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Abstract: To study the rolling motion of a ship in the presence of water on its deck, a linear-plus-quadratic
damping term was incorporated into its equation of motion. Ship model tests indicates that the key dynamics
of the physical system are preserved in the ship rolling equation with the linear-plus-quadratic type damping
term. To take into account the presence of randomness in the excitation and the response, a new method was
developed and a Melnikov criterion was obtained to provide an upper bound on the domain of the potential
chaotic rolling motion (erratic rocking). Additionally, the Melnikov criterion proposed in this study was
verified by the utilization of phase plane diagrams and Poincare maps. Furthermore, this research has made
the initial endeavor to systematically modify the system parameters in the rolling equation of motion for ship
stability analysis.
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0 Introduction

Presently, there is still a lack of comprehensive understanding regarding the large magnitude or strongly
non-linear motions of ships, particularly in relation to non-linear roll motions. The significance of
comprehending large roll motions cannot be emphasized; nonetheless, its intricate nature can be vexing. The
challenges essentially arise from two domains: the determination of hydrodynamic forces and the derivation
of solutions to the consequent nonlinear equations of motion for rigid bodies.

Given the challenges associated with precisely estimating the comprehensive hydrodynamic forces, it is
a common practice to employ a roll model that effectively separates the six degrees of freedom (Wang“iz]).
Regrettably, a closed form solution for a 1-DOF nonlinear ordinary differential equation cannot be found in
general, even when the excitation is sinusoidal. The equation under consideration demonstrates a wide range
of qualitative characteristics in its dynamics, including harmonic, sub-harmonic, super-harmonic, periodic,
and aperiodic behaviors. Additionally, the system may undergo state transitions, exhibit bifurcations, or
display chaotic behaviors.

Current research endeavors in the field of nonlinear rolling motion have primarily focused on the
derivation of approximate solutions for the one-degree-of-freedom (1-DOF) roll equation, as shown by Eq. (2).

Numerous methodologies have been devised, each grounded in distinct assumptions and mathematical ideas.
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In their seminal work, Wright and Marshfield" introduced three distinct approaches for solving Eq. (2) when
confronted with a sinusoidal F(z), while considering both biased and unbiased scenarios. These methods
include the harmonic balancing method, the perturbation method and the method of averaging. Francescutto
and Contento'”, and other researchers, also examined comparable methodologies. Nayfeh and Khdeir
presented the multiple scales approach as an extension of the perturbation method, building upon the earlier
work by Nayfehm. The harmonic balancing method is an iterative technique that involves substituting an
assumed harmonic solution, represented by a shortened Fourier series, into the roll equation. This substitution
leads to the formulation of a set of nonlinear algebraic equations, which can be solved using numerical
methods. To explore a more contemporary implementation of this approach, please refer to the work of
Senjanovic[s]. The perturbation method is a widely-used technique utilized in the solution of differential
equations that exhibit weak nonlinearity. The approach employed by Wright and Marshfield” involves
assuming the damping force to be (Bjmq') +B3(Z)3), as opposed to (Bjmq'b +B44q<'p|q')(). Ship model tests suggest
that the key dynamics of the physical system are not well preserved in the ship rolling equation with the
linear-plus-cubic type damping term. Moreover, it is important to note that this assumption also implies that
the nonlinear restoring moment is negligible, which is not the case during instances of excessive rolling. In a
theoretical context, this method is limited to identifying harmonic solutions that are in close proximity to the

linear natural frequency w,. Nayfeh and Khdeir™

conducted the multiple scales method, which is a
perturbation method, up to second order. Their approach involved utilizing modeling assumptions that were
comparable to those adopted by Wright and Marshfield”. The method of averaging is a frequently-employed
technique in the investigation of nonlinear dynamics. The method described involves the simplification and
solution of a weakly nonlinear system of equations through the introduction of variable modifications, as
discussed by Nayfehm and Wigginsm .

All of the aforementioned techniques were employed in an effort to acquire approximate solutions for
the governing equation pertaining to steady-state solutions linked to periodic excitation. The stability study
pertaining to these deterministic approaches is conducted by Floquet analysis, as described by Seydel“o] and
Nayfeh and Khdeir™ ™, or through a similar approach. The precise impact of chaos on the phenomenon of
capsizing remains undetermined by Floquet analysis at present.

