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Abstract: To address the challenges posed by insufficient statistical sampling density and inherent irreducible uncertainties in
multi-physical property detonation experiments, probability learning on manifold (PLoM) involving diffusion map and It6
projection sampling are used to generate sufficient dataset satisfying the detonation physical mechanism and therefore, to fulfill
the uncertainty quantification of experiment. Firstly, scale transformation is implemented on the experimental data with multi-
physical asset of insensitive high explosive PBX9502. The training set is obtained through the normalization of the scale matrix
by means of principal component analysis. Secondly, an improved high-dimensional Gaussian kernel density estimation is
utilized to calibrate the probability measure of the random matrix associated with the training dataset. Diffusion map is used to
deduce the nonlinear manifold based on the training dataset. Sampling on the manifold is fulfilled through It6-MCMC

generator defined by a dissipative Hamilton system driven by the Wiener process. Finally, the learning set is obtained via
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inverse transformation. The result shows that the Gaussian statistics obtained from random numbers generated by PLoM
coincide with the statistical information of density of PBX9502 calibrated in the literature. Furthermore, the double logarithm
model related to the distance to detonation and initial impact stress is constructed through the data generated. It also holds for
the relationship between the time of detonation and initial shock stress. Fitting precision of the curve is almost equivalent to the
accuracy of result in literature, however the cost is negligible. More accurate digital test result is obtained through the learning
and processing of existing experimental data via PLoM. The PLoM method demonstrates strong generalization capability,
enabling its extension to detonation experiments with various types of explosive.

Keywords: probability learning on manifold; uncertainty quantification; small sample size; detonation; experimental
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1 PBX9502 i G £ #E T Ab 18

IR IE X G R e B BERE 25 PBX9502, Hi4H 3 TATB(JiT 243 4% 95%) . Kel-F (BT 5341 5%) o
1A THAEE RS ([21, 25] °C) T AT R BRI B, Bl IR T LANL 90 <t
IR R A REF bR T 5 MBS 8 T R HL R - JE 35 5 ) BEKE 24 32 21 2 05 5 K 1 oo 1 )
J&, e kA R,

&1 PBX9502 IR HIE""
Table 1 Initiation experimental data of PBX9502""!

pl(g-em™) u/(km-s™") p/GPa x* /mm t*/us pl(g-em™) u/(km-s™") p/GPa x* /mm */us
1.889 2.349 10.65 11.82 2.22 1.890 2.426 11.16 11.72 2.18
1.889 2.493 11.62 9.17 1.67 1.893 2.474 11.49 11.31 2.10
1.888 2.766 13.55 6.01 1.04 1.890 2.546 11.98 9.44 1.75
1.887 2.860 14.24 4.19 0.74 1.891 2.755 13.47 6.88 1.22
1.886 3.118 16.22 3.68 0.61 1.889 2.759 13.50 7.58 1.36
1.886 2.334 10.55 12.41 2.38 1.889 2.351 10.67 12.78 2.45
1.888 2.599 12.35 8.28 1.48 1.891 2.636 12.61 8.30 1.48
1.887 2.798 13.78 6.26 1.10 1.889 2.756 13.47 6.36 1.12
1.887 2.960 15.00 4.53 0.77 1.889 2.959 14.99 4.77 0.81
1.890 2.394 10.95 14.50 2.75

TE: o I, w b Wi B, p o i N ST, o MBS, o RS o

B | BYEZYEBENLIR I x = (o, u, p, x*, ) ng ARHFEST x; = (055, pi x5 ) IS (P, i= 1,4 ,ng),
TEAE Diain(x) = {(0is i, pis x5, £) ERNi = 1,2, -+ g} o ATIERAT ] ¢ FIESJ HE 2 o SOl 1 b o P e A8 M 22 19
I (R FTRE 25, 2 i 34 v BB R 24 IR ) G bR o BEAIL IR e RSO N=5, RS B S MR
PEo RFESAIEERE R =190 HIR Dyin(x) 7T LA Ry J2 15 4EBE AL ) 5 AR, (ELRAAIL ] 52 x 19 BE 238 285 22 R
£ (probability density function, PDF) Al #F— 2, il ge &l 4 th7E RS i 32N i b, (HEWRIERY
HRRHN e Dygain(0) 10 AT AN GREEH I X = [x], | € ROVRIR, FAT N x' 07,

