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Abstract

Spatio-temporal variation of sound speed, in seafloor geodetic precise positioning, can always be attributed to the time
error. Firstly, this paper analyzes the existing error compensation model, i.e., the time ratio model, which is expressed
by the recorded time multiplying a ratio coefficient. And then a time split model is proposed by expressing the acoustic
ray traveling time as the recorded time pluses a perturbation time error. The theoretical differences between the
proposed time bias compensation model and the time ratio model are analyzed. Under the new framework, sound speed
perturbation models with optimal single-layer spatial gradient and multi-layer spatial gradients are developed to
compensate for sound speed error in the complex cases. Numerical computation shows that the simple time split model
keeps the same accuracy as some complicated models while considering the distribution of random error. Furthermore,
multi-layer model can improve the positioning accuracy without putting the pressure on parametrization.
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1 Introduction

Global Navigation Satellite System-Acoustic (GNSS-
A) is the most useful technique for submarine positioning
and navigation (Yang et al., 2020). The precise point posi-
tioning (PPP)-Acoustic (PPP-A) is much more helpful for
the ocean real-time positioning, especially the satellite-
based PPP provided by BeiDou global navigation satellite
system (BDS-3), because it broadcasts the precise satel-
lite orbit and clock correction by the Geostationary (GEO)
satellites, rather than the Internet (Li et al., 2022; Yang
et al., 2022; Zhang and Wang, 2023). The key issue of the
GNSS-A underwater positioning is the acoustic observa-
tion model error compensation, in which the sound speed
variation in different environments should be carefully

taken into account (Chen et al., 2019; Qin et al., 2022,
2023; Yang and Qin, 2021; Zhao et al., 2021). As we
know that the sound speed is different in different region,
even at different depth or different direction at the same
region due to the inhomogeneity of the water column den-
sity (Yamada et al., 2002). Therefore, it is impossible to
establish an acoustic observation model as precise as
GNSS (Fujita et al.,, 2006; Yamada et al., 2002; Yang
et al., 2020).

It is well known that the ocean sound speed is the
key parameter affecting the underwater acoustic position-
ing and navigation (Sato and Fujita, 2004). A commonly
used method is to employ the sound speed profile (SSP)
measurements to correct the ray refraction. As we could
not get the SSP measurements point by point, the spatio-
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temporal interpolation methods have been employed to
obtain the approximate sound speed parameter, such as
the method based on the experiential orthogonal func-
tions (EOF). In addition, an inversion method for instanta-
neous SSP area difference (Sun et al., 2024) and the sound
speed field (SSF) based on back propagation (BP) neural
network were developed which take the ocean tempera-
ture, salinity and pressure observations into account
(Wang et al., 2020). A sound speed field forecasting based
on the least square support vector machine proposed
by Wang et al. (2024) may be helpful to construct
the sound speed observation model. A positioning model
with regard to elevation angles and sound speed error
corrections has also been proposed (Liu et al., 2020,
2021).

However, subject to the spatio-temporal variation
complexity of the sound speed, the sound speed error in
SSP can cause a difference between the actual travel time
and the calculated reference one. Therefore, the time
error compensation models need to be developed by
attributing the sound speed error to the time error (Kido
et al., 2008; Kinugasa et al., 2020; Watanabe et al., 2020).
In order to reduce the influence of sound speed variation,
a compensation model with a time dilation factor was de-
veloped, in which the sound propagation time is multi-
plied by a dilation factor (Kido et al., 2008; Watanabe
et al., 2020). Note that the Doppler effect can also be at-
tributed to the time error effects (Asada and Yabuki,
2001; Ikuta et al., 2008; Xu et al., 2005), i.e., the Doppler
shift bias parameter should be compensated in the acous-
tic observation equation when it is not corrected suffi-
ciently at the signal cross-correlation processing (Zhang
etal., 2025).

