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Abstract

An anisotropic diffusion filter can be used to model a flow-dependent background error covariance matrix, which
can be achieved by solving the advection-diffusion equation. Because of the directionality of the advection term,
the discrete method needs to be chosen very carefully. The finite analytic method is an alternative scheme to solve
the advection-diffusion equation. As a combination of analytical and numerical methods, it not only has high
calculation accuracy but also holds the characteristic of the auto upwind. To demonstrate its ability, the one-
dimensional steady and unsteady advection-diffusion equation numerical examples are respectively solved by the
finite analytic method. The more widely used upwind difference method is used as a control approach. The result
indicates that the finite analytic method has higher accuracy than the upwind difference method. For the two-
dimensional case, the finite analytic method still has a better performance. In the three-dimensional variational
assimilation experiment, the finite analytic method can effectively improve analysis field accuracy, and its effect is
significantly better than the upwind difference and the central difference method. Moreover, it is still a more
effective solution method in the strong flow region where the advective-diffusion filter performs most
prominently.
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1  Introduction
Advection-diffusion equation can be used to simplify the nu-

merical simulation of many hydromechanical problems. Re-
cently, it is extended to the variational data assimilation domain
to estimate the flow-dependent background error covariance
matrix (Hu et al., 2023). This new method is called the advection-
diffusion filter (ADF), which is developed based on the diffusion
filter. It is well known that the background error covariance mat-
rix plays an essential role in variational data assimilation.
However, it is difficult to be obtained accurately, because of in-
sufficient statistical information on the state variables and lim-
ited computing resources. True background error covariance
matrix should be anisotropic and varied with the flow field, that
is, flow-dependent, but it is generally assumed to be isotropic
and static for simplicity. Some scholars try to construct the flow-
dependent background error covariance matrix. One of the pop-
ular ways is the diffusion filter method (Weaver and Courtier,
2001; Weaver and Mirouze, 2013; Weaver et al., 2016, 2021; Li
et al., 2011; Zhang et al., 2015), it can simulate an anisotropic cor-
relation operator by adjusting the diffusion tensors and avoids
computing complicated background error covariance matrix dir-
ectly. The ADF is similar to the diffusion filter, the difference is
the ADF develops the flow-dependent background error covari-

ance matrix by considering some fundamental dynamical pro-
cess rather than adjusting diffusion tensors, where the advection-
diffusion equation is the key of it. A large number of experiments
have proved that ADF can propagate observational information
anisotropically even if with a fixed diffusion coefficient. In addi-
tion, it achieved satisfactory results in the numerical forecast (Hu
et al., 2023).

It is worth noting that the core of the ADF method is solving
the advection-diffusion equation. In this process, it is important
to choose a suitable discrete scheme because of the advection
term with direction. Commonly, the finite difference method
(Yan, 2006), the finite volume method (Eymard et al., 2000), and
the finite element methods (Nassehi and King, 1991) are avail-
able. However, these methods are not all suitable for the ADF in-
volving the cases in which the advection term dominates the dy-
namical processes. Under that scenario, the solution to the equa-
tion has a large gradient transition layer near the boundary once
the central difference method (CDM) or finite element method is
used, and then the numerical diffusion or non-physical numeric-
al oscillation will occur (Rigal, 1989; Douglas and Russell, 1982;
Du et al., 2000); upwind difference method (UDM) (Courant
et al., 1952) was developed in the 1950s, in which the effect of the
flow direction is considered to ensure that coefficients in the al-  
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gebraic equations are always positive, thus the upwind scheme
avoids numerical oscillation. However, the weighted coefficient
of the upwind point is 1 and the downwind point is 0, the value of
which cannot change with the peclet number (Feng and Zheng,
2006). In other words, this traditional upwind method lacks the
“auto upwind” characteristics and over-reflects upwind condi-
tions. It is worth noting that the upwind method of low order ac-
curacy (Tao, 2001) can lead to the occurrence of false diffusion to
further affect the accuracy of the numerical solution. To improve
the calculation efficiency of the advection-diffusion equation
with advection dominant, the finite analytic method (FAM)
(Chen et al., 1989) based on the local analytic solution was pro-
posed in the 1970s. In the construction of the scheme, the Taylor
expansion is avoided around the singular grid nodes (Wang et al.,
2014). This method has an auto-upwind mechanism, thus can
provide more accurate analysis results. In this paper, the FAM is
used to solve the advection-diffusion equation to improve the
performance of the ADF. In the previous paper (Hu et al., 2023),
the UDM is used to test the ADF, thus a comparison of the results
of the ADF derived from the UDM and the FAM respectively is
presented.

