies.

Assuming that the strip has unit width and that its whole extent and thickness are 2L and 2t,
respectively, then the following non-dimensional parameters are adopted to describe the entire
forming process:

ρ =
σy
E
L
t
, λ = L/R , β = λ

ρ
=
E
σy

t
R
, γ = L/t (5)

Fig. 3 Schematic of the strip under normally dis⁃
tributed loadings in concave forming

Fig. 4 Elastic-plastic bending of the
strip in concave forming
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Substituting Eq.(2) and Eq.(4) into Eq.(3),
NA

* =
2q*
3γλ

sinφN - λμ ( )yB * - yA *
cosφN + μsinφN (6)

where, NA
*=NA /(2σyt) and q*=q/qe denote the non-dimensional supporting force provided by the low⁃

er dies at the right end (Point A) of the strip and non-dimensional uniformly distributed normal load
from the upper punches respectively, qe=3σyt2/L2 is the maximum elastic uniformly distributed nor⁃
mal load.

Also, the equilibrium equation along the axial direction of the strip at arbitrary position s can
be established, and the non-dimensional axial force along the strip can be expresses as in Eq.(7),

T * ( )s* = NA
*{ }μcos[ ]φN - φ ( )s* - sin [ ]φN - φ ( )s* +

2q*
3γ {[ ]μcosφ ( )s* - sinφ ( )s* ×

}[ ]xA * - x* ( )s* + [ ]μsinφ ( )s* + cosφ ( )s* [ ]y* ( )s* - yA *
(7)

where, T*(s*)= T(s)/(2σyt) is non-dimensional axial force, xA*= xA /L=sinφN/λ and yA*=yA /L denote x
and y coordinates of Point A in Fig.4, and s*=s/L is the non-dimensional arc coordinate in Fig.4.

The bending moment at arbitrary position s* can be expressed non-dimensionally by the equi⁃
librium equation of the bending moment of the strip,

M * ( s* ) = μq* ∫
s*

1
{ }sinφ ( )τ [ ]x* ( τ ) - x* ( s* ) - cosφ ( )τ [ ]y* ( s* ) - y* ( τ ) dτ +

3γNA
*{( )cosφN + μsinφN [ ]xA * - x* ( )s* + }( )sinφN - μcosφN [ ]y* ( )s* - yA * -

q*{ }[ ]y* ( s* ) - yA * 2 + [ ]xA * - x* ( s* ) 2
(8)

where M*(s*) = 3M(s)/(2σyt2) is non-dimensional moment.
From the static tensile tests of the strip in Fig.1, the material of the strip is strain-hardening.

However, the strain of the forming cases in this paper are all small, thus the elastic-perfectly-plas⁃
tic relationship is applied to approximate the material characteristics of the strip.

It is assumed that the rectangular section of the strip remains unchanged. The non-dimension⁃
al curvature of the elastic-perfectly-plastic strip under the combined loading including bending
moment and axial force[6] can be expressed as Eq.(9),

κ* =

ì

í

î

ï
ï

ï
ï

M *, 0 ≤ M * ≤ 1 - T *
4 ( )1 - T * / [ ]3 - M * / ( 1 - T * ) 2, 1 - T * < M * ≤ ( )2T * + 1 ( )1 - T *
1/ 3 ( )1 - T *2 - 2M *, -2T *2 + T * + 1 < M * < 32 ( )1 - T *2

(9)

where, κ*=κ/κy and κy=σy/(Et); M* and T* are non-dimensional moment and axial force calculated by
Eq.(7) and Eq.(8), respectively. It should be noted that Eq.(9) is only applied for small strain scenar⁃
io with elastic-perfectly-plastic constitutive relationship.

