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Abstract

The Stokes production coefficient (E,) constitutes a critical parameter within the Mellor-Yamada type (MY-type)
Langmuir turbulence (LT) parameterization schemes, significantly affecting the simulation of turbulent kinetic
energy, turbulent length scale, and vertical diffusivity coefficient for turbulent kinetic energy in the upper ocean.
However, the accurate determination of its value remains a pressing scientific challenge. This study adopted an
innovative approach by leveraging deep learning technology to address this challenge of inferring the E;. Through
the integration of the information of the turbulent length scale equation into a physical-informed neural network
(PINN), we achieved an accurate and physically meaningful inference of E;. Multiple cases were examined to
assess the feasibility of PINN in this task, revealing that under optimal settings, the average mean squared error of
the Eg inference was only 0.01, attesting to the effectiveness of PINN. The optimal hyperparameter combination
was identified using the Tanh activation function, along with a spatiotemporal sampling interval of 1 s and 0.1 m.
This resulted in a substantial reduction in the average bias of the E; inference, ranging from O(10!) to O(10?) times
compared with other combinations. This study underscores the potential application of PINN in intricate marine

environments, offering a novel and efficient method for optimizing MY-type LT parameterization schemes.
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1 Introduction

Langmuir circulation (LC), which results from the interplay
between Stokes drift and mean flow (Craik and Leibovich, 1976;
Suzuki and Fox-Kemper, 2016), induces Langmuir turbulence
(LT) and exerts a substantial influence on the dynamics of the
upper ocean (Cao et al., 2019). To depict the additional mixing
induced by the LT in the Reynold-Averaged Numerical Simula-
tion (RANS) model, Kantha and Clayson (2004) (KC04) integ-
rated a Stokes-Euler cross-shear production (P) into the Mellor-
Yamada type (MY-type) closure scheme (Kantha and Clayson,
1994; Mellor and Yamada, 1974, 1982). This integration affected
both the turbulent kinetic energy (TKE) and turbulent length
scale equations. Building upon the KC04 scheme, Harcourt
(2013, 2015) (H13, H15) introduced the Craik-Leibovich vortex
force (Craik and Leibovich, 1976) into algebraic Reynolds stress
models. This inclusion addressed the influence of LC on the sta-
bility functions, TKE, and turbulent length scale equations, with
the aim of optimizing the LT parameterization scheme. To
achieve this optimization, the KC04, H13, and H15 schemes all
incorporated the Stokes production coefficient (Eg) in the turbu-
lent length scale equation, scaling the LT effect.

Despite the critical role of E; in the MY-type LT parameteriza-
tion scheme, a standardized methodology for its inference re-
mains elusive. In the KC04 scheme, E; was initially set to 4.0 by
Kantha and Clayson (2004) before being adjusted to 7.2 by

Kantha et al. (2010). Harcourt (2015) modified E4 to 6.0 in the
H15 scheme to address excessively high intermediate layer max-
ima and enhance simulations in ideal cases. Unfortunately, these
E, values were selected based on experiential knowledge and
comparative experiments, potentially needing more accuracy in
representing realistic turbulent conditions (Martin and Savelyev,
2017). Meanwhile, these fixed values make the RANS results sub-
ject to some error compared to the results of more accurate large
eddy simulations (LES) in various wind and wave conditions
(Harcourt, 2013, 2015). It is evident that the performance of
RANS models is notably sensitive to the selection of empirical
parameters, highlighting the challenges associated with paramet-
er choices (Xiao and Cinnella, 2018). Given the inherent com-
plexity of non-linear partial differential equations (PDEs) in tur-
bulent systems, developing a robust method for accurately infer-
ring the optimal value of E; to improve the MY-type LT paramet-
erization schemes remains an urgent scientific concern. Since
the KC04 scheme is the basis in the MY-type LT parameteriza-
tion schemes, it was decided to use the KC04 scheme as the ob-
ject in this study to explore the method of inferring the E in it,
which could provide more informative and meaningful results for
the study of LT parameterization schemes including H13 and
H15, etc.