In order to compensate the sound speed temporal per-
turbations, an additional error term can be added to the
observational model by the local polynomial or B-spline
model (Fujita et al., 2004, 2006; Zhang et al., 2023). If the
error compensation of the sound speed variation is taken
into account more finely, then the gradient effects of the
sound speed relative to the reference speed should be
added to the observational model (Kido, 2007; Kinugasa
et al., 2020; Ming et al., 2023; Yasuda et al., 2017; Yoko-
ta et al., 2019). Meanwhile, the sound speed variation esti-
mated from GNSS-A data may reflect some ocean struc-
tures (Yokota et al., 2019).

A so-called resilient acoustic observation model with
constant speed error compensation term, time bias com-
pensation term and periodic terms was proposed (Qin
et al., 2022; Wang et al., 2023; Yang and Qin, 2021).
These models accord with the best fitting degree of obser-
vation residuals by considering the physical mechanism
more exactly, thus achieving better positioning accuracy.
In addition, the separation of different parameters is ad-
dressed well through iterative refinement.

This paper focuses on the time bias model analysis
and finer sound speed spatio-temporal structure. Firstly,
Section 2 summarizes the existing two classic models
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compensating for sound speed error. Then a time split
model is proposed in Section 3, in which the sonar propa-
gation time is presented by the sum of the theoretical time
and a bias. Meanwhile, the physical meanings of the pro-
posed model are analyzed. In Section 4, an optimal single-
layer model and multi-layer model are developed, based
on the sound speed perturbation model with two-layer
spatial gradients, to improve the positioning accuracy by
constructing a more reasonable sound speed structure.
Section 5 verifies the effectiveness of the proposed mod-
els by using Japanese open data. Finally, conclusions are
given in Section 6.

2 Time ratio model compensating for sound
speed error

GNSS-A positioning generally adopts the round-trip
time observations. The sea-surface transducer transmits an
acoustic ranging signal to the seafloor transponder, then
the transponder retransmits the signal to the sea-surface
transducer, finally the sea-surface transducer receives the
retransmitting signal. The signal round-trip travel time is
denoted as ¢;. Let 7, be the theoretical value of the signal
round-trip traveling interval. Subject to complexity of the
ocean environment, it is inevitable that the signal travel
time period #; does not equal to the theoretical time peri-
od T i.e., t; # #;. In order to improve the seafloor acous-
tic positioning accuracy, firstly, the accuracy of acoustic
range measurement should be improved. If the ranging er-
ror is attributed to the acoustic signal propagation time er-
ror, then the range error influence can be expressed by
time error compensation term. To represent the sound speed
variation, the time radio model was first proposed by Ki-
do (Kido et al., 2008), while the early version of Nadir
Total Delay (NTD) model (Honsho and Kido, 2017;
Tomita et al., 2019; Xue et al., 2023) was presented as
well.

Lij
a= =, 1
. M)
8t = (ty — ) cos b, (2)

where, the ratio a and the normalization of time residual
5t both represent sound speed variation; ¢ denotes the
slant angle. The two models have played an important role
for GNSS-A positioning in the following decade. Chen
(2014) proved that the two models are equivalent when
applying a moving survey.

Furthermore, when a=1 in Eq. (1), the theoretical
time is the same as the observation time, meaning that
there is no systematic error in the acoustic propagation. If
the perturbation A of the acoustic signal traveling time is
introduced, we need to find a particular function a = f{1)
such that it is monotonic around 0 and f{0) = 1. Watanabe
et al. (2020) adopted a = ¢, that is, the acoustic signal
traveling time is expressed as
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ty = 'ty + Ay, (3)

where A; denotes the random error. To separate the dis-
crepancy ratio from the theoretical time I @ logarithmic
transformation to the observation model (3) was proposed
(Watanabe et al., 2020), and it reads

In(t;) = In(t;) + 4 + Agj, 4)

where In(t;) is the virtual observation, A} is the random
error of the virtual observation, 1 is a systematic error
term.