Thompson[”] conducted a study that examined the occurrence of ship capsizing in regular seas through
the utilization of numerical simulation. In contrast to the preceding paragraphs' discussion on steady-
state analysis, this approach elucidates the influence of early conditions on the movements that ultimately
result in capsizing.

The utilization of geometric approaches has been widely embraced by mathematicians for the analysis of
nonlinear dynamics, particularly in cases where chaotic behavior is observed. One of the notable analytical
outcomes derived from the employment of the geometric method is the identification of the Melnikov
function, which serves as a predictive tool for the manifestation of chaotic behavior within a specific category
of systems. The study conducted by Jeffery, Steven and Armin"? offered several concepts, theories, and
methodologies pertaining to the analysis of nonlinear ship motions. An analytical determination was made
regarding the criteria that must be met for the initial conditions within the safe basin to be transferred beyond
the safety boundaries.

The objective of this work is to employ and expand upon geometric methodologies in analyzing
advanced ship motion models. The aim is to examine the impact of different assumptions made during the

development of the 1-DOF roll model with water on deck on the risk of ship capsizing. Next, we proceed to
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derive the subharmonic Melnikov function in order to assess the presence of periodic motion within the safe
basin of the perturbed system. In the third step, the Melnikov function is employed to examine the
phenomenon of solutions escaping from the safe basin as disturbances, specifically excitation and damping,

are intensified.

1 Modelling of the physical system

Recent cases of small vessels becoming capsized while operating in coastal waters have prompted
researchers to investigate the behavior of vessels of this size while operating in a seaway. It is believed that
one of the causes of such capsizals is the instabilities that are brought on by an excessive amount of deck
water'” 7, Despite the fact that the effect of hull flooding on static stability is a basic and well-known
subject, the influence of a limited amount of deck water on the dynamic behavior of the vessel in a seaway
has not yet been well explored analytically.

Typically, a small vessel of the type that we are interested in has a large flat afterdeck with a bulwark
built around, largely for the purpose of ensuring the safety of the crew people. The bulwark is typically about
1 m high and is generally solid. It has freeing ports positioned at deck level to allow water to run off it.
However, when compared to the total deck area, the freeing ports are very small. As a result, it is possible for
water to pool on the deck to a significant depth. These vessels are known to operate for extended periods of
time with the aft deck entirely submerged in water while operating in rough seas.

The challenge that we are concerned with in this instance is figuring out how the motions of the vessel
are affected by the presence of such deck water. Calculating the static effect can be done using the same
procedures that are often used to evaluate the stability of damaged ships. It is possible to verify that the static
weight of the deck water alone is not sufficient to produce a capsizal for the vessel being considered.

Due to the fact that the flow of the deck water is dependent on the motions of the vessel, which in turn
depend on the forces exerted on the vessel by the deck water, thus making the dynamic effect a significantly
serious challenge. Therefore, it is necessary to find solutions to two problems coupled together. The first
problem is to provide a description of the motions of the vessel in light of the forces that are acting on the
vessel. The second problem involves determining the motion of the water on the deck and the forces excerted
on the vessel by the deck water, based on the vessel's motion.

We are solely interested in waves with a wavelength much greater than the depth of the sea. The
shallow-water theory can then be employed to formulate the deck water flow problem as a nonlinear
hyperbolic system of equations.

For the purpose of solving nonlinear hyperbolic systems of equations, the random-choice method can be
utilized. This method, which is not a difference scheme, enables us to compute the velocity and depth of the
deck water on a grid. The values on the grid are determined by "randomly" sampling an explicit wave
solution at each time step. Through the utilization of this strategy, it is possible for us to acquire a time-
domain solution that is approximately equivalent to the flow of water on the deck. The only thing that is
required of us is to couple this with an acceptable time domain solution for the motion of the ship. An
assumption of the smallness of the incident waves and ship motion is typically used in the process of
computing the response of a ship to a seaway. This makes it possible to linearize the equations of motion
about some average position of the ship, which in turn makes the calculations significantly easier to

understand. For the purpose of computing hydrodynamic coefficients, we make use of the linear strip theory,
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which currently is most frequently accepted. Due to the fact that the added-mass and damping coefficients
caused by the free-surface waves formed by the ship's motion are frequency-dependent, it is not possible for
us to simply integrate the equations of motion of the ship numerically. Employing the impulse response
technique could allow us to account for the frequency-dependence of the ship's response. The solution we
acquire is derived from a synthesis of these two techniques: the impulse response technique for calculating
ship motions and the random-choice method for solving the shallow-water wave equations on the deck.