Traditional methods for inferring and estimating empirical
parameters in RANS models include the ensemble Kalman filter
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(Kato and Obayashi, 2012), evolution methods (Gimenez and
Bre, 2019), and Bayesian inference (Doronina et al., 2020;
Hemchandra et al., 2023). However, these methods may not fully
incorporate explicit physical constraints during the parameter in-
ference process. This limitation becomes particularly critical in
complex nonlinear problems, like handling high-dimensional is-
sues and sensitivity to local optima, especially in scenarios de-
manding strict adherence to physical laws. In this context, the
physics-informed neural network (PINN) offers a groundbreak-
ing approach. Distinguished by its integration of deep learning
with physical constraints in loss functions, PINN ensures accur-
ate learning of input-output mappings while strictly adhering to
pertinent physical laws (Raissi et al., 2019). Crucially, PINN has
demonstrated its capability to maintain physical consistency and
effective learning even in data-limited scenarios, a notable chal-
lenge for traditional methods (Bajaj et al., 2023; Xu et al., 2023).
PINN, on the other hand, through its meshless nature, can fit the
governing PDEs directly in continuous space, effectively avoid-
ing the errors and complexities that may be introduced by tradi-
tional discretization methods, which is particularly critical for
capturing the complex dynamics of turbulent flow fields
(Abueidda et al., 2021; Raissi et al., 2019; Raissi and Karniadakis,
2018). These allow it to be used as a complement to traditional
methods to solve inverse problems in highly nonlinear problems.
When using PINN to solve inverse problems, constraint data
plays an indispensable role. The constraint data, even if limited
and possibly noisy, is essential for accurately deducing unknown
parameters in the governing PDEs. Constrained by the given data
and PDEs, PINN can accurately model and reflect the actual be-
havior of physical systems in the solution domain, ensuring that
the inferred values of parameters are not only theoretically sound
but also practically accurate.

The efficacy and accuracy of PINN in various tasks related to
parameter inference in RANS models have been thoroughly val-
idated. For instance, PINN has demonstrated the accurate infer-
ence of roughness parameters in one-dimensional differential
equations (Cedillo et al., 2022) and the optimization of empirical
parameters in k-¢ closure schemes (Luo et al., 2020). Nonethe-
less, it is crucial to emphasize that a specific configuration effect-
ive for one set of equations in PINN may not necessarily yield
similar results for others (Raissi et al., 2019). Additionally, there is
currently no empirical evidence to support the effective infer-
ence of LT-related parameters in MY-type parameterization
schemes using PINN. Therefore, this study aimed to assess the
feasibility and accuracy of E inference using PINN based on the
classical KC04 scheme. The selection of an activation function
holds paramount importance in ensuring the reliability and pre-
cision of a PINN, particularly when conferring non-linear proper-
ties (Abbasi and Andersen, 2023; Ramachandran et al., 2018).
Smoother activation functions (e.g., hyperbolic tangent and sine
function) outperform non-smooth activation functions (e.g.,
ReLU) in PINN (Zhang et al., 2022). However, the choice of activ-
ation function is contingent on the specific task at hand (Jagtap et
al., 2020). Additionally, as a numerical approach, PINN is signi-
ficantly affected by the sampling intervals (Krishnapriyan et al.,
2021; Wu et al., 2023). Consequently, for the spatiotemporal de-
pendence problem, the experimental selection of appropriate
sampling intervals is indispensable.

Given this, this study conducted numerical simulations to ex-
amine the response of turbulent variables to variations in E; us-
ing a water column model with the KC04 scheme. This determin-
ation established the sampling depth range for the PINN model.
Subsequently, the feasibility and accuracy of inferring E; using

the PINN model were evaluated. The impact of two critical hy-
perparameters, namely, the activation function and spatiotem-
poral sampling interval of the input data, was also thoroughly in-
vestigated. The optimal configuration for employing PINN in this
specific task was identified through this comprehensive explora-
tion.

This paper is organized as follows. Section 2 provides an over-
view of the one-dimensional column model embedded with the
KC04 scheme and introduces the PINN architecture for Eg infer-
ence. Section 3 outlines two sets of sensitivity experiments, with
the first focusing on the numerical sensitivity of modelling turbu-
lent variables to variations in Eg. The second set evaluates the
feasibility of PINN for the E inference task and presents the op-
timal solution for the two key hyperparameters. Section 4
presents the results of the two experiment sets. Subsequently,
Section 5 discusses and analyzes the experimental results, and
Section 6 offers a comprehensive summary and outlook.

2 Material and methods

2.1 Turbulence model

The primary impact of LT is observed in vertical mixing of the
upper ocean (McWilliams and Sullivan, 2000). Therefore, em-
ploying a water column model is advantageous for characteriz-
ing the vertical variation of each physical variable, facilitating a
rational simplification of the associated physical processes. The
General Ocean Turbulence Model (GOTM), a widely utilized
one-dimensional column model for studying LT parameteriza-
tion schemes (Li et al., 2019; Umlauf et al., 2006; Umlauf and
Burchard, 2005), was employed in this study to simulate the tur-
bulent variables. The GOTM offers a flexible interface for modify-
ing turbulence closure models to solve the closure problems oc-
curring in Reynolds-Averaged equations. In particular, the KC04
scheme introduces P into both the TKE equation and the turbu-
lent length scale equation. The KC04 scheme used in this study is
shown as