2 mE LB ERFES

21 REHEENRET
e, RIS X, BN S i R A X = (3, -
o A A A
%= ij il N i oy ‘
Xij X?IVx?ZV“'Vx?N_x,(-ll/\X?Z/\'--/\xf.’Nx”eXd (1)

BV SRR R SRV | WA 1| I/ 7N R 1 4 N R
X RIG X = [%), %, By), Xj€R™,j=1,2,--- N o € LM E i m A7 225605 €

N 1 3 .
m = N;xj, C= m;uj—m)(xj—m) @)

SR 7 22 HH B 00 AR R R AR AE 18] B CE = b L k=1,2,-,ng , . 0< <o <---<p, , v
B CHFR, £'¢€=1,eR™, = [£,6, &) R L, ZR™ I IH S5 R0 [, Hy HEAS 42 M AR B IS 2
rank(C) = v<min{ng, N} =5, F XXAZ (1)~ (2) 15 BVRAE(E AR ) 5o FRAE(E AL 1 BT, AR ARAR
RFFEETE. IR R v=4,
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22 ETERS S HRINGEEZFNRTEL
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X = X+&u'"H,HeR™ 3)
e R EFEM: C WEFIE M =AM, H X = [m,m,--- ,m] € RN 3 XF 50 M pu = diag{uy o, -+ 1) o K
X (HD X A ARA (3), 153 H A A1

n=p'"X-X) 4)
ﬂd*ﬁﬁﬂﬁﬁﬁ%ﬂd = [’](113]]%’ 9']?\/]9 ']ld € Rv’ i= 1929"' ,N, ‘Zﬁ/@:
1 & j—
’ ’ T
m =5 > =0, C =g D mm) =1 5)
J=1 Jj=1

] iE i, PCA 284 (3 3) A= il N ANk . AHSCHIREA S S (s, - i) o
2.3 HBY Gauss #%ZE it
K H Gauss 1% J& fli i1 (kernel density estimation, KDE) 254 54 = (nd, nS, - -+, p ) FH SR AR 3 BEHL 7] 125 Y
MR i R A
N

| | 1
=5 Z (Nams)y P <_2§2

A py(y) HBEVLIE & ¥ A HL y B B HE R %5 B 5 § = sep[s?y + (N — D/NT'? | sgs = (4/[NQ2 + o)} %
Silverman 47 5; ||| fX &R H1 Y Euclid 7545

HH 2.2 198 U, oAb . AHHOCHE . AR, Y gy 95 ) AR B SE i, 2 (6) HA B BE ML )
Y 1) PDF. H Lhn, WA S, o H 09511 &, >4 ) [\ A 5007, )

~

N

2
U ) yeRr” (6)

SsB

pu(n) = HPY(’]i)

A BEPLA RS H /) PDF .
2.4 FEHARGTHE
55 RE LS AH DG Y X FR K [ K RIXE R B B e R
K= [ki_/]ndx,,d, B= [bi_i]nand ki; = eXP{—(48DM)71||7Ii - 'lj||2}, bij = b;6;; @)
e by = Zk,-,-, 8, N Kronecker BT, epy MG SE . MGG P=B"K . k=X (7), 54 K
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{81,820, 8n) » HPgi=AyieRm (i=1,2,---,
m, ﬂfﬁﬂiﬁ’éﬁk%}ﬂﬁﬂiﬁ),FHU%U]‘DW RERGEA . k=1, IARIPHBM R . 18 & SCRERUL
W NG =g, gulm<ny) . FHAK 2 PFEEHRIepm=4 m=3.