Throughout the entire study, we will make the assumption that the ship motions and wave heights are
small. This will allow us to formulate the equations of motion in accordance with the linear theory. In
addition, we make the assumptions that the fluid external to the ship is inviscid and that the flow is
irrotational. This provides us with the opportunity to formulate the problem using potential theory.
Furthermore, we assume that the ship hull is sufficiently slender to enable us to utilize the strip-theory
approximation.

The flow of water on the deck will be treated as a strictly two-dimensional problem, and we will limit
our attention to the case of beam seas. We are also going to make the assumption that the ship has an
adequate fore-and-aft symmetry, which will allow us to ignore pitch and yaw when moving in beam seas.
One equation is all that is left for heave, and we have two equations that are coupled together for sway and
roll. With regard to the heave equation, we will not solve it explicitly; rather, we will assume that for practical
purposes, the ship can be considered to follow the free surface exactly in heave. This is because direct
observations of model tests indicate that the ship appears to follow the free surface closely in heave when the
waves are sufficiently long. For the sole purpose of calculating the flow of deck water and the forces that
deck water exerts on the ship, the heave acceleration that is computed in accordance with this assumption will

be utilized. The equations of motion can be reduced to the two equations listed below for sway and roll (Jiang
Changben[lﬂ), according to our assumptions:
M+Ay, Ay—Mz, H i }

I RN FIE Vet
Ap-Mz, L+Ay ¢ By, By ) 0 Cu ¢ Fu(@)

In the given context, 1 represents sway displacement and ¢ represents roll angle. The variables A’s and B's
denote added mass and damping coefficients, respectively. These coefficients can be determined by the
utilization of a linear hydrodynamic software. The variable "M" represents the mass of the ship. The symbol
"I," represents the moment of inertia of the ship about the roll axis, as measured in air. The vertical center of
gravity of the ship, denoted as z., is measured from the base line. The roll-restoring moment coefficient,
denoted as C,,, is a parameter used to quantify the ability of a system to restore its roll stability. The variables
F,(¢) and F,(t) represent the external wave excitation force and moment, respectively. Additionally, the
symbol (") is used to represent differentiation with regard to time. At this point in time, the deck is seen as a
two-dimensional tank that contains water and is permitted to freely flow back and forth in response to the
motions of the ship. We have made the assumption that the static roll restoring force coefficient Cy, is a
constant through the process of constructing Eq. (1). Up to around 30 degrees of roll angle, the C,, of a
typical small boat remains constant. The exciting forces that are on the right side of Eq. (1) (that is, F,(¢) and
F (1)) must include the forces exerted on the vessel by the deck water. These forces are nonlinear functions of
the ship's motion. We are able to compute the deck water forces in the time domain by utilizing the random-
choice method; hence, we are looking for a solution that is in the time domain for the ship's motions. Due to
the fact that Eq. (1) is a linear equation, the principle of superposition will make it possible for us to construct

solutions for forcing functions that fluctuate arbitrarily in time. In point of fact, this equation has the precise
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form that is required to implement the impulse response technique.

The method of random choice is employed to calculate the velocity and the depth at points on a grid
across the ship deck. We may employ basic hydrostatics to determine the total force and moment acting on
the deck and bulwarks by the accumulated water on deck. The sway force acting on the port bulwark per unit
of deck length by the deck water can be calculated. The sway force acting on the starboard bulwark per unit
of deck length by the deck water can also be calculated. The moment per unit of deck length by the deck
water can also be found based on the pressure in the fluid and the known functions of position in the tank
computed on a grid across the deck width using the random-choice method.