0> 0 0q°
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0g°1 0

2
5 ~ 2 (Kq%) + E,IP + EglPs + E3lPy, — Wig,  (2)
where z and ¢ are the spatial and temporal coordinates, respect-
ively; g is the turbulent velocity scale; [l is the turbulent length
scale; K, is the vertical diffusivity coefficient for ¢ and ¢*; Wis
the Wall function, taking a value of 2.33 near the sea surface;
E, and E, are model constants, consistent with those used in
Martin and Savelyev (2017); E; is the Stokes production coeffi-

cient; and P, P, P,, and ¢ are the mean flow shear production

shown as
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and the Stokes-Euler cross-shear production shown as
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and the buoyancy production shown as
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and dissipation term shown as
&= T (6)

where b, is a model constant, consistent with those used in Mar-
tin and Savelyev (2017); the TKE was calculated as ¢2/2; (u, v) and
(us, 1°) are the east-west and north-south components of the Eu-
lerian mean current and Stokes drift, respectively; K,; and K}, are
the vertical eddy viscosity coefficient and the vertical diffusivity
coefficients for tracer, respectively; g corresponds to the gravita-
tional acceleration; p is the potential density of seawater; and p, is
the reference seawater density. K, is equal to 0.41Ky (Martin and
Savelyev, 2017).

2.2 Physical-informed neural network

Addressing inverse problems inherently involves understand-
ing the form of the differential operator and inferring unknown
empirical parameters through a data-driven computational pro-
cess. The structure of this methodology is shown in Fig. 1, illus-
trating the PINN architecture proposed by Raissi et al. (2019) for
inferring the Stokes production coefficient E; within the KC04
scheme. At the core of this architecture lies a feed-forward neur-
al network adept at efficiently linking spatiotemporal coordin-
ates with the parameter to be inferred, as well as turbulent vari-
ables requiring differential operations. To ensure that the in-
ferred results align accurately with physical laws, necessary phys-
ical constraints are established by employing automatic differen-
tiation techniques (Baydin et al., 2017; Paszke et al., 2017;
Wengert, 1964).

The state of spatiotemporal evolution of the turbulent vari-
ables u(z, t) is considered as a function of the spatiotemporal co-
ordinates. A feed-forward neural network, uNN(z, t; 8), essentially
approximates a function comprising N layers, including one in-
put layer, N; — 2 hidden layers, and one output layer. Therefore,
the utilization of uNN(z, t; #) to approximate u(z, t) can be ex-
pressed as presented as

u(z, t) = uNN(z, £60) = Wy, 10 (- Wao (Wi[z, 4 + by) +
by---)+ by -1, @)

where W, denotes the weight matrix, b; denotes the bias vector,
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and the combination of these two forms the learnable parameter
matrix 6 = [W;; b], i denotes the i-th layer of the network, and o
denotes the activation function. The N| layer of the network is the
output layer, which is linear and does not need to go through the
activation function operation again. To enhance the generaliza-
tion ability of the model over different solution domains, the in-
put coordinate (z, t) will be first normalized when fed into the
network, and the normalization formula is shown as

- z — min(z) 1
N max(z) — min(z) g
¢t — min(#) ®

t=2x max(f) — min(f)

It is important to note that the normalization performed here
is done after (z, t) is fed into the network, while it is still the ori-
ginal (z, t) that is involved in the computation when performing
the automatic differentiation. To achieve optimal fitting, we con-
structed a data loss function by incorporating known data at the
sampling points, enabling backward propagation for tuning the
network parameters. The expression for the data loss function in
the PINN is provided as

2
Ldata = ’ (9)
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where M is the number of temporal coordinate points, N is the
number of spatial coordinate points, i is the i-th spatial coordin-
ate point, and j is the j-th temporal coordinate point.

To ensure the physical constraint and match an optimal fit
between the PDE and the known data, a physical loss function
constrained by the PDE should be developed. Utilizing the auto-
matic differentiation technique facilitates the acquisition of the
partial derivatives of u (z, t; #). Here, u, denotes the first-order
partial derivative of u concerning the z, u,,denotes the second-
order partial derivative, and so on. The general form of the PDE
can then be expressed as

G(ur azu; atu/"' ’ 827,”/"' ;uC;Z; L )\) =0, (10)
where A denotes empirical parameters in PDE. We replaced the
u(z, t) in Eq. (10) with the uNN(z, t; #) and then obtained its left-

hand side term defined as fNN(z, £; 6), resulting as

turbulence length scale equation
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Fig. 1. Architecture of physical-informed neural network for key parameter Eg inference in KC04. TKE, turbulent kinetic energy.
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where u¢ represents the variables directly provided to structure
the physical loss function, eliminating the need for differential
operation. Consequently, the physical loss function can be writ-

ten as

2

Lppg = %VNN x0). (12)

Finally, the overall loss function in the PINN comprises both
the data loss function and physical constraint loss function
shown as

Liotal = Wdata X Ldata + WppE X LpDE, (13)
where wy,,, and w;; are the tunable weights assigned to the data
loss function and the physical loss function, respectively (Wight
and Zhao, 2020). The inclusion of geometry, boundary condi-
tions, or initial conditions within the loss function is not mandat-
ory. The inferred value Ej can be calibrated according to
arg min (Liotar) -

In this study, the feed-forward neural network was fed spati-
otemporal coordinates (z, t) as the input. The output layer gener-
ates key variables including TKE, /, Kq, and E;. Among these, TKE,
l, and K are subject to dual constraints, aligning with the data
derived from the GOTM as part of the data loss function and ad-
hering to the turbulent scale equation within the physical loss
function. In contrast, Ey is regulated solely by the physical loss
function. The turbulent length scale equation defined in the
KC04 scheme serves as the foundational physical constraint ex-
pressed as

O(2TKENY)NN 9 N O(2TKENN) NN
Lycos = ————— — — KN —F—— | -
ot 0z 0z
E\INNp — FfNNNp _ B NNpy + WiNNg, (14)
Furthermore, variables such as P, P, P, and ¢ were incorpor-
ated directly into the physical loss function.