However, from Eq. (3) to Eq. (4), the distribution of
the random error vector Aj is not clear for us. Further-
more, the relation of A; and A is following:

%:—m(—%%. )

i

From the relation of A} and A;, we find that the extra
error caused by the nonlinear time conversion in Eq. (4)
can be ignored only when the relative observation accura-
cy is high enough.

3 Time split model compensating for the
acoustic ranging error

In order to avoid the logarithmic operation in Eq. (4),
we chose the function a =1 +1 to construct GNSS-A po-
sitioning equation, which also satisfies monotone around
0 and equals 1 at 0. Then we have:

ti= A+ 1t + Ay (6)

Assume that there is a time bias 8; caused by the im-
perfection of the acoustic signal propagation, which re-
sults in

tj = b + Ay + Dy = G + Ot + Dy, ™

where 5t; is the time bias in the acoustic signal traveling
period, A; is the random error. The time error model ex-
pressed by Eq. (6) is called as discrepancy split model or
split model for short.

The bias §t; is multi-sourced, such as the hardware de-
lay of the seafloor transponder and the time bias due to the
doppler effect. Comparing the two kinds of time error
models expressed by Eq. (3) and Eq. (6), we find the fol-
lowing facts.

1) The time split model does not change the original
time error distribution, which results in simpler calcula-
tion and easier error analysis. It is obvious that the time
split model (6) avoids the nonlinear transformation, there-
fore, we recommend the model (6) as a basis to establish
the acoustic observation model.

2) The time split model (6) closely connects to the
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time ratio model (3), we have approximately e* =1+ 1 at
2 = 0. Therefore, the model (6) is nearly the same as the
time ratio model (3), but the related acoustic range error
model is easier to be established based on the time split
model (6). It should be noted that the ratio model and the
time split model have a similar performance of high-accu-
racy.

3) The time split model can be easily proved to be
equivalent to the NTD model.

_ ' 1 1 1 1
tij_/ C(u)COSHdMNCOSQ/C(u)du_COSQ.T*’ ®

where ¢ is the slant angle of the ray, T* is the reference
time of the signal traveling time along the vertical direc-
tion, C(u) is the measured sound speed profile using a
conductivity-temperature-depth (CTD) or an expendable
bathy-thermograph (XBT) profiler. Then Eq. (6) can be
transformed into:

_ _ _ 1
L = bj + Al + Ay = l’ij-l—@/”—*-‘rA[j. )

It can be found that Eq. (9) and Eq. (2) have similar
expressions through transformation, so they should have
similar performance when taking a moving survey.

4) The physical meanings of the time split model are
diverse. There are, at present, mainly three factors leading
to the time error, namely the hardware delay, Doppler ef-
fect and sound speed variation. If only the hardware time
delay is considered, §t; = Ay, where Ay is the hardware
time delay of jth transponder. If only the Doppler effect is
considered, then §¢; = E@At, where p is the Euclidean
distance between the transponder and the transducer, c is
the sound speed. Meanwhile, as we mentioned earlier, if
only sound speed variation is considered, §t; = A%;, where

A represent sound speed variation.

4 Sound speed perturbation model with op-
timal single-layer gradient and multi-layer
gradients

Considering the importance of sound speed error in
underwater positioning, we only discuss the sound speed
perturbation based on Eq. (6) in this section. As men-
tioned above, whichever model is chosen, the key is how
to model the distribution 1. A reasonable assumption is
that the sound speed structure is stable within a short time,
so local polynomials and B-splines are widely used in pre-
vious studies. For example, the smooth spline additive
model in (Watanabe et al., 2020):

h=a(D) + La(n) + Ram) (10)

where ay(T), a,(T) and a,(T) are the cubic B-Spline mod-
els, ao(T) represents the temporal variation of sound
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speed, a,(T) and a,(T) denote the temporal variations of
horizontal gradients in deep and shallow seawater, respec-
tively. X is the coordinate difference vector between the
sea-surface transducer position and the centric position of
the surface tracking trajectory, P is the coordinate differ-
ence vector between the seafloor transponder position and
the centric position of the seafloor geodetic array, L* is the
reference distance between the transducer and tran-
sponder. The smooth additive spline model has inter-
pretability, and it makes good use of the local features of
GNSS-A observations, thus achieving better positioning
results.