In the general scenario, the decoupling of the two modes of motion (sway and roll) is not feasible due to
the presence of damping. In the case of particular scenarios, specifically undamped or proportionately
damped systems, it can be demonstrated that the ship undergoes rolling motion around a roll center
resembling that of a pendulum. Furthermore, it is possible to separate the roll motion from the sway motion.
Assuming the presence of general damping, the hypothesis of a pseudo roll center yields the subsequent
equation for roll with a single degree of freedom, incorporating quadratic roll damping.

(I, +AL] ¢+ By +Bud|d| +AGZ,(¢) = F(0) ©)
in which

I, =, +AuR., A, = Ay —Mz.R,, B,,= By +ByRc, Re = —%
F@t) = Fu(t) + F(D) R, Cyy¢p = AGZ,(¢)

where, the variable "A" represents the displacement of the ship, while the variable "GZ,(¢)" denotes a
modified polynomial approximation that accounts for the non-linear roll-restoring arm. According to
Caglayan“ﬂ, it is proposed that the dominant dynamics of the water-on-deck issue can be estimated by
employing a constant weight in order to attain an equivalent pseudo-static heel angle (loll angle) for the
vessel. Hence, the "GZ,(¢)" curve can be derived through the adjustment of the original roll-restoring arm
curve GZ(¢), taking into account the influence of weight and the moment caused by water-on-deck. In
accordance with the research conducted by Jeffery[”], we employ a third-order polynomial function to
estimate the curve of the righting arm in the loll condition, specifically focusing on the segment preceding the
loll angle.

GZ,($) =-Ci¢+Cs¢’ 3)
in which the constants C;, and C; can be determined through the utilization of a ship hydrostatic stability
program, such as NAPA, in conjunction with an appropriate interpolation method.

The aforementioned Eq. (2), despite its simplicity, captures the fundamental dynamics of the physical
system, as shown by model experiments (Spyrou, et al. ). Francescutto and Contento[4]). We can figure out
the value of By, in Eq. (2) by making use of various empirical formulas. In the case of harmonic excitation

occurring in seas with regular waves, the value of F(¢) in Eq. (2) can be determined as follows:

F(t) = AFq(w)cos(wt) “4)

"F.ou(w)" denotes the moment

where, the variable "A" represents the amplitude of the wave, whereas
amplitude per unit wave amplitude at a given frequency "w".

In order to investigate the dynamic stability of a ship, a commonly-employed approach involves
conducting numerical integration on the nonlinear differential equation of motion (Eq. (2)) using an
appropriate numerical technique, such as the fourth-order Runge Kutta method. Nevertheless, a novice

practitioner in numerical analysis may spend a considerable amount of time attempting to integrate Eq. (2)
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without uncovering its fundamental or crucial characteristics.

The utilization of the Melnikov method is a novel approach for naval architects to assess the dynamic
stability of a ship. This method is rooted in the contemporary field of nonlinear dynamics theory. The
Melnikov criterion is a significant outcome derived from the analysis of a ship's dynamic stability using the
Melnikov method. In certain instances, it is possible to establish a direct correlation between the ship design
characteristics and the wave characteristic parameters by a straightforward mathematical formula. This will
significantly improve the effectiveness of systematically analyzing the dynamic stability of a ship. Although
it may not always be possible to derive the analytical formulation of the Melnikov function in certain
instances, it is nevertheless feasible to numerically integrate the Melnikov integral in a direct and
uncomplicated manner. In the subsequent part, we shall establish a Melnikov criterion to investigate the

nonlinear phenomenon of ship rolling with water-on-deck.

2 A new approach of Melnikov analysis

Calculating the distance between stable and unstable manifolds and locating transverse homoclinic
intersections are both tasks that can be accomplished through the application of the Melnikov method (for
reasons why these statements are not detached from the ship stability issues and for some words to bridge the
two, readers may refer to Chapter 5 of Reference [2]). The Melnikov technique calculates the distance
between these two manifolds by first starting with a dynamical system in which the homoclinic solutions are
already known, and then slightly perturbing this system in order to find out what happens to these manifolds
as a result of the perturbation. This method is based on the fact that the homoclinic solutions are already
known. After going through this process, we will have a formula or criterion for determining the distance
between the stable and unstable manifolds based on the parameters of the system and the phase.