3 Experimental design

Two sets of experiments were conducted in this study. The
first set, designated as the GOTM sensitivity experiment set
(Setl), was used to examine the effects of E; on GOTM simula-
tions. The results of this set inform the selection of the sampling
depth range for subsequent experiments. The second set, de-
noted as the PINN hyperparameters sensitivity experiment set

Table 1. Experimental sets and experiment settings

(Set2), encompassed two specific experiments: the activation
functions sensitivity experiment (Exp1) and the sampling inter-
vals sensitivityexperiment (Exp2). These experiments were de-
signed to investigate the effects of various activation functions
and spatiotemporal sampling intervals of input data on the feas-
ibility and accuracy of the E inference. An overview of the exper-
imental framework is listed in Table 1.

3.1 GOTM sensitivity experiment set (Setl)

Setl included four distinct cases utilizing preset values of
Eyin GOTM: 5.0, 6.0, 7.0, and 8.0. All the cases were situated at
50°N and initialized as cold-start simulations. The wind forcing
was characterized by a steady surface friction speed (u*) of
0.011 8 m/s and a surface Stokes drift speed () 0f0.092 1 m/s.
The models featured a water depth set at 50 m, with 500 vertic-
ally distributed layers spanning from the surface to the bottom.
The total simulation time was 10 hours, employing a simulated
time step and output interval of 1 s. Variables including TKE, [,
Kq, P, P, P, and ¢ from the last 300 s, were output for subsequent
analysis and experiments. The focus was on assessing the sensit-
ivity of TKE, J, and K, to variations in Eg, ultimately determining
the most sensitive depth range for the sampling depth range.

The Langmuir number governs the occurrence of LCs in lam-
inar flow. The Langmuir number (La) was calculated using
Eq. (15) as described by McWilliams et al. (1997):

La = \/u*/uj =~ 0.36.

In developed oceanic conditions where thermal effects are
negligible, LT becomes essential for mixing when the La is less
than 0.7 (Li et al., 2005). A decreasing La signifies an increasingly
dominant influence of the LT effects in the mixing process. With-
in the established parameters, a La of 0.36 indicates significant
LT effects.

15)

3.2 PINN key hyperparameter sensitivity experiment set (Set2)
Set2 involved the exploration of key hyperparameters in
PINN. Specifically, three PINN models, each utilizing the shortest
spatiotemporal sampling intervals, were constructed to investig-
ate the influence of activation functions in Expl. Subsequently,
four additional PINN models were generated in Exp2 to evaluate
the effects of longer sampling intervals using the optimal activa-
tion function identified in Expl. These PINN models were ap-
plied to the simulated variables (TKE, [, K, P, P,, Py, and ¢) from
four cases (Cases 1, 2, 3, and 4) in Setl within the established
sampling depth range (30 m) and 300 s time range, resulting in a
total of 28 inferred E; values. Expl yielded 12 inferred results,
while Exp2 produced 16. During the training of the PINN models,

Experimental set (number) Experiment (number) Actlva.tlon Sampling intervals Preset E; value (case number)/
function model number
GOTM sensitivity experiment set (Set1) / / / 5.0 (Case 1), 6.0 (Case 2),
7.0 (Case 3), 8.0 (Case 4)
PINN key hyperparameters Activation Functions sensitivity Tanh At=1s,Az=0.1m Model 1_1
sensitivity experiment set (Set2) experiment (Expl) Arctan At=1s Az=0.1m Model 1 2
Sin At=1s,Az=0.1m Model 1_3
Sampling intervals sensitivity ~ the optimal Af=2s,Az=0.1m Model 2_1
experiment (Exp2) oneinExpl ,,_ & s, Az=0.1m Model 2_2
At=1s,Az=0.2m Model 2_3
At=1s,Az=0.5m Model 2_4