A FETRS PR A I PR 25 0] Lig), g2+, g} HIRY E’J? ], HR IR Dyuin B RIFBILATEERY . HH

T B = 5 = 1,20 ), B GTGHT . L{gr,gan--ga) R FRIBIEBUE X4 A = GGTG) €
Ry, IR FBEPLAE Z 3ERE B 22k B
H=27G" Z c RV ®)
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Z=HA ©)

25 FIEMME
WL (2.477), & LIRGIERIE LAY Ity B2, Hrb Gauss 2% FEAL T (58 (6)) 2 BEWL 5 T 72
PRI EE . HAKINF, 2 Z@0), Y1) € RN, fRRFA Markov &1 F2, HAA W F A

{dZ = Y(r)dt

1
dY = L(Z(z))dt - %fOY(t)dt + VfodW (10

. Z(0) = HyA,Y(0) = KA, K e RV, Hodp K 19 %) [n] 45 J2 00057 9 1E 2 Gauss [0] 48, Hy € RN &2 —ANFEHL
FE W, BEAS N 545 W e RON B9 51 0] 02 v AR UE Wiener i 25 L(Z(¢)) = LIZ(H)GY) e R™™ . 1Z PR L(u) & SN

1
[L@)]; = ——{V.,p(up}, (11)
p(u;)
/\ 2
plu) =+ Zexp( ot ) (12)
1 N 1 A 2 ~
V.p(u;) = WZ(Tu,-—uj) exp <_2§2 %ui—uj > T= s: L= 8 (13)
i=1 B B

K Stormer-Verlet A% 2 L iR Wiener £ F2 UK 50 ) #E# Hamilton 31 1 R 4%, B #Ub /5152
H=Z(vG" v = MyAt, [=1,2,-- ,nyc (14)
Kb K SHM, = 18, I Ar = 0.238, 1 o MC HliFR IR
2.6 LR
Kl 3(a) R IREHETE p-x" S I B o 5 RAHEA (X Q4 IRADT 224 (X (3)) J5 15 2 8% iR &

094102-5



5 46 & g9, % BTRE LR PBXOS02 i i AT A i L ER ]

(quantity of interest, Qol) FFEALHE, WL kT 16 25

Qol [ RAE R AR B K IHLAE p-x 25 (6] Ay £ 52 DL 14X

Pl 3(6), PLOM R HRATHE AR, IE1F D) = ety ?

(G0 i, i X;,15) €RNi = 1,2, Nigam} > He H Niggn = 15k

7760 HBH 3(a) BT (b) K K REAA B ] 4 g

408 fi5, T 3 4 P R A b A 7 Sp My o}

I IR R AR, RIS 57 8 1 v i 1oz 3 Ml AL 6F k

XA S &, st

3 gﬁ%ﬁ*ﬁﬁiﬁi@ 2lO 1‘2 1.4 1.6 18 05 1.0 1‘5 2.0 25
p/GPa p/GPa

% 2 %F Y % > % Dicarm(X) ':P gﬁ 7760 (a) Experimental data (b) Samples generated from PLoM
AR, AR AR LGB0, T BLGE S R
W R AR 7 BL T R ATy G NS B Fig.3 Samples generated from PLoM

KDE J7 & 1T 554 31 3 (4 A8 R 2% 12 pR 4, an 14l 4

iR FTLAZE i, PBX9502 # i % £ (1) PDF 5 1EA 40 A m B — 8otk . 32 b, R AR E T IA
FE PBX9502 1 24 %5 B IR N IEZS 204 o 3 SEA i Bk 1 4 R TRI A 24 w0, AE H 28 5 00 3 3 A A X
BHGE—, BRSO T2 KA Y, (AR5 8 ) o A AR IE S oA o L e A 2 o7 AR 2 1 R] 1
PDF 3T {RUE AT etk o 0 F LA 3 a4 1) 2 ook 0B8N e o 17 g, PDF 2 8 BUIE R A, HL b
TR A S . WAL IR, % R4, i vpi B ) PDF B Xt R e R 1 459
H A I A A BN A 2, R AU R ) A R T .