The positioning performance of the spline model de-
pends a good deal on the construction of smoothness con-
straints (may also be known as the prior stochastic model
of parameters), which needs additional estimation criteri-
on. Our goal, in this paper, is to see how we can build a
function model more reasonably under the same hyperpa-
rameter settings in order to improve positioning accuracy,
and this is related to the spatio-temporal structure of
sound speed.

As shown in Fig. 1, the transducer and seafloor
transponders are placed in the local-coordinate system.
Red line represents the vertical profile at the coordinate
system’s origin, and we assume that its sound speed struc-
ture is the same as the reference sound speed profile. The
single-layer spatial gradient model different from Eq. (10)
which considers gradients in shallow and deep layers, is
arrived on the assumption that there is the spatial varia-
tion of sound speed within only one certain layer. To sim-
plify the model, it is assumed that acoustic rays propagate
along straight lines. The height difference between the
transducer and the transponder is H, and there is a hori-
zontal gradient caused by marine physical processes at
depth B, satisfying % =fi € (0,1). Meanwhile, the hori-
zontal coordinate vector of the point on acoustic ray at
depth A is S;. At this point, the sound speed perturbation
model with a single-layer spatial gradient can be ex-
pressed as:

A=ao(T) + ﬁal(T),

o (1n

where, a,(T) is the cubic B-spline model, denoting the
change of horizontal gradient corresponding to S; at depth
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Fig. 1. Single-layer spatial gradient model.
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. The following equation can be given according to the
geometric relationship shown in Fig. 1:

n
e

) —
pP-X

1

~
~

=J (12)

T

where, X and P denote the positions of transducer and

transponder in the local coordinate system, respectively.

And by deduction, we have:
Si=fiP+(1-f)X 13)

It can be seen that §; is a function of X and P. Putting
it into Eq. (11) and we have:

(14)

Simultaneously considering Eqs (10) and (14) we fur-
ther obtain that:

ay
a; + ax

fi=

(15)

This indicates that two-layer model in Eq. (10) is re-
lated to single-layer model expressed in Eq. (14). From
the expressions above, we find that the depth of single
layer can be derived from the estimated two-layer spatial
gradient variation based on Eq. (15) on one hand and on
the other hand, the single-layer gradient variation can be
decomposed into deep and shallow layers.

When the single-layer model is adopted, the key issue
is to determine the depth of water layer, i.e., f;. We pro-
pose a strategy for selecting optimal single-layer depth,
that is, we can decompose the depth into a series of single
layer depth f with equal intervals in (0, 1), based on the
assumption that the roughness of the spline curve is fixed,
and then the optimal depth is determined based on the cri-
terion that the positioning residual is minimum. The num-
ber of parameters and the prior stochastic model do not
change during the whole process, while only the depth of
single layer changes.

As shown in Fig. 2, when the complex sound speed
structure exists in the ocean, the sound speed perturbation
containing multi-layer spatial gradients can be derived
based on single-layer model (This assumes that there are n
layers):

A=ap(T)+ Y %a,-(r),

i=1

(16)
By substituting the Eq. (13) in Eq. (16), we can get:

= ao(T) + Zn:ﬁé’ai(r) + Z u 7ﬁ)X“i(T);

L*
i=1 i=1

a7

where, f; represents scaling factor corresponding to ith
layer; a;(T) is the cubic B-spline model describing spatial
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Fig. 2. Multi-layer spatial gradient model.

gradient variation at ith layer. When assuming that the
roughness of spline models in all layers is the same, Eq.
(17) can be transformed into:

n

A =ao(T) + (Z?) a(T) + (Z (1 zf)X> a)(T). (18)

i=1

This greatly reduces the complexity of the model
while keeping the same number of parameters as Eq. (10)
and makes sound speed perturbation model more flexible.