Notes: / indicates that the item is not set or used in the experiment set.
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network hyperparameters, including the number of layers, num-
ber of neurons, and optimizer settings, significantly affected
model performance. Unlike traditional deep-learning frame-
works that use validation sets for hyperparameter tuning, this ap-
proach is not directly applicable to PINN because of its primary
use in numerical simulations. Consequently, parameter tuning in
the PINN relies heavily on experience and physical intuition. A
neural network with 2 to 6 hidden layers with 20 to 60 neurons
per layer can approximate most of the continuous functions well
(Lou et al., 2021). Given the complexity of the task in this study
and the previous research base, the number of network layers
was set to 3, and the number of neurons per hidden layer was set
to 64 (Depina et al., 2022; Yuan et al., 2022; Zhang et al., 2023;
Tartakovsky et al., 2020). Furthermore, the well-performing
AdamW was chosen (Bolandi et al., 2023; Li et al., 2022; Sun et al.,
2023) as the optimizer. The feasibility and accuracy of the Eg in-
ference were assessed by comparing the inferred results with the
preset Eg values in the corresponding cases using the squared er-
ror (SE), as calculated as

SE=(y—7)° (16)

where y represents the preset value of E; in the corresponding
case, and j is the inferred value of E. The use of SE ensures that
all biases are positive and assigns greater weight to larger dis-
crepancies, facilitating a quantitative analysis of the most suit-
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able hyperparameters for inferring E.

In the use of PINN to solve various inverse problems, the hy-
perbolic tangent function (Tanh) is typically employed in many
scenarios (Sharma and Shankar, 2022; Xu et al., 2023). While the
inverse tangent function (Arctan) has a mathematical expression
and form that are extremely similar to those of the Tanh, the ef-
fectiveness of Arctan as an activation function in PINN has not
yet been fully validated. Additionally, employing the sine func-
tion (Sin) in PINN can enhance training speed and result accur-
acy in certain scenarios (Faroughi et al., 2024; Waheed, 2022).
Therefore, in Expl, models utilizing Tanh, Arctan, and Sin as ac-
tivation functions were incorporated to test their feasibility and
accuracy in inferring Ej, all while maintaining consistent spati-
otemporal sampling intervals (1 s and 0.1 m) and network struc-
tures. The optimal activation function identified in Exp1 was sub-
sequently employed in constructing the following PINN models
in Exp2.

Exp2 involved the construction of four PINN models, as de-
tailed in Table 1, where each model used the same activation
function and network structure to focus on assessing the impact
of different temporal and spatial sampling intervals on PINN per-
formance in E4 inference. The temporal intervals of Models 2_1
and 2_2 were dilated from 1 s to 2 s and 5 s, respectively. Mean-
while, the spatial intervals of Models 2_3 and 2_4 were expanded
from 0.1 m to 0.2 m and 0.5 m, respectively. The sampling illus-
trations are presented in Figs 2b-e. The inferred results gener-
ated by Models 2_1 and 2_2, referred to as the temporal group,
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Fig. 2. Illustration of spatiotemporal sampling interval combinations. a. Illustration for Exp1; b-e. illustration for Exp2.
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examined the temporal sensitivity of E; inferences. The results
produced by Models 2_3 and 2_4, termed the spatial group, were
used to assess spatial sensitivity.

4 Results

4.1 GOTM sensitivity experiment set (Set1)

In the results from Setl, particular emphasis was placed on
observing the response of three key turbulence variables, TKE, /,
and K, to variations in Eg. As shown in Fig. 3, the averaging of
these three variables over time (300 s) revealed that within the
30 m surface depth range, fine-tuning Ej significantly affected the
simulation results. In the Kq simulation results, this effect was
particularly pronounced. Adjusting the value of E led to observ-
able differences in the K, results, exhibiting a pattern of increase
followed by a decrease, originating from the sea surface down-
wards. The discrepancies decreased sharply at 20 m and virtually
disappeared at 30 m. Notably, the magnitude of differences in K ,
obtained from various E, simulations, reached orders of mag-
nitude O(10-3) for every 1.0 change in E at 5 m below the water
surface. The peak value of K, increased from 0.010 to 0.018 with-
in the range of E; changes from 4.0 to 8.0. The effects of E vari-
ations were similarly substantial for TKE and I. For TKE, a 1.0
change in E; resulted in an alteration of TKE by approximately
0(10-*) orders of magnitude in the surface layer. However, this
change diminished with depth and became almost negligible at
depths up to 30 m. Regarding /, the difference between its simula-
tions at different E, exhibited an increasing and then decreasing
trend in the offshore surface layer up to 30 m. In particular, the
change in / can be up to an order of magnitude O(10-!) for each
1.0 change in E; within the range of water depths from 5 m to 20 m.
However, the difference between the simulations at different E
and [ was insignificant for the surface layer. Meanwhile, within
the 30 m underwater depth, the trends of these three variables
were proportional to E; on value.

Given this distinction, it is reasonable to select these three
turbulence variables as output variables for the feed-forward
neural network in subsequent PINN models (Jagtap et al., 2020).
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Fig. 3. Response of TKE (a), I (b), and K, (c) to variations in E;
values.

Table 2. Number of sampling points for each PINN model in Set2
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The sampling depth range for the input data was set to 30 m un-
derwater and the corresponding number of sampling points is
detailed in Table 2. Other variables were directly input to estab-
lish physical constraints, obviating the need for automatic differ-
entiation operations. Differential changes in these variables were
not discussed or analyzed in this context.