To facilitate the application of the Melnikov method for the analysis of ship rolling with water-on-deck,

it is necessary to transform Eq. (2) into a dimensionless form.

() + 80X(T) + 805 X(T) |%(T)| — x(7) + kx* (1) = egycos(21) 5)
where
(o]
x:(ﬁ,‘r:wnt’ w, = ;,Qzﬁ’
I ut A:M Wy
&6 = B:Mwn &6, B44q k= % _ AF (w)

ca T va, e T T4
The aforementioned derivation strategy closely adheres to the approach presented by Wang and Tan'"”
in their analysis of dynamic stability of a barge utilizing the Melnikov method. In Eq. (5), the variable
representing time is normalized by the linear natural frequency denoted as w,. The differentiation in Eq. (5) is
performed with regard to the independent variable, namely time (7). The terms denoted by the symbol "&" are
assumed to have small values and will be considered as perturbations in the subsequent analysis. The efficacy
of this treatment has been substantiated through the examination of coefficient values for actual ships in
several studies conducted by Wang[w], Hsieh”” , and Jiang, et al. ey,

The first-order form of Eq. (5) is as follows:
x(1) = y(1) (6)

Y() = x(1)=kx*(7) + & (y c08(Q7) = 53(1) = 5:y(1) [y(1)]) (7
Egs. (6) and (7) denote a perturbation of a Hamiltonian system that is integrable. The system in an
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undisturbed state (¢=0) is as follows:

X(1) = y(1) (®)
Y(®) = x(1)—kx*(7) ©)
The Hamiltonian associated with the unperturbed system, denoted as i(r)— x(r) +kx*(r) =0, is
given by
1 1 k
H )= %" — = —x* 1
(x, %) 54 2x2 1% (10)

The following are the well-known formulations for the homoclinic orbits of the unperturbed

Hamiltonian system ¥(7) — x(7) + kx*(t) =0

X (1) = \/%sech (1), yo(r) = \/% (—sech(r)tanh (7)) (11)

A ship system that is undisturbed and does not have any water on the deck has a stable upright
equilibrium, denoted as (x, x) = (0,0). When transitioning from the state of no water on the deck to the static
effect of having a significant amount of water on the deck, the slope of the ship's righting arm curve at the
origin, known as the initial stability height GM, decreases and eventually becomes negative. When this
phenomenon takes place, the stable upright equilibrium, denoted as (x, x) = (0,0), undergoes a bifurcation,
resulting in an unstable upright equilibrium and two stable equilibria located at positive and negative loll
angles. The bifurcation being referred to is the classical pitchfork bifurcation. The phase picture of the
bifurcated system in the vicinity of the loll angles, +x;, exhibits two homoclinic orbits, as elucidated by
Eq. (11). These orbits serve as connections between the unstable saddle located at the origin and itself. The
pair of homoclinic orbits comprises the stable and unstable manifolds. In the case of an unperturbed ship
system, which is characterized by the absence of damping and external forcing, it can be shown that the stable
and unstable manifolds exhibit a coinciding behavior.

If we assume that x = Q and x = P, then we can rewrite Eq. (5) so that it takes the form of a perturbed

Hamiltonian system:

0=20=r
P:_B_H +g[—6a—H aH 6H‘+ycos(9‘r)] "
00 oP oP
The Hamiltonian associated with the unperturbed system, denoted as ¥(r)— x(r) +kx*(r) =0, is
given by
H(Q,P)= —x —lx +kx (13)
2 4

The following are the well-known formulatlons for the homoclinic orbits of the unperturbed

Hamiltonian system ¥(7) — x(7) + kx*(r) =0

Oy(1) = \/% sech(t), Py(r) = \/% (—sech(t)tanh (1)) (14)

The calculation of the Melnikov function for the perturbed system (Eq. (7)) can be performed according
to the methodology proposed by Wang[z].
~oH| _0H OH |0H
M) = | [

~or| %op " %ap|oP dr=

+vycos(Q(T+ 1))

o (15)
_5Im(8—P) dr—6, ( )’8P' —ycos(Q(T+TO))dT M(ry)-M
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in which

—5[( )dr+53 ( )'ap' (16)