Substituting Eq.(7) and Eq.(8) into Eq.(9), the curvature of arbitrary position on the strip can
be obtained, and the slope of the corresponding position can also be gained by integrating the curva⁃
ture along the strip from Point B to the position,

φ ( )s* = ∫0s*ρ κ* ( )s* ds* (10)
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where the boundary condition at Point B, i.e. the slope is zero, is implied.
Since the right end (Point A) of the strip slides along the lower dies, the direction of the sup⁃

porting force (φN) at Point A can be updated through Eq.(11),
sinφN = λ∫01 cosφ ( )s* ds* (11)

Once the direction of the supporting force is determined, the position (x and y coordinates) of A
is obtained. According to the geometric relationship and Eq.(2), the y coordinate of Point B can be
updated,

yB * = ∫01 sinφ ( )s* ds* + ( )cosφN - 1 - λ2 /λ (12)
and the deformation profile of the strip can be acquired through

x* ( )s* = ∫0s* cosφ ( )s* ds*, y* ( )s* = yB * - ∫0s* sinφ ( )s* ds* (13)
With the increase of the loading q, the strip can bottom. Assuming that Point B is the first

point (except Point A) that contacts the lower dies during the forming process, it satisfies
( )yB * bottom = ( 1 - 1 - λ2 ) /λ (14)

2.2 Elastic-plastic bending with one-point bottoming
As mentioned in Section 2.1, the strip will bottom when the

loading increases, in the case of which the supporting and the
boundary conditions of the strip can be quite different. Due to
the arbitrariness of the forming shape and the complexity of the
loading condition, the strip can bottom at different positions on
the lower dies. In this section, a special case, where the left end
of the strip (Point B) exactly bottoms before other part of the
strip bottoms as shown in Fig.5, is taken as an example to elabo⁃
rate the forming mechanism of the strip in one-point bottoming
cases. For other cases where some point between Point A and
Point B bottoms, the analysis is similar.

For the case presented in Fig.5, the force equilibrium equations in the normal and axial direc⁃
tions and the bending equilibrium equation can be established non-dimensionally,

NA
* =

2q*
3γλ

sinφN - λμ ( )yB * - yA *
cosφN + μsinφN -

NB
*

cosφN + μsinφN (15)

T * ( )s* = NA
*{ }μcos[ ]φN - φ ( )s* - sin [ ]φN - φ ( )s* +

2q*
3γ {[ ]μcosφ ( )s* - sinφ ( )s* ×

}[ ]xA * - x* ( )s* + [ ]μsinφ ( )s* + cosφ ( )s* [ ]y* ( )s* - yA *
(16)

M * = μq* ∫
s*

1
{ }sinφ ( )τ [ ]x* ( τ ) - x* ( s* ) - cosφ ( )τ [ ]y* ( s* ) - y* ( τ ) dτ +

3γNA
*{ }( )cosφN + μsinφN [ ]xA * - x* ( )s* + ( )sinφN - μcosφN [ ]y* ( )s* - yA * -

q*{ }[ ]y* ( s* ) - yA * 2 + [ ]xA * - x* ( s* ) 2
(17)

Fig. 5 One-point bottoming of the
strip in concave forming
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It can be easily concluded that the curvature at Point B of the strip is larger than the curvature
of the lower dies at the corresponding position when the bottoming occurs. After bottoming, the axial
force and bending moment as well as the strip’s curvature decrease due to the support at Point B, i.
e., the unloading occurs at Point B and the nearby part, while the part of the strip far away from
Point B is still in the state of loading.

Eq.(9) is only applied to the curvature calculation when the strip is loaded from the flat state.
However, the strip has initial deformation after bottoming, and some part of the strip is unloaded
while other part will be loaded continuously. For the loading part, the curvature can still be ob⁃
tained by Eq.(9) with the curvature κ0* in the previous step. For the unloading and the reverse load⁃
ing part, the linear elastic unloading assumption is adopted, and the variation of the strip’s stiffness
in reverse loading and the Bauschinger effect are ignored. Then the curvature of the strip can be ob⁃
tained by the superposition of the original curvatures and moments[21],