In the following two sections, the ADF and FAM theories are
introduced, and three numerical examples are used to investig-
ate the FAM. In Section 4, an ideal sea surface temperature (SST)
assimilation experiment is conducted to evaluate the effects of
FAM in flow-dependent variational assimilation. The conclu-
sions are summarized in Section 5.

2  ADF and FAM

2.1  ADF
To simplify, the 1D advection-diffusion equation is intro-

duced as follows:


∂ϕ

∂t
+ u

∂ϕ

∂x
= a

∂ϕ

∂x
 < x < D,  < t ⩽ T,

ϕ = ω(x)  < x < D, t = ,

∂ϕ

∂n
=  x = , x = D,

(1)

ϕ u x

a [, D]
T

pe =
uΔx
a

Δx

pe

pe

where  is the control variable,  is the flow velocity in the  dir-
ection, t is the time, n is the outer normal direction of the bound-
ary, ω is the initial value of ϕ,  is the diffusion coefficient,  is
the calculation domain,  is the integral termination time. The
first term on the left of the equality sign is the time-varying, the
second term is the advection term, and the diffusion term is on
the right of the equation. The relative proportion of advection
and diffusion in a grid point can be described by Grid Peclet

Number (GPN) defined as , where  is the spatial

step. The smaller  is, the weaker effect of the advection is. In
contrast, the diffusion effect is weaker than the advection when
the  is larger.

The three-dimensional variational (3D-Var) data assimilation
can be attributed to minimizing the cost function as follows:

J =


(x− xb)TB−(x− xb) +



(Hx− yo)

TR−(Hx− yo), (2)

x xb

yo
H

R

where  represents the estimated state vector,  is the back-
ground vector that provides a starting point for the variational es-
timation based on prior knowledge,  is the observation vector,

 is a bilinear interpolation operator from the model grid to the
observation space,  is the observation error covariance matrix

B

xb
B−

ω

reflecting the uncertainty of the observation, and  is the back-
ground error covariance matrix carrying the prior statistical in-
formation of errors in . To reduce the computational expense
of directly manipulating the  of Eq. (2) and speed up the con-
vergence of the minimization procedure, Courtier (1997) and
Derber and Rosati (1989) introduced a new control variable ,
which is defined as

ω = C−(x− xb), (3)

B = CCTwhere . Thus, the cost function can be rewritten as:

J(ω) =


ωTω+



(HCω− d)TR−(HCω− d), (4)

d = y−Hxbwhere  is called the “innovation” vector. The 3D-Var
is a minimization problem, the gradient of the cost function is ne-
cessary for the minimization algorithms. The gradient of Eq. (4) is
as follows:

∇J = ω+ CTHTR−(HCω− d). (5)

Cω
In the diffusion filter method, the solution of the diffusion

equation is used to model  of Eq. (4) (Weaver and Courtier,
2001). Similarly, the anisotropic diffusion filter, that is ADF, can
build flow-dependent correlation by integrating Eq. (1). In other
words, the analysis is converted to optimize the initial value of
Eq. (1). It is worth noting that the gradient of the cost function
can be obtained by the adjoint method. Although the derivation
of the adjoint model is complex, the auto-adjoint compiler
(tapenade (Hascoёt and Pascual, 2004) or Tangent and Adjoint
Model Compiler (Giering and Kaminski, 1998)) is an alternative
scheme. The ADF can perform more excellently in the strong flow
area, but when the advection is stronger than diffusion, that is
large GPN, the choice of the discrete scheme should be more rig-
orous. In the previous paper, the UDM is used for discrete the ad-
vection term. The detail of UDM is omitted because it is well-
known. In a word, in the UDM, the value of the interface is ap-
proximated as that of the upstream node. Although the UDM
considers the direction of flow more suitable for the ADF than the
CDM, the loss of accuracy caused by false diffusion is very seri-
ous. In the next content, the FAM with auto-upwind mechanism
is introduced.