M(TO) = f ycos(Q(T +7,))dt (17)

are, in order, the component parts of the Melnlkov function known respectively as the mean and the

oscillatory part. The following results are obtained by inserting Eq. (14) into the above equations:

M=2542 \/E 5 (18
"3k kNk 15 )
_ 2 Q
M(zy) = \/;(yn!))sin(Q‘ro)sech(%) (19)
Therefore, the full expression of the Melnikov function is as follows:
2 W\ 4.2 [2. 4
M(7y) = [ =(ynQ)sin(Q h—= |- —=6-=+/26;— 2
() \/;(yn )sin(Qr,)sec (2) oo k\/;(xls 20)

The following is a requirement that must be met for the Melnikov function to have simple zeros:

2 R\ 4.2 [2.4
Zyn@)sech| =2 ) - L2 25,2 = 21
\/;(7“ Jsec (2) 3%’ k\/;6315 0 1)

When introducing damping and external excitations to the unperturbed system, the perturbed stable and
unstable manifolds will no longer exhibit coincidence. The spatial separation between the entities is
contingent upon their respective locations on the undisturbed manifolds, and is formally referred to as the
Melnikov distance. In the context of this study, it can be shown that the Melnikov distance exhibits a direct
proportionality to the absolute value of the Melnikov function, as determined by the utilization of Eq. (20).
When the Melnikov function possesses simple zeros, the stable and unstable manifolds exhibit transverse
intersections. According to a theory credited to Poincaré (Guckenheimer and Holmes'), in the event that the
stable and unstable manifolds cross each other once, it follows that they will intersect an unlimited number of
times, hence giving rise to the formation of homoclinic tangles.

For the purpose of example, we have selected the system parameters as k=1, d=0.1, §;=0.3,
Q2=0.8. Then Eq. (21) results in a critical value of the amplitude of wave excitation, denoted as
YVeitca = 0.132, at which homoclinic tangles are simultaneously formed on both sides of the origin. This

occurrence is attributed to the presence of symmetry.

It is important to point out that, when deciding on the values for the damping coefficients 6 = 0.1 and
0; = 0.3, references were looked for with regard to some credible data that had been used previously by a
number of ship researchers (Spyrou et al'*; Liu and Tang™; Wang and Tan"" ). In a similar manner, the

value Q = 0.8 is a piece of data that was derived from the published research (Spyrou et al[]g]).

It is probable that chaos will manifest when the forcing amplitudes surpass the critical threshold. It is
important to acknowledge that the presence of the Melnikov boundary is a prerequisite for the manifestation
of chaos, although it alone does not guarantee its occurrence. In other words, the Melnikov boundary serves
as a minimum requirement for the emergence of chaos, but additional factors may be essential for its actual
observation. When wave amplitudes exceed the critical threshold, the ship's dynamics caused by the
homoclinic intersection would manifest as an unpredictable oscillation between the two loll angles.
Additionally, the ability to anticipate which side the ship will lean towards would be compromised. While

this conduct may not be classified as catastrophic, it is undeniably disconcerting.
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3 Validation of the Melnikov criterion by phase plane diagrams and Poin-
care sections

The equation of motion for ship rolling (Eq. (5)) is also examined through the utilization of phase
plane diagrams and Poincare maps. In order to investigate the motion responses of the vessel, we
systematically manipulate the wave excitation amplitude (y) in Eq. (5), while keeping the system
parameters (k =1, 6 =0.1, 6; = 0.3, 2 =0.8) constant. Initially, the value of y =0.10 is selected, ensuring
that it is below the critical wave excitation amplitude as determined by the Melnikov criterion. The numerical
integration of Eq. (5) is subsequently performed over a specified time interval (0, 100), utilizing randomly
selected initial conditions of (x(0), x(0)) = (0.2, 0.35). Fig. 1(a) displays the phase plane diagram that
has been acquired. It is evident from Fig. 1(a) that the ship's rolling reactions exhibit a high degree of
regularity. Subsequently, the wave excitation amplitude is augmented to a value (y =0.14) slightly
exceeding the critical wave excitation amplitude as predicted by the Melnikov criterion. Eq. (5) is thereafter
subjected to numerical integration within a specified time interval (0, 100), with randomly selected initial
conditions of (x(0), x(0)) =(0.07, 0.47). The phase plane diagram depicted in Fig.1(b) illustrates the
results obtained. It is observed that the paths of the ship's rolling reaction begin to overlap. In order to
conduct a comprehensive analysis of the impact of wave excitation amplitude on ship response, we
continually select a specific value, denoted as y = 0.24, and proceed to numerically integrate Eq. (5) during a
specified time interval of (0, 100). The phase plane diagram obtained is depicted in Fig. 1(c). It is observed
that the trajectories of the ship's rolling responses exhibit a lack of organization and present challenges in

terms of interpretation.