κ∗ =

ì

í

î

ï

ï
ïï

ï

ï
ïï

κ0 * - M0 * + M *, 0 ≤ M * ≤ Mmax *

κ0 * - M0 * + M *, T * - 1 ≤ M * < 0
κ0 * - M0 * - 4 ( )1 - T * / [ ]3 + M * / ( )1 - T * 2, ( )2T * + 1 ( )T * - 1 ≤ M * < T * - 1
κ0 * - M0 * - 1/ 3 ( )1 - T *2 + 2M *, 3

2 ( )T *
2 - 1 < M * < ( )2T * + 1 ( )T * - 1

(18)

where κ0* and M0* are the non-dimensional curvature and non-dimensional bending moment in the
previous step respectively, Mmax* denotes the maximum non-dimensional bending moment during
the whole forming process, and the corresponding curvature is also the maximum deforming curva⁃
ture. It should be noted that the maximum bending moment and the maximum deforming curvature
are different at different positions of the strip, thus the loading-unloading history should be consid⁃
ered at the analysed point of the strip when applying Eq.(18).

Obviously, the strip is over-determined after bottoming, and extra compatibility equation
should be introduced to solve Eqs.(15)-(17). The deformation of the strip leads to the change of the
strip's shape (curvature), the slide of the right end (Point A) of the strip and the vertical movement
of the central point (Point B) of the strip. Since the bottoming point (Point B) of the strip is support⁃
ed by the lower dies after bottoming, there is no more vertical movement at Point B, i.e.,

ΔyB * = 0 or yB * = ( )yB * bottom = ( )1 - 1 - λ2 /λ (19)
In the analysis in Section 2.1, it is assumed that φN remains unchanged in a loading step. Once

the loading is determined, the forming curvature can be obtained by taking the bending moment and
the axial force into Eq.(9). Then, the slope can be integrated through Eq.(10). Finally, the movement
of Point B can be gained by Eq.(12). However, the supporting force (NB

*) provided by the lower dies
is unknown after the strip bottoms. The deformation of the strip will be solved through the following
iterative steps:

(i) Suppose an initial NB(0)*;
(ii) Substitute the supposed NB(0)* into Eq.(16) and Eq.(17) to obtain the axial force T*and the

bending moment M*of the strip, respectively;
(iii) Substitute T*and M* into Eq.(18) to gain the curvature κ*;
(iv) Integrate κ* along the strip to obtain the slope φ by Eq.(10);

1960 船舶力学 第28卷第12期



(v) Integrate φ along the strip to φN by Eq.(11);
(vi) Solve yB* through Eq.(14);
(vii) Judge whether Eq.(19) is satisfied:
• If it is satisfied, solve the deformation profile of the strip by Eq.(13);
• If not, modify NB(0)* and repeat Steps (ii)-(vii) until Eq.(19) is satisfied.
As the forming progresses, the unloading occurs at Point B and propagates to the nearby parts,

and the curvature reduces due to the combined loading from the upper punches and the support of
the lower dies, while the bending moments and the curvature of other parts of the strip increase with
the increase of q*, thus, the bottoming of two or more points will occur with the forming going.
2.3 Elastic-plastic bending with two- or more-points bottoming

With the increase of the loading, the strip can bottom at
two or more points. Following the analysis in Section 2.2, when
one more point bottoms, i.e., Point C in Fig.6, a new support⁃
ing force (NC) is introduced at the bottoming Point C. The coor⁃
dinates of the new bottoming Point C is equal to the ones of the
corresponding point on the lower dies,

x* ( )sC * = xR * ( )sC * , y* ( )sC * = yR * ( )sC * (20)
where xR* and yR* are the non-dimensional coordinates on the
lower dies along the x and y axes respectively, and sC* is the
non-dimensional arc coordinate of the bottoming Point C.