Similar to the single-layer model, what matters is how
to choose proper layers where spatial gradients need to be
considered. Based on the strategy adopted by single-layer
model, the residual standard deviations of all layers are
sorted from the minimum to the maximum, and the first
few layers are used for building multi-layer horizontal
gradient positioning model. During the whole of this ses-
sion, the complexity of the multi-layer model is the same
as Eq. (10), but thinking of more delicate structure of
sound speed disturbance.

5 Calculation and analysis

5.1 Data introduction

Japanese opened data are used to perform the calcula-
tion and analysis (Watanabe et al., 2021). MYGI site is
used to evaluate the positioning performance due to the
complex sound speed structure in the northeast area of the
Japan Trench, where the well-known Kuroshio Current
shows a meandering path (Liu et al., 2023). GNSS-A data
collected by MYGI station in April 2012 is used to verify
the proposed time split model. As shown in Fig. 3, there
are 8 seafloor geodetic stations in MYGI seafloor geodet-
ic array, and 41.3 hours observations were obtained from
April 22 to April 24, 2012. Meanwhile, the experimental
observations used in the test computation contain 8-re-
peated sessions (S01-S08) which provides a convenience
for performing the positioning accuracy verification and
comparison. Every session had the same trajectory on the
sea surface, as shown by the blue lines in Fig. 4.

To validate the proposed single-layer and multi-layer
sound speed perturbation models, 28 sessions of MYGI
station from December 2012 to June 2020 are used to cal-
culate long-term displacements of seafloor array. We ana-
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Fig. 4. Distribution of the sea-surface tracking lines (8
repeated tracks). D represents distance. E: east; N: north.

lyze the coordinate time series in two modes, namely, the
non-rigid array solution (Xue et al., 2024) and the rigid ar-
ray solution (Watanabe et al., 2020). Compared with the
former, the rigid array solution takes the geometry rela-
tionship between the transponders into account, thus
smoother time series can generally be obtained.

5.2 Comparison of time split model with time ra-
tio model

Firstly, we employ the same parametrization strategy
to solve the time split model (6) and time ratio model (3)
adopted by GNSS-Acoustic Ranging combined Position-
ing Solver (GARPOS V1.0), i.e., adopting the same B-
spline basis functions with the same smoothing parame-
ters. The results calculated by model (6) are compared
with the single-epoch solutions produced from GARPOS,
shown in Table 1. The GARPOS software adopts the rec-
ommended default parameter settings.

It shows from Table 1 that the biggest coordinate dif-
ference between the two models does not exceed 4 cm.
This means that the two models can be considered to be
equivalent to each other for achieving centimeter-level ac-
curacy positioning.

Figure 5 gives the residuals of the above two models.
It shows that the standard deviation of residuals for both
Model (6) and Model (3) is approximately 0.14 m and
there is no significant difference. The high-precision ob-
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Table 1. Comparison of the proposed time split model with GARPOS model
Time split model GARPOS Differences

Station
Dy Dy D, Dy Dy D, AD,  ADy  AD,
MO1 49.170 854.176 —1659.442 49.143 854.177 —1659.444 0.027 0.001 0.002
MO03 16.328 —791.520 -1 673.867 16.297 —791.536 —1673.871 0.031 0.017 0.005
MO04 —814.431 —1.348 -1 666917 —814.464 —1.358 —1 666.897 0.033 0.010 0.020
MO5 854.900 —33.930 —1677.945 854.891 —33.933 -1 677.967 0.009 0.003 0.022
M12 788.295 —199.421 —1676.583 788.276 —199.426 -1 676.607 0.019 0.005 0.023
M13 —31.421 —932.524 —-1675471 —31.454 —932.532 -1 675476 0.032 0.008 0.005
Ml14 —859.953 —138.444 -1 668.304 —859.978 —138.450 —1 668.285 0.025 0.006 0.019
M15 —4.248 898.134 —1659.589 —4.274 898.126 —1659.593 0.026 0.008 0.004
Center -0.170 —43.110 -1 669.765 -0.195 —43.117 -1 669.767 0.025 0.007 0.002

servations make additive error compensation model ap-
proximately equivalent to multiplicative error compensa-
tion model.