2.2  FAM
The FAM is first proposed by Chen et al. (1989), it can over-

come the disadvantage that the numerical solution of the CDM is
easy to oscillate or diverge when the GPN is large. In addition, the
auto-upwind mechanism is also a main highlight of this method.
In general, the FAM is developed based on the analytical solu-
tion of the simple advection-diffusion equation. Then, the value
of the compute nodes can be obtained by the analytical solution.
Finally, simultaneous the analytic solutions of each grid to ob-
tain the algebraic equations. The detail of the FAM is followed.

For the 1D stationary advection-diffusion equation as follows:

u
dϕ
dx

= a
dϕ

dx
+ S, (6)

S

ϕ = A + B · exp
(u
a
S
)
+

S
u
x

A B

where the definition of notations is the same as Eq. (1) and  is

the source item, the analytic solution is ,

in which  and  are the unclear constants and determined by
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u, a, S

(xi− , xi+ ) u, a,
S ϕ = A+

B · exp
(
u
a
S

)
+

S
u
x

ξ =
x− xi
Δx

the boundary conditions. If  and  are not the constants in
the entire domain and the variations are very small at the inter-
val , which are replaced by the mean values  and

 at this interval. Then the analytic solution is converted to 

, which is regarded as the approximate solution

to Eq. (6) and is called the finite analytic solution. A dimensionless

coordinate  is available and its relation to the original

coordinate is as follows:

ξ =

 1 xi+  = xi + Δx,
0 xi,
− xi−  = xi − Δx,

(7)

Δx xiwhere  is the grid interval,  is the calculated node, i is the grid
index. With the dimensionless coordinate, the local solution of
Eq. (6) can be rewritten as

ϕ = A + B · exp(pξ) +
SΔx
u

ξ, (8)

p =
uΔx
a

(xi− , xi+ )where  (GPN). Therefore, in the interval ,

ϕi+  = ϕξ=  = A + Bexp(p) +
S(Δx)
u

, (9)

ϕi−  = ϕξ=− = A + Bexp(−p)− S(Δx)
u

, (10)

ϕi = ϕξ=  = A + B. (11)

A BEliminating  and , then the finite analytic solution of Eq.
(6) can be written as follows:

exp

(
−

p

)
ϕi+  −  ch

(


p

)
ϕi + exp

(


p

)
ϕi−  =

− 
SΔx
u

sh

(


p

)
. (12)

p ≪ When  the approximate expansions are as follows:

exp

(
−

p

)
≈ − 


p, (13)

exp

(


p

)
≈ +



p, (14)

ch

(


p

)
≈ , (15)

sh

(


p

)
≈ 


p. (16)

Substituting into Eq. (12), then

ui

Δx
(ϕi+  − ϕi− ) =

ai

(Δx)
(ϕi+  − ϕi + ϕi− ) + Si. (17)

Obviously, Eq. (17) is the discrete form of the CDM. It shows
that the CDM is a special case of the FAM, that is, the CDM is the
approximation of the FAM when the effect in diffusion is far
greater than that in advection.

p p ≪ Increasing  until , then

exp

(
−

p

)
≈ − 


p +



p, (18)

exp

(


p

)
≈ +



p+



p, (19)

ch

(


p

)
≈ +



p. (20)

Substituting into Eq. (12), then

u

[



(
+



p

)
ϕi − ϕi− 

Δx
+




(
− 


p

)
ϕi+  − ϕi

Δx

]
=

a

(Δx)
(ϕi+  − ϕi + ϕi− ) + S. (21)

α =
1
2

(
+

1
4
p

)
, β =




(
− 


p

)
α+

β = 

Considering , where 

, Eq. (21) is rewritten as

u

(
α
ϕi − ϕi− 

Δx
+ β

ϕi+  − ϕi

Δx

)
=

a

(Δx)
(ϕi+  − ϕi + ϕi− ) + S.