4.2 Activation functions sensitivity experiment (Expl in Set2)

Figure 4 shows the outcomes of Exp1, depicting a total of 12
inference curves in Figs 4a-d. Specifically, the model using Tanh
(Model 1_1) consistently provided stable and precise solutions,
notably achieving expedited stability in Cases 1, 3, and 4. Con-
versely, the model employing Arctan (Model 1_2) attained stabil-
ity in Cases 2, 3, and 4 albeit with trivial solutions. In contrast, the
model utilizing Sin (Model 1_3) failed to reach stability within
limited epochs. Analysis of the loss curves (Figs 4e-h) revealed
that Models 1_1 and 1_2 exhibited a continuous decrease in loss,
indicating well-fitted solutions to the turbulent length scale
equation (Eq. (2)) and variables such as TKE, /, and K. However,
Model 1_3 plateaued at a loss magnitude of approximately 0.1
across all cases, signaling suboptimal fitting. Remarkably, oscilla-
tions in the loss curves for Models 1_1 and 1_2, observed in the
later stages, typically indicate overfitting in PINN models. When
solving an inverse problem using PINN for parameter inference
in a specified solution domain, it is desired to fit a given PDE con-
taining the coefficients to be determined. This is achieved by us-
ing a fully connected neural network to obtain the best fit of the
coefficients in the specified solution domain. Achieving the over-
fitted state will allow the model to learn the constraint data and
physical properties better and provide more accurate and physic-
ally meaningful parameter inference results. Therefore, the mod-
elis intentionally led to an overfitted state here.

Table 3 lists the statistics of the inferred results in Expl. The
Model 1_1 consistently outperformed in all four cases, achieving
all SEs below 0.1. Remarkably, Case 4 exhibited an exceptionally
low inference error of 0.0009. However, Model 1_2 yielded SEs
exceeding 1.0 in Cases 2, 3, and 4, indicating inaccurate infer-
ences (trivial solutions). Similarly, Model 1_3, being unstable, led
to unsuccessful inferences across all cases.

A comprehensive statistical analysis was conducted by aver-
aging all the inferred results for each model, and the results are
presented in Fig. 5. In the results of Expl, Model 1_1 had a minor
average SE of 0.01, significantly lower than the average SE of
Model 1_2, which reached up to 2.95. In contrast, Model 1_3 was
labeled as Nan due to its lack of a stable inference result.

4.3 Sampling intervals sensitivity experiment (Exp2 in Set2)

From the results of Exp1, the model employing Tanh (Model
1_1) demonstrated optimal performance. Consequently, the
Tanh was used for all subsequent PINN models (Models 2_1, 2_2,
2_3, and 2_4) in the Exp2.

(1) Temporal group

Figure 6 presents the E; inference curves and loss curves for
the Temporal group. Regardless of the temporal sampling inter-

Model Spatial number Temporal number Total number
Model 1_1, Model 1_2, Model 1_3 300 300 90 000 (300 x 300)
Model 2_1 300 150 45000 (300 x 150)
Model 2_2 300 60 18 000 (300 x 60)
Model 2_3 150 300 45000 (150 x 300)
Model 2_4 60 300 18 000 (60 x 300)
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Fig. 4. Inference curves (a-d) and loss curves (e-h) of the E; inference process in the Expl.

vals, all PINN models achieved near-zero losses in four cases, in-
dicating a robust fit and convergence. Figure 6a and b illustrate
that Model 2_1 yielded stable solutions in Cases 2 and 3, whereas
Model 2_2 produced stable solutions in Cases 1 and 4. However,
the accuracy of these steady results was deemed insufficient.

The statistics presented in Table 4 revealed that Model 2_1
provided stable inferred results with SEs of 1.361 9 and 0.619 4 in
Cases 2 and 3, respectively. In contrast, Model 2_2 exhibited SEs
with large values of 25.270 7 and 22.743 4 in Cases 1 and 4.
Clearly and intuitively, the model with a 2 s interval demon-

strated higher overall inference accuracy compared to the model
with a 5 s interval.

(2) Spatial group

Figure 7 illustrates the results for the spatial group. Specific-
ally, Figs 7b and d display loss curves that nearly approached
zero, indicating convergences similar to those observed in the
results of the previous group. However, none of these models
could accurately infer the preset E values, except for the result of
Model 2_3 in Case 2.

The statistical results for the spatial group are presented in
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Table 3. Inference results and biases of the Exp1

Case Activation function Eg SE

Case 1 (E;=5.0) Sin / /

Arctan / /
Tanh 4.903 0 0.009 4

Case 2 (E;=6.0) Sin / /
Arctan 4.062 0 3.7558
Tanh 5.9320 0.004 6

Case 3 (Eg=7.0) Sin / /
Arctan 5.9520 1.098 3
Tanh 6.7810 0.0480

Case 4 (E; = 8.0) Sin / /
Arctan 5.999 0 4.0040
Tanh 7.9700 0.0009

Note: / indicates that the model fails to reach a stable state in the
corresponding case.