The calculation of the strip’s deformation with two-
points bottoming is similar to that in one-point bottoming. For the segment BC, replace NA

*, xA*, yA*,
φN in Eqs. (15)-(17) with NC

*, xC*, yC*, φC and the integration interval alters from the whole strip's
length to LBC*= LBC/L that meets,

LBC * = sC *, LCA * = 1 - sC * (21)
Then the non-dimensional bending moment, axial force and the curvature of the segment BC

can be obtained following the analysis process in Section 2.1, and the direction of the supporting
force (φC) at Point C can be gained through

sinφC = λ∫0LBC * cosφ ( )s* ds* (22)
It should be noted that the slope of the strip is in the same direction as the supporting force

provided by the lower dies at Point C, since the strip bottoms at this point. Once the direction of the
supporting point is determined, the position of the new bottoming point is also determined. For the
segment CA, the analysis is similar while the left end changes from Point B to Point C where there is
no rotation during the following analysis. Similarly, the bottoming strip is also over-determined, and
extra compatibility equation should be introduced, i.e., the new end Point C does not move due to
the support of the lower dies, and it satisfies the compatibility equation,

yC * = ( )cosφC - 1 - λ2 /λ (23)
The procedure for solving the deformation of the strip after two-points bottoming is similar to

the process in Section 2.2. An arbitrary NC(0)* is first supposed to obtain the distribution of the axial

Fig. 6 Two-points bottoming of the
strip in concave forming
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force and the bending moment. Then the curvature of the segment CA can be solved through Eq.(18)
if unloading occurs, and the slope can be gained by integrating the curvature from Point C to the
corresponding point whose arc coordinate is s*,

φ ( )s* = ∫
C

s*

ρ κ* ( )s* ds* + φC (24)
The supporting direction (φN) at the right end (Point A) of the strip can be updated,

sinφN = λ∫
C

A cosφ ( )s* ds* + sinφC (25)
and the y coordinate of Point C can be updated according to the position of Point A,

yC * = ∫
C

A sinφ ( )s* ds* + ( )cosφN - 1 - λ2 /λ (26)
Judge whether the compatibility condition in Eq. (23) is satisfied. If not, modify NC(0)* and re⁃

peat the above process until Eq.(23) is satisfied. The deformation of the segment CA can also be ob⁃
tained through Eq.(27) after NC

* is determined.
x* ( )s* = ∫sC *s* cosφ ( )s* ds* + sinφC /λ, y* ( )s* = yC * - ∫sC *s* sinφ ( )s* ds* (27)

With the increase of the loading force q, more points bottoming will occur, and the analysis can
also refer to the procedure in this section with corresponding boundary conditions and the integral
interval of the strip.
2.4 Springback after unloading

When the loading finishes, the strip is unloaded and springs back due to the release of the elas⁃
tic energy stored in the strip. The elastic softening is ignored in the paper, i.e., the unloading is lin⁃
early elastic, and the Young’s module in the unloading process is equal to the one in the loading
process. Thus, the final curvature (κF*) of the strip after unloading can be obtained by subtracting
the final moment MF* from the curvature (κb*) of the strip before unloading,
κF * = κb * - MF *

=

ì

í

î

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

0, 0 ≤ M * ≤ 1 - T *
4 ( )1 - TF * / [ ]3 - MF * / ( )1 - TF * 2 - MF *, 1 - T * < M * ≤ ( )1 - T * ( )1 + 2T *

[ ]3 ( )1 - TF *2 - 2MF *
-1/2 - MF *, ( )1 - T * ( )1 + 2T * < M * < 1.5 ( )1 - T *2

κ0 * - M0 *, T * - 1 ≤ M * ≤ Mmax *

κ0 * - M0 * - 4 ( )1 - TF * / [ ]3 + MF * / ( )1 - TF * 2 - MF *, ( )2T * + 1 ( )T * - 1 ≤ M * < T * - 1
κ0 * - M0 * - 1/ 3 ( )1 - TF *2 + 2MF * - MF *, 1.5 ( )T *

2 - 1 < M * < ( )2T * + 1 ( )T * - 1

(28)

where, MF* is the non-dimensional bending moment of the strip before unloading, i. e., the final
bending moment; TF* is the non-dimensional axial force before unloading, i.e., the final axial force;
and other parameters have the same meaning as before.