300 2.0 0.4
200k 15¢ 03t
<3 3 3
&) Q1.0 a 02r
~ oo [ &~
051 0.1F
0 : 0l - - 0L
1.88 1.89 1.90 2.0 2.5 3.0 3.5 8§ 10 12 14 16 18
p/(g-em™) u/(km-s™) p/GPa
0.20 1.0
0.15
& 0.10 8 05
[=%
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0 10 20 30 0 2 4 6
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4 Y3 i B R AL
Fig. 4 Probability density function of physical quantity

FIR & 4 15 Bl 3205 3] 5 b5 8 W) BRI Gauss G0, L35I EE | bRl 22 F1 95% & 45 X JA] .
M 2 Bf LI H PBX9502 % AU A K 1.888 g/em®, ARifE 2% 4 0.001 8 g/em’®, 85 BB N 1%, Ho
% B %) PLoM Fr % {H 55 Rocketdyne 2 F) 1979 4F (177 S fe AHALL, o 1.889 g/em’® U, Arifl 25 AR 53 R 4K
HABAR /N, AL ST 20 tH22 90 4EAR 22 A7 v e Al B KE 25 PBXO9502 il T 1. 25 Jy T A 7K SF-, RIVAR i 2 24k 39
BIHD 1%00 WS RE KK, BEE . vha sl EE . i I 77 | BR800 B RIS I AR R K.
5 DT 14 58 3t ELA [RIAE A s 1 R o s b AN A 2 1 /N S50 P s 88 b BB ) B i R A2 2 M )
FHE
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F2 3 45T PBX9502 BB FE G it hraE 45 4 . "2 WEEK Gauss HIHER
i ﬂﬁ'ﬁ % , z'g Y 1:/]—; {/ﬁ% /J\ F Gustavs en!!'!! P },J\ Table 2 Gaussian statistical information of physical quantity
ARG bR E g R . H [1.8888-0.0018, 1.888 8+ yE Lt W A% BEKETER EEKE LR

0.001 8] g/cm®c[1.890—0.005, 1.890+0.005] g/cm’c pl(gem™) 1.8888  0.0018 1.8858 1.8930
[1.895-0.01, 1.890+0.01] g/cm3 Rl PLoM = 51 %% u/(km's™) 26520  0.2344 22668 3.1446
PEAE PR o 2 T Bz e PLoM Ak A Y B e p/GPa 12.7741  1.6866 10.1659 16.1521
BA{EM . x* /mm 8.4581 33519 3.3437 15.2677

MG 2 AT LLE Y, IR S 1 v o R t*lus 1.5467  0.6725 0.5546 2.9207

By 2.652 km/s, 1 Gustavsen!'" 75 FREX 56 Fr
1) ks B 92 R 2.66 km/s, PLoM A= 8 i B
BOE 5 STk (117 04 ok 3R AH TR 250 12.652—

3 PBX9502 HI¥IIEZEE R Gauss it =

Table 3 Gaussian statistics of initial

density of PBX9502 g/em’
2.661/2.66 ~0.3% o 734k, SCHR [11] 75 FR H BT H e = TR —T
L _ T N T VKR bR E!
i b N 7 IR R 12.78 GPa, TR I A% & 19 45 -
. . pUEE 1.8888 1.890 1.895
oM 12.774 1 GPa, PLoM i 36 45 5 5 SCik [11]
bRz 0.0018 0.005 <0.01

B o I 1 AR KR 258 12,7741 — 12.78]/12.78 ~
0.05% o X136 PLoM Az B (14 ifr ks 17 g 0 o oh 0 88 1) 5l ot I vl 5 LS g AR AF 2 . 5 Sk [11] &5
B X, dE—2E Ui T PLoM ik A s . DAER 2 38 ] LUJR B, A T 28 1 R B, ks 187 7 A 8 HORE
EER, X SINVRE SV EN, h3E 2 BT, 78 20 tH20 90 454X, Hy T4 2 SN s a) J | 3o P R
He2E et RS B AR AN I AR R, B 2R I ()RR 25 07 8 1 i 90 S 2 TR RE 1 32 PR, 38 75— 2B i o
25 L ik, PLoM A= i i i 50 40 b o i