() x(1)

Y

(a) »=0.10 (b) y=0.14

X(7)

— /)

1
_1 +

(¢) y=0.24

Fig.1 Phase plane diagrams of the ship rolling equation of motion (Eq. (5))
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Finally, we make use of Poincare maps in order to investigate the rolling of the ship and verify the
Melnikov criterion derived in Chapter 2. First, while keeping the system parameters (k=1, 6 =0.1, 6; = 0.3,
€ =0.8) unaltered, we select the value of y = 0.10 which is less than the critical wave excitation amplitude
predicted by the Melnikov criterion. This is done so that we can move on to the next step. After that, Eq. (5)
is numerically integrated over a time interval of 100 000 and with the initial conditions being chosen at
random to be (x(0), x(0) = (0)). The Poincare map that was obtained is displayed in Fig. 2(a). As can be seen
in Fig. 2(a), the system has not yet descended into a chaotic state at this point in time. The fact that there are
six points grouped together in a very limited region of the phase plane is evidence that the system is still
operating in a quasi-periodic fashion. Because the Melnikov boundary is a required but not sufficient
condition for observable chaos (that is, it is a lower bound), this circumstance does not contradict the outcome
that was predicted with our Melnikov criterion in Chapter 2. Fig. 2(b) depicts the impending appearance
of a chaotic attractor as the value of the wave excitation amplitude is increased to y = 0.14. In the end, a clear
picture of a chaotic attractor has been obtained and is displayed in Fig. 2(c) as a result of increasing the value

of the wave excitation amplitude to y = 0.24.

(1) x(7)

02
o T, 0.6 . .
0.1F . N L. X
. '_ 04|
1 .2 J x(‘[) . . L]
-0.5 0.5 1.0 1.5 . . o2
-0.1} - .
: - X - - ' x(7)
-1.5 -1.0 -05 ° 0.5 1.0 1.5
-0.2 .
-0.2
03 -0.4k
(a) y=0.10 (b) y=0.14

_0.4 -
(c¢) y=0.24

Fig.2 Poincare maps of the ship rolling equation of motion (Eq. (5))

The conclusion arrived at by making use of our Melnikov criterion in Chapter 2 has been qualitatively
confirmed by the results of the numerical integration presented above. For wave amplitudes that are greater
than the critical value, the forecast of chaotic ship dynamics by employing the Melnikov criterion leads to
an erratic oscillation between the two loll angles and a lack of prediction regarding which side the ship
would lean to. Therefore, it is possible to say that the Melnikov criterion discussed in this article is capable
of producing relevant findings when attempting to forecast the erratic rocking of a ship while water is trapped

on deck.
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4 Concluding remarks

For the purpose of investigating the rolling motion of a ship when water is present on its deck and
regular beam waves are present, a nonlinear equation of motion with a cubic-type viscous damping term was
developed and presented in this article. The Melnikov function was used to derive a ship stability criterion,
which was then used to set an upper bound on the domain of the potentially chaotic rolling motion. Using the
Melnikov criterion to anticipate the chaotic ship dynamics results in an unpredictable oscillation between the
two loll angles, as well as a loss of the ability to predict which side of the ship will lean to.

The value of the wave excitation amplitude in the motion equation of the ship was systematically
adjusted, and the equation of motion was numerically integrated in order to get phase plane diagrams and
Poincare maps. This was done in order to validate the Melnikov criterion developed in this study. The
conclusion reached with the help of our Melnikov criterion were qualitatively confirmed by the results of the
numerical integration. When water is allowed to accumulate on the deck of a ship, the Melnikov criterion

described in this article has the potential to produce accurate predictions of the ship's erratic rocking.
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