It can be seen from Eq.(28) that the final curvature of the strip depends on the curvature of the
mould (consisting of lower dies), the final bending moment, the final axial force of the strip and the
deformation history. During the forming process, the axial forces of arbitrary points of the strip are
not always the same, and reverse bending exists in some part of the strip, thus, the final profile of
the strip in concave forming is not a curve with constant curvature, which is different from the cases
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in convex forming.
After obtaining the final curvature of the strip by Eq.(28), the slope of the strip can be integrat⁃

ed through
φF ( )s* = ∫0s*ρ κF * ( )s* ds* (29)

and the final deformation profile after unloading can be gained through
xF * ( )s* = ∫0s* cosφF ( )s* ds*, yF * ( )s* = ( )yB * F - ∫0s* sinφF ( )s* ds* (30)

It should be noted that there is no need to divide the strip into different segments according to
its supporting conditions, since all loads are removed and the final profile of the strip only depends
on the final curvature.
3 Results and discussions

3.1 Experimental validations
The experimental results of the cases in Tab.2 are adopted to verify the accuracy of the theoret⁃

ical model. As stated in Section 2.2, the profile of the strip before unloading in the experiments can
be assumed as equal to the shape of the lower dies, and it can be expressed in Eq.(31) for concave
forming with constant curvature according to the coordinate system in Fig.4. The material properties
of the strip in the theoretical calculation are the same as those presented in Tab.1. The profile of the
strip before unloading calculated through the theoretical model proposed in this paper will firstly be
compared with the curve presented by Eq.(31) to ensure that the strip is indeed pressed to the lower
dies with allowable shape errors. Then, the final profile of the strip calculated by the theoretical
model as proposed in this paper will be compared with the experimental results, as seen in Fig.7.

y = R2 - x2 - R2 - L2 (31)

In Fig.7, the analytical results calculated by the proposed method are shown by the red dots,
while the experimental one is presented by the black curve, and the profile before unloading is de⁃
scribed by a blue curve with asterisk. The profile calculated through the theoretical model after
springback agrees well with the experimental results, demonstrating the accuracy of the model in
predicting the springback of the strip in multi-square punch concave forming process.

(b) R1250T12V(a) R1250T10V
Fig.7 Theoretical and experimental profile of the strip after springback
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3.2 Profiles and loads evolution
The strip is formed to the lower dies with the load provided by the upper punches, and generic

formula that is applied to predict the springback is highly dependent on the shape before unloading.
Thus, whether the machine is capable of forming the strip to the designed shape matters and has a
great significance for the springback prediction. The analytical method is explored step by step
along the deformation history, so the loading and the profile can be easily obtained through the pro⁃
posed method. The profiles and loads during the forming process in Case R1250T6V and Case
R1250T12V are illustrated in Fig.8 and Fig.9 respectively.

(a) R1250T6V (b) R1250T12V
Fig.9 Profiles of the strip before the second bottoming

Fig.8 shows the profiles of the strip before the first bottoming while the bold black curve repre⁃
sents the lower dies, and the corresponding loads q* are given in the legends. During this process,
the applied load is relatively small to form the strip, but it is non-dimensioned by qe=3σyt2/L2 and it
induces large deformation while approaching to 1.5, which is the upper limit load of the elastic-per⁃
fectly-plastic strip. The pink dash curves in Fig.8 illustrate the profile of the strip when the first
bottoming happens at the middle of the strip due to the symmetry, and the bottoming point marked
with a red asterisk. Although the non-dimensional loading is similar in Case R1250T6V (i.e. q*=
1.43) and in Case R1250T12V (i.e. q*=1.498), it should be noted that the qe is different in these two
cases, and the forming capacity for the first bottoming applied in the Case R1250T12V is at least
four times larger than that in the Case R1250T6V actually.