Table 5. Stable and accurate results, with SEs below 0.3, were ob-
served for Model 2_3. Specifically, in Case 2, the inference SE was
only 0.001 2, emphasizing the particular effectiveness of this
model in accurately inferring the preset E; values ata 0.2 m
sampling interval. Conversely, Model 2_4 achieved stability only
in Cases 3 and 4. However, the overall bias for this model re-
mained high, except for Case 4, where the SE was below 0.5. In
the other three cases, the SEs exceeded 1.0 (Cases 2 and 3) or fell
to yield a stable solution (Case 1). Similar to the previous group of
results, PINN models employing a shorter spatial sampling inter-
val (0.2 m) generally outperformed those using a longer one (0.5 m).

Figure 5 clearly depicts the inference results for E;. Notably,
Model 1_1, utilizing the shortest spatiotemporal sampling inter-
val, exhibited the least average bias. The accuracy of the results
from Model 1_1 exceeded that of the other models operating with
longer sampling intervals, with magnitudes ranging from O(10')
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Table 4. Inference results and biases of the temporal group in

the Exp2
Model Case E§ SE

Model 2_1 Case 1 (E;=5.0) / /
Case 2 (E; =6.0) 7.167 1.3619
Case 3 (E;=17.0) 7.787 0.619 4
Case 4 (E,=8.0) / /

Model 2_2 Case 1 (E;=5.0) 10.027 25.270 7
Case 2 (E;=6.0) / /
Case 3 (E;=7.0) / /
Case 4 (E; = 8.0) 3.231 22.743 4

Note: / indicates that the PINN model fails to reach a stable state
in the corresponding case.

to O(102). Within the context of Exp2, the biases of E, inference in
the spatial group generally displayed lower values than those in
the temporal group. This observation suggests that when em-
ploying PINN models for E inference, the impact of expanding
the spatial sampling interval is substantially less significant than
increasing the temporal sampling interval by a similar factor.

5 Discussion

5.1 Selection of activation function

The Exp1 focused on evaluating the impact of activation func-
tions on the Ej inference. The results indicated that the PINN
model using Tanh (Model 1_1) outperformed those utilizing
Arctan (Model 1_2) and Sin (Model 1_3). Notably, Model 1_3 en-
countered challenges and failed in this inference task. Analyzing
the shape of the inference curves in Figs 4a, ¢, and d revealed a
similarity between the results of Models 1_1 and 1_2. The first
four orders of the Taylor series of Tanh and Arctan were identical,
suggesting that Arctan can be viewed as a displaced and deflated
approximation of Tanh (Lederer, 2021) shown as
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Despite this similarity, distinctions persist in the shapes and
derivatives of these two activation functions. Figure 8a illustrates
the functional shapes of the Tanh and the Arctan. Notably, Tanh
exhibited pronounced saturation and non-linear features within
the range [-1,1], characteristics that align well with non-linear
data applications (Abdou, 2007; Fan, 2000). The non-linear rela-
tionship between TKE, /, and (z, f) aligns with this observation.
Additionally, a more pronounced gradient around x = 0 for Tanh
resulted in a more efficient propagation of gradients and weight
updates, as illustrated in Fig. 8b. This efficiency is crucial for the
model to converge rapidly towards global or near-global optima
in the context of the E inference.

However, as shown in Fig. 8b, the derivative of the Arctan ex-
hibited a flatter profile in the vicinity of x = 0, decaying more gra-
dually towards zero. Our hypothesis posits that this characteristic
may render the network insufficiently sensitive to minor input
changes during weight updates, potentially resulting in the failure
to accurately fit the turbulent data and leading to trivial solutions.
However, it is crucial to note that this hypothesis needs further
in-depth discussion and empirical validation in the future work.

Periodic activation functions, such as Sin, have been ob-
served to introduce an infinite number of shallow local minima
in the loss plane (Parascandolo et al., 2017), thereby influencing
the convergence dynamics of the model (Swirszcz et al., 2017).

5.2 Selection of sampling intervals

The results of the Exp2 underscore the pivotal role played by
the spatiotemporal sampling intervals of input data in influen-
cing the accuracy of the E; inference in PINN models. The find-
ings revealed that models trained with shorter intervals, such as a
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Fig. 7. Results of the Spatial group: inference curves (a) and loss curves (b) are the results of Model 2_3; inference curves (c) and loss
curves (d) are the results of Model 2_4. The dashed lines of different colors in a represent the preset E, values in the corresponding

cases.
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Table 5. Inference results and biases of the spatial group in the

Exp2
Model Case E§ SE
Model 2_3 Case 1 (E; =5.0) 5.472 0.222 8
Case 2 (E;=6.0) 5.965 0.001 2
Case 3 (E;=7.0) 6.675 0.105 6
Case 4 (E;=8.0) 7.382 0.3819
Model 2_4 Case 1 (E;=5.0) / /

Case 2 (E;=6.0) 7.046 1.094 1
Case 3 (E;=7.0) 5.846 1.3317
Case 4 (E;=8.0) 7.343 0.4316

Note: / indicates that the PINN model fails to reach a stable state
in the corresponding case.