Figure 6 shows positioning results from these two
models based on the 8-repeated session observations. A
reasonable assumption is that the seafloor station remains
stable within two days, so the standard deviation of the
positioning series is important in the evaluation of model.
The standard deviations of coordinate series correspond-

Time ratio model Time split model
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2012-04-22 2012-04-23 2012-04-24
Time (UTC)

Fig. 5. Residual of time split model and GARPOS model.
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Fig. 6. Positioning series of 8 repeated test segments of
the center point of the network in Fig.3. U: up.

ing to GARPOS are 0.043 m, 0.029 m and 0.090 m, for
the north, east and up components, respectively. The stan-
dard deviations of coordinate series corresponding to the
time split model are 0.044 m, 0.026 m and 0.087 m, for
the north, east and up components, respectively. It can be
found that the time split model proposed in this paper can
provide the positioning results as accurate as those pro-
duced from the opened GARPOS V1.0. It should be high-
lighted that the strategy for selecting hyperparameters in
the model might be optimized to further improve the posi-
tioning accuracy.

5.3 Comparison of different sound speed pertur-
bation model under non-rigid array

To compare the positioning performance of different
sound speed perturbation models, three schemes are
adopted to obtain long-term coordinate series with non-
rigid array. It should be noted that all sound speed pertur-
bation models are based on the proposed time split model.
In order to evaluate the positioning accuracy of different
schemes, linear model X(¢) = Vi+ X, + A is used to fit the
time series of coordinate, where X denotes the three-di-
mensional coordinate vector of the seafloor array center;
V denotes the estimated displacement velocity vector of
the seafloor array center; A denotes the random error vec-
tor. The residual standard deviation (STD) of linear fit-
ting can reflect the positioning performance under differ-
ent schemes.

Scheme 1: two-layer spatial gradient model (includ-
ing shallow and deep layers) is adopted to estimate the co-
ordinates of transponders, and the Akaike’s Bayesian In-
formation Criterion (ABIC) criteria is used to obtain opti-
mal smoothness of B-spline functions (Watanabe et al.,
2020). Specifically, let p,/u; =10, where y, is the
smoothness parameter for a,(T), and g, is the smoothness
parameter for the horizontal gradient. Then the method for
searching the parameter y, is adopted to perform smooth-
ness searching by minimizing ABIC.

Scheme 2: with the same hyperparameters as in
Scheme 1, the single-layer spatial gradient model is em-
ployed.

Scheme 3: with the same hyperparameters as in
Scheme 1, the multi-layer spatial gradient model is adopted.
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Figure 7 shows the first three optimal layers selected
by positioning residual STD (the resolution of f is 0.1),
with blue, orange and green dots standing for first, sec-
ond and third layer respectively. Scheme 2 only adopts the
first layer, and Scheme 3 adopts three layers. It can be
seen from Fig. 7 that the optimal depth for horizontal gra-
dient is less than 0.4 /4 for most of the time. It indicates
that the spatial variation of sound speed usually happens
in the shallower layer and the sound speed structure near
seafloor is stable.

Figure 8 shows the positioning results of three
schemes under the non-rigid solutions. The black hollow
circles represent the time coordinate series of Scheme 1,
and the black lines illustrate the corresponding linear
trend of array displacements. The blue triangle symbols
represent the time coordinate series of Scheme 2, and the
blue lines show the corresponding linear trend of array
displacements. The red triangle symbols represent the co-
ordinate time series of Scheme 3, and the red lines show
the corresponding linear trend of array displacements. The
station velocity and residual STD of different schemes are
presented in Table 2.