(a) R1250T6V (b) R1250T12V
Fig.8 Profiles of the strip before the first bottoming
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Fig.9 shows the profiles of the strip and the corresponding loads before the second bottoming.
The bold black curve still represents the lower dies, the red curve with dots is the profile when the
first bottoming happens and the olive dash-dot curve indicates the profile when the second bottom⁃
ing takes place. During this process, the applied loads increase largely compared with the ones be⁃
fore the first bottoming. Also, the bottoming points marked by a blue asterisk in Fig.9 are not neces⁃
sarily symmetrically positioned. The second bottoming point is closely right to the first bottoming
point in Case R1250T6V, while it is nearly at the middle of the half-strip in Case R1250T12V. Be⁃
sides, the forming load for the second bottoming applied in the Case R1250T12V is nearly eight
times larger than that in the Case R1250T6V.

The forming process does not end as shown in Fig.9, and the forming load should continue to
increase significantly such that the strip can be deformed to the designed shape. The advantage of
the proposed analytical method is that the forming load needed for the certain case can be pre-cal⁃
culated in case of the insufficient manufacturing capacity of the forming machine.
3.3 Effect of forming approaches

The deformation and the springback of the strip are comprehensively affected by the thickness,
the forming curvature and the forming approaches in concave forming. While the influence of the
thickness and the forming curvature are discussed in Ref. [16], no more discussion will be further
presented for these two factors. To investigate the effect of the forming approaches alone, the follow⁃
ing four forming cases listed in Tab.3 are conducted, and no friction and no elongation are consid⁃
ered in all forming cases.

Tab.3 Forming cases of different forming approaches
Forming cases
R1250T6V
R1250T6A
R1250T12V
R1250T12A

Thickness 2t/mm
6

12

Forming curvature R/mm

1250

Forming approach
concave(V)
convex (A)
concave(V)
convex (A)

The strips in these cases are all from the same steel as in Tab.1, and the length is 420 mm and
the forming curvature is 1250 mm. While for each forming thickness, the profile of the strip after
springback formed by two different approaches are compared in Fig.10.

(a) R1250T6V and R1250T6A (b) R1250T12V and R1250T12A
Fig.10 Comparisons of the strip's profiles after springback in concave (V) and convex (A) forming
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In Fig.10, the black solid curve denotes the profile of the strip before springback, the red dash
curve presents the profile of the strip after springback in concave forming, while the blue dash-dot
curve is the profile of the strip after springback in convex forming. It can be seen from Fig.10 that
the springback in concave forming is smaller than the one in convex forming, which means that the
partial unloading in concave forming can restrain the springback of the strip. To further reveal the
inner mechanism, the non-dimensional M* - κ* curves at different positions on the strip in
R1250TjV/A ( j=6 and 12) cases are illustrated in Fig.11, where the non-dimensional arc coordi⁃
nate s* is measured in the local coordinate system in Fig.4.

(a) R1250T12V and R1250T12A (b) R1250T6V and R1250T6A
Fig.11 Non-dimensional M*-κ* curves at different s* on the strip in concave and convex cases

In the forming stage when q* increases, the non-dimensional bending moment M* and non-di⁃
mensional curvature κ* increase continuously before the strip wraps (in convex forming cases) or
bottoms (in concave forming cases), referring to the initial ascent in Fig. 11. The curvature of the
strip at the wrapping point is equal to the one of lower dies at the corresponding point when the strip
begins to wrap the lower dies in convex forming. After the strip wraps the lower dies, the wrapping
part of the strip will not deform due to the restraints from the upper punches and lower dies, i.e. the
curvature of the wrapping part of the strip before unloading is equal to the lower die. Ignoring the
material softening, the unloading of the strip is linearly elastic (black dash in Fig.11).

However, the curvature of the strip at the bottoming point is larger than the one of the lower
dies at the corresponding point when the strip bottoms in concave forming, to make sure that the bot⁃
toming point is the only one point nearby that contacts the lower dies. After the strip bottoms, the
bending moment and the curvature of the part of the strip reduce even though the loading q* increas⁃
es, which seems that“unloading”happens to the bottoming part of the strip. Thus, the calculation
of the strip needs to be divided into the two parts, and the relationship between the non-dimension⁃
al bending moment and the curvature evolves as Eq. (18) until the loading ends. The unloading of
the strip is still linearly elastic and the final curvature of the strip after unloading is calculated
through Eq.(28).