1 s temporal and 0.1 m spatial interval, consistently outper-
formed their counterparts utilizing longer intervals in E; infer-
ence. In traditional neural networks, an increase in data sparsity
and decrease in smoothness pose challenges for network train-
ing (Lee et al., 2021). Similarly, this phenomenon can be ex-
plained for PINN because the input and constraint data require

—
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continuous numerical variations across the field (Leiteritz and
Pfliiger, 2021). Longer intervals disrupt the spatiotemporal con-
tinuity of the turbulent variable values. This disruption dimin-
ishes the accuracy of the automatic differential results, ulti-
mately leading to the failure of physical constraint and resulting
in trivial, non-meaningful solutions. In contrast, models utilizing
shorter sampling intervals exhibited more accurate E inferences
facilitated by precise derivative calculations. Moreover, ap-
proaching the results from an information-theoretic perspective
(Repp et al., 1976), it is evident that fewer sampling points in lim-
ited original data contain less information about the details of
turbulence. This reduction in information compromises the ef-
fectiveness of the physical constraints, consequently yielding
suboptimal E; inferences.

Analyzing the E; inference results for models with the same
magnifications of spatiotemporal sampling intervals (temporal
group and spatial group) highlights the sensitivity of E; inference
accuracy to the size of the temporal sampling interval. This ob-
servation underscores the significance of minimizing the tempor-
al sampling interval in PINN applications for E4 inference, con-
tributing to a reduced inference bias and enhanced accuracy.
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1.0 | 11} Tanh'(x)

05 |} i
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Fig. 8. Function curve (a) and first derivative curve (b) of the Tanh and Arctan.

6 Summary and outlook

E determines the scale of LT effectiveness in the MY-type LT
parameterization scheme. The accurate specification of Eg
significantly affects the key turbulent variables, including TKE, /,
and K, particularly in the upper ocean. To improve the LT para-
meterization scheme of the MY-type by inferring a more accur-
ate Eg, we innovatively explored the feasibility and accuracy of
employing PINN for the E; inference. We examined the effective-
ness of PINN in inferring E; through two sensitivity experiments,
aiming to identify the optimal configurations for the activation
function and sampling interval of the input data for this specific
task.

The results indicated that the PINN model utilizing Tanh as
the activation function achieved high accuracy (the inference bi-
as can reach to about 0.01) in inferring E;, comparable to its per-
formance in other PINN applications (Bowman et al., 2023;
Moseley et al., 2023). In contrast, the PINN model using Arctan,
mathematically similar to Tanh, had an average inference bias as
high as 2.95, much higher than 0.01 using Tanh. In addition, the
PINN model employing periodic Sin as the activation function
yielded suboptimal performance in the task of E; inference.

Regarding the selection of input data sampling intervals, the
PINN model using a minor sampling interval (1 s and 0.1 m)
demonstrated only a marginal inference bias. Subsequently, we
extended the spatiotemporal sampling intervals to 2 and 5 times
the original values, respectively, leading to a notable decrease in
the inference accuracies. Notably, the PINN model exhibited

heightened sensitivity to increases in the temporal sampling in-
terval during the E; inference. Specifically, when the temporal
sampling interval was increased to 2 and 5 times the original, the
mean inference bias of E; rose significantly to 0.99 and 24.01, re-
spectively. These values were markedly higher than the corres-
ponding results obtained when increasing the spatial sampling
interval by the same multiples, where the mean inference bias
was only 0.18 and 0.95, respectively.

Overall, our crucial breakthrough lies in demonstrating the
capability of PINN to accurately infer the value of E, particularly
when using Tanh as the activation function and employing a
temporal sampling interval of 1 s coupled with a spatial sampling
interval of 0.1 m. And due to the uniformity of the structure of the
KCO04 series of LT parameterization schemes, it is reasonable to
believe that these conclusions can also serve as good theoretical
and experimental support when applying PINN to other LT para-
meterization schemes (e.g., H13, H15, etc.) developed based on
the KC04 scheme for E inference.

Our future work has two main directions: (1) testing and ap-
plying the two-stage training strategy in the form of a combina-
tion of AdamW and Limited-memory Broyden-Fletcher-Gold-
farb-Shanno (L-BFGS) optimizers to improve the inference effi-
ciency of the PINN; (2) applying the PINN to infer the optimal
value of E; under different wind-wave states from direct numeric-
al simulations or LES data. This allows for E4 to be dynamically
adjusted based on the wind-wave states, rather than being a fixed
static value. This approach can improve the accuracy of ocean
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numerical simulations, particularly in the upper ocean, under
varying wind-wave states.
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