3.5 16
B EAAUNE o
AL 3 5 B 3 R 25 or A7 1 ) B 1 4 301 ol
B, BT RBUIR A R 2 R . K PLoM 55t 121¢
Az R R T R AR S5 7 A X R AR 4, 15 BT S . g 101
I SGa) WAL Ig p B Ig @ EBRMZME R, 2 7 S sl X,
P Nkt AT Bl G, 155 15} o
lgx* =9.849 4-3.072 31gp (15) Lol 3 Al A
3 (15) £, PBX9502 (83517 B 5 1 1 05 , N I
Wk B S IR MG R e e & 2.0 12.5 3.0 10 12 14 16 18
# 5(b) 75, 3t (15) FIFE 1 A ik 56 ¥ & plGPa
WG RAf. R PLoM A I FEAS AR AL EE T IS RS B Rl e ) 9 G 3R
Q %E@%I+ %:‘?E, NoiER#2)] %:]%T {FPf'fT I 71 5 bl Fig. 5 Relationship between distance to detonation

and initial shock stress

HHEEZ R RBOCR, I —B HA A, B
X EC AT, 0 Lh i 56 5Hk ANl W) 5 A, E— 2B N T O IR R st . S, Ry v IR 6 B A
B JRy B, SRR (117 382k 398 i UBOs DR B (9 58 3 1k, RIS IIN 1 SCHiR [25] 5 [26] BB o i T sy
P, WFIE N BIbRE T ik IV T RV 25 007 5 X X B AR, I 25 1 T X BURER AN 22 [2.94,3.1] . 2K (15)
B 5 16T BORERR Ry 3.0723 € [2.94,3.11, 25 5895 A SCHK [11] 98 {5 DX TE] Py, DA T 3iF B T F 5% 45 SR 2 nf
fEm.

g o 7 g RS N TR R A T %o R 4 (5] 6(a)), AT LA HY 1g p Al Ig r WA ARUIR M ZR M OC 2R

lgr =8.9328-3.28711gp (16)

3 (16) FBH, PBX9502 (14555 i [B] R iy b i 2 77 iR AT B M 56 3R . [ 6(b) 22 BH, =X (16) FIEk 1

HR B A ) ) 5 s B O R B W) B AR A, E— 2N T TR A R . TR PLoM AR i L
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FAR I FHR AT SR PR EE T v L g A4 22 s AT A LS 3.0
PR o SCHK [117] 38 1 18 ik g v 8, b T Lol o
b I 9 R Z5 6 [ f A6 SR | 92t T % 230
BRI A€ BE [3.23,3.37] . 2K (16) bRiE Y .51 Sol
NP E AR ZE K 3.2871 € [3.23,3.37], W76 A SCHk [11] S o 2 \
RS B X EORER I B K D, WA T ke N Taspo g
fEtkE. '

SN2, 3 S AR ARAS 0 5 25 00 B R 2% A -1.0} Lor
(] 55 i B 7 B PREICE R, S500 i S R s S S s , , o5l ,D :
R [11] b RTEORE R & B AF . 530 [11] 20 25 30 35 1012 14 16 18
(T B 24, (LA S (8 1 B 0 B A Bt fer p/GPa
FLSCHR [11] 2> —A5 DA b % &3] PBX9502 #1 4} Vel 6 4kl R B 71 06 2
-;ﬁu %’*ﬂﬁtgﬁ%% [':Ellj ﬂ z'g, PLoM E"J %Fﬁ IL%Z%] ﬂ]% Fig. 6 The relationship between time to detonation
KT‘[’,E*KHE*%EJ:%Z@T$%XH§&ZKO JHS&[‘,I and initial shock stress
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