In general, although the curvatures of the lower dies, i. e., the designed mould shape, in two
forming approaches are the same, the maximum forming curvature of the strip in concave forming is
larger than the one in convex forming during the whole forming process to ensure that the strip can
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bottom, thus, the final curvature of the strip in con⁃
cave forming is larger than the one in convex forming.
In addition, the curvature of the strip at the wrapping
point is always equal to the lower dies in convex form⁃
ing, thus, the curvatures before unloading are the
same at the wrapping part of the strip. However, the
forming scenario is quite different in concave form⁃
ing, where nearly every point's curvature on the strip
is different, as seen in Fig.12.

The curves in Fig.12 represent the moment-cur⁃
vature relationship of different points (s*=0.02, 0.05,
0.10, 0.20, 0.50) on the strip during the forming pro⁃
cess. According to the coordinate system in Fig.4, the smaller the s* is, the closer the point is to the
middle point of the strip, i.e., the Point B (where the first bottoming happens). The maximum form⁃
ing curvature decreases as the investigated point is away from Point B, while the maximum forming
curvature further increases as the point (e.g. s*=0.50) is approaching the second bottoming point, i.
e., nearly the middle of half-strip in Fig.9(b). Furthermore, the larger the maximum forming curva⁃
ture is, the larger the final curvature after springback will be, as described by symbols in Fig.12. In
general, two forming approaches result in diverse maximum forming curvatures, and the final curva⁃
ture of the strip in concave forming is larger than the one in convex forming.

4 Concluding remarks

The forming and springback of the strip in multi-square punch concave forming is explored ex⁃
perimentally in this paper, setting a springback database to provide validations for the theoretical
analysis of the strip. A simplified theoretical model is established to reproduce the forming and
springback behaviour of the strip and to investigate the inner deforming mechanism, and good
agreements between the analytical and experimental results are achieved, validating the accuracy of
the theoretical work. Based on the proposed formulae, the forming history and the required loads
can be easily gained, which can provide suggestions on whether the forming machine is capable of
manufacturing the material into the designed shape and controlling the forming load in a proper
range for the designed case. The effect of the forming approaches on the springback is discussed,
and the results show that the springback in convex forming is larger than the one in concave forming
due to the existence of the partial unloading process of the strip in concave forming. Although the
springback is smaller in concave forming compared with the one in convex forming, the uneven bot⁃
toming could lead to wrinkles compared with the wrapping approach in convex forming. Thus, the
proposed method can be applied to perform the forming process and to modify the loading and the
designed shape easily before practical manufacturing, further reducing the cost and improving the
forming efficiency.

Fig.12 Non-dimensional M*-κ* curves at dif⁃
ferent s* in Case R1250T12V
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考虑部分卸载效应的多压头凹形成形及回弹预测

梁棋钰 1，2，张 龙 1，2，3，朱 凌 1，2，3
（1.高性能船舶技术教育部重点实验室（武汉理工大学），武汉 430063；2.武汉理工大学 船海与能源动力工程学院，

武汉 430063；3.武汉理工大学 威海研究院，山东 威海 264309）

摘要：为了进一步探索考虑部分卸载效应的板条多压头成形机理和回弹特性，本文在船舶数控弯板机上开展一系列板

条凹形成形试验。首先建立板条成形的理论模型，分析板条在凹形成形中的变形机理和回弹特性，并与实验结果对比，

验证该模型的准确性；然后在该理论模型基础上，进一步分析板条的变形历史和加载情况，探索不同加工工况所需的船

舶数控弯板机加工能力；此外还分析成形方式对板条回弹的影响，结果表明，凸形成形的板条回弹量大于凹形成形的回

弹量。
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