According to Table 2, the differences of E/N/U sta-
tion velocities between Scheme 1 and Scheme 2 are 0.10
cm/a, 0.29 cm/a and 0.02 cm/a, respectively. The modifi-
cation in the sound speed perturbation model has an im-
pact on the estimation of station velocity. The residual
STD corresponding to Scheme 1 are 3.86 cm, 5.19 cm and
8.28 cm for the east, north and up components, respective-
ly, while those of Scheme 2 are 3.95 cm, 4.60 cm and 8.23
cm for the east, north and up components. The overall po-
sitioning performance of Scheme 2 is superior than that of
Scheme 1, especially in the N and U directions, demon-
strating that the optimal single-layer gradient model is
conducive to improving positioning accuracy. However,
the residual STD of Scheme 2 is worse than that of

0.7 1 —e— first layer
second layer
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Scheme 1 in the E direction, which suggests that there
may be more complex sound speed structure and multi-
layer sound speed gradient model should be considered.

It can be seen from Table 2 that the station velocity of
Scheme 1 is similar to that of Scheme 3. The differences
of E/N/U station velocities between the two schemes are
0.02 cm/a, 0.05 cm/a and 0.04 cm/a, respectively. Mean-
while, the residual STD corresponding to Scheme 1 are
3.86 cm, 5.19 cm and 8.28 cm for the east, north and up
components, respectively, while those of Scheme 3 are
3.54 cm, 4.79 cm and 8.09 cm for the east, north and up
components, with the improvement of 8.3%, 7.7% and
2.3%. In a word, Scheme 3 has better positioning accura-
cy while keeping the same estimation of station velocity
as Scheme 1, indicating that the proposed multi-layer
sound speed perturbation model weakens the influence
of complex sound speed structure, to some extent. It
should be emphasized that the number of parameters and
prior stochastic models of different models are the same,
which means that the sound speed model does not be-
come more complex although more fine structures are
considered.

5.4 Comparison of different sound speed pertur-
bation under rigid array
Similar to the ways under non-rigid array, three
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Fig. 7. Selected optimal layers. Fig. 8. Solutions of three schemes.
Table 2. Displacement time series analysis of three schemes
Station velocity Residual STD
Scheme
Ve/(cm-a™l) Vi/(cm-a™t) Vi/(cm-a™t) Rg/cm Ry/cm Ry/cm
Scheme 1 -6.21 -0.17 —3.55 3.86 5.19 8.28
Scheme 2 —6.11 0.12 —3.53 3.95 4.60 8.23
Scheme 3 —6.19 -0.12 —3.51 3.54 4.79 8.09

Note: V represents velocity; R, normalized distance STD.
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schemes are employed to obtain the long-term time series
of coordinate with rigid array. The linear model is also
adopted to obtain linear trend of positioning results. It
should be noted that the geometry relationship between
transponders is determined using the time series of
Scheme 1 with non-rigid array in Section 5.3.

Scheme 1: based on rigid array, two-layer spatial gra-
dient model (including shallow and deep layers) is adopt-
ed to estimate the coordinates of transponders.

Scheme 2: with the same hyperparameters as those in
Scheme 1, the single-layer spatial gradient model is em-
ployed based on rigid array.

Scheme 3: with the same hyperparameters as those in
Scheme 1, the multi-layer spatial gradient model is adopt-
ed based on rigid array.

The time coordinate series of the rigid array solution
of three schemes are shown in Fig. 9, where the black hol-
low circles represent the coordinate time series of Scheme
1, and the black lines illustrate the corresponding linear
trend of array displacements. The blue triangle symbols
represent the coordinate time series of Scheme 2, and the
blue lines show the corresponding linear trend of array
displacements. The red triangle symbols represent the co-
ordinate time series of Scheme 3, and the red lines show
the corresponding linear trend of array displacements. The
station velocities and residual STDs of different schemes
are presented in Table 3.

It can be seen from Table 3 that the differences of
E/N/U station velocities between Scheme 1 and Scheme 2
are 0.13 cm/a, 0.13 cm/a and 0.10 cm/a respectively, all of
which are greater than 10 mm/a. The residual STDs of
Scheme 1 are 2.92 cm, 3.31 cm and 3.56 cm for E, N and
U directions respectively, while those of Scheme 2 are
3.06 cm, 3.16 cm and 3.42 cm for E, N and U directions
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Table 3. Displacement time series analysis of three
schemes
Station velocity Residual STD
Scheme
Vel " & Rp/em Ry/em Ry/cm
(cm-a™!) (cm-a7!) (cmra™!)
Scheme 1 —5.87 0.52 -3.12 292 331 3.56
Scheme2 —5.74 0.65 -3.22 3.06 3.16 342
Scheme 3 —5.81 0.58 -3.08 280 327 342

respectively. It can be found that the rigid array solutions
clearly outperform the non-rigid array solutions given in
Section 5.3, and its positioning performances of different
components are similar. Meanwhile, single-layer model
has the improvement of 0.15 cm and 0.14 cm for the north
and up components, indicating that the selection of opti-
mal depth of gradient can improve positioning accuracy,
only the residual STD in E direction of Scheme 2 is a lit-
tle bit worse than that of Scheme 1.

According to Table 3, the differences of E/N/U sta-
tion velocities between Scheme 1 and Scheme 3 are
0.06 cm/a, 0.06 cm/a and 0.04 cm/a respectively, all of
which are less than 1mm/a. The residual STDs of Scheme
1 are 2.92 cm, 3.31 cm and 3.56 ¢cm for E, N and U direc-
tions, respectively, while those of Scheme 3 are 2.80 cm,
3.27 cm and 3.42 c¢cm for E, N and U directions. The mul-
ti-layer sound speed perturbation model has the improve-
ment of 0.12 ¢cm, 0.04 cm and 0.14 cm for E/N/U compo-
nents, respectively, which means that the proposed model
not only represents more reasonable sound speed struc-
ture, but also improves underwater positioning accuracy.

In both non-rigid solutions and rigid solutions, the
proposed optimal single-layer gradient model and multi-
layer gradient model could potentially improve underwa-
ter positioning accuracy. At the same time, they also pro-
vide flexibility to the construction of sound speed pertur-
bation while maintaining the same model complexity.
Therefore, based on above proposed models, there is no
need to extract some ocean structures by using Eq. (15).

6 Conclusions

The underwater acoustic positioning errors come from
complex ocean environment effects and the equipment
hardware errors, as well as the model errors. Over the
past two decades, scholars have suggested various acous-
tic positioning models from different viewpoints. Through
formula derivation, it is shown that partial parameteriza-
tion models might be approximately equivalent in a
certain extend. It is recommended that the model has a
concise form and specific physical meanings should be
adopted.

For sound speed perturbation, the optimal single-layer
gradient model and multi-layer gradient model are pro-
posed based on the time split model. Under the non-rigid
array, our results show that the scheme with the multi-lay-
er sound speed perturbation model improves the position-
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ing accuracy by about 8.3%, 7.7% and 2.3% for the east,
north and up components. Meanwhile, for rigid array, the
multi-layer sound speed perturbation model has the im-
provement of 0.12 c¢cm, 0.04 cm and 0.14 cm for E/N/U
components, respectively. This shows that the multi-layer
sound speed perturbation model can improve positioning
accuracy without an increase in model complexity. What’
s more, this does favor on understanding sound speed
structure generated by ocean currents.

In summary, the time split model proposed in this pa-
per should be recommended because this model compen-
sates the time error in a direct linear manner without the
nonlinear logarithmic transformation which increases the
complexity of the error distribution. Moreover, more flex-
ible sound speed perturbation models are beneficial to re-
duce the influence of sound speed variation, thus improv-
ing underwater positioning accuracy.
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