(22)

u > , p >  α > β u < , p <  α < β
p

When , and ; , then , it can be
found that  shows the characteristic of auto upwind by its size
and sign.

x y
For the 2D case with a uniform grid, the 1D finite analytic

method will be implemented in the and direction, respectively,
and then the coefficient matrix of the discretized algebraic equa-
tions becomes a five-diagonal matrix. Here the alternating direc-
tion implicit (ADI) format method is employed to resolve the al-
gebraic equation system. In the ADI, the chasing method is used
to solve the three-diagonal system in each coordinate direction.
This method greatly reduces the computational workload of dir-
ectly resolving the complete algebraic system (Tao, 2001).

With the FAM scheme, the 2D unsteady advection-diffusion
equation can be discretized as follows:

exp

(
−

p

)
ϕ
n+ 


i+ , j −  ch

(


p

)
ϕ
n+ 


i, j + exp

(


p

)
ϕ
n+ 


i− , j+

exp

(
−

p

)
ϕn
i, j+ −  ch

(


p

)
ϕn
i, j + exp

(


p

)
ϕn
i, j− =


ϕ
n+ 


i, j − ϕn

i, j

Δt/
Δx
u

sh

(


p

)
, (23)

exp

(
−

p

)
ϕn + 1
i, j+ −  ch

(


p

)
ϕn + 1
i, j + exp

(


p

)
ϕn + 1
i, j− +

exp

(
−

p

)
ϕ
n+ 


i+, j − ch

(


p

)
ϕ
n+ 


i, j + exp

(


p

)
ϕ
n+ 


i−, j =


ϕn+1
i, j − ϕ

n+ 1
2

i, j

Δt/
Δx
u

sh

(


p

)
, (24)
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where n ∈ [, N− ] i ∈ [, I− ] j ∈ [, J− ] p =
uΔx
a

p =
vΔy
b

[, I]× [, J] i j n

I J N

; ; ; , 

 and the solution domain is . , , and  are grid

index and time index, respectively. , , and  are grid numbers
and the total time step numbers, respectively. The other symbols
are defined above.

3  Numerical examples

3.1  1D steady advection-diffusion equation
Consider the 1D steady advection-diffusion equation as fol-

lows:


u
dϕ
dx

= a
d2ϕ

dx
+ f(x)  ⩽ x ⩽ ,

ϕ() = ,

ϕ() = ,

(25)

ϕ(x) =
f
u

[
x− exp(ux/a)− 

exp(u/a)− 

]
a = .

u =  f = 

the exact solution is . Where ,

, . The spatial step is 0.2, and the GPN is 20. From Fig. 1,
one can see that the results of the FAM and the exact solution are
nearly coincident, but the accuracy of UDM is lower than that of
FAM. This is because the FAM is derived from the analytical solu-
tion of the steady equation, and the numerical solution of Eq.
(25) that is obtained by FAM is approximate to the exact solution.
However, the other solution derived from the UDM is only first-
order precision, so the accuracy of UDM is lower. Therefore, in
terms of calculation accuracy, the FAM is more suitable for the
steady advection-diffusion equation than the UDM.

3.2  1D unsteady advection-diffusion equation
Consider the 1D unsteady advection-diffusion equation as

follows:



∂ϕ

∂t
+ u

∂ϕ

∂x
= a

∂ϕ

∂x
 ⩽ x ⩽ 2,

ϕ(x, ) = sin(πx),

ϕ(, t) = exp(−aπt) · sin(−πut),

ϕ(, t) = exp(−aπt) · sin[π(− ut)],

(26)

ϕ(x, t) = exp(−aπt) · sin[π(x− ut)]
u =  a = . t = . Δt = .

Δx = .

t h e  e x a c t  s o l u t i o n  i s  ,
where , , , . Figure 2 shows the
exact solution and the numerical solutions derived from the
UDM and the FAM, where the spatial step is 0.1 and 0.2 respect-
ively. We can find that when , the numerical solution de-
rived from the FAM almost coincides with the exact solution. The

.× −

∥ϕ∥ =

√√√√√ N∑
i= 

ϕi


N

Δx = .

difference of 2-norm between them is , where the

computational formula of the 2-norm is . The

other numerical solution shown in Fig. 2a is derived from the
UDM, its error is larger than that of the FAM, and the difference
of 2-norm between it and the exact solution is 0.16. Increasing
the spatial step size, as shown in Fig. 2b, when , the ef-
fect of both numerical methods decreases, but the FAM is still
better than the UDM, and the differences of 2-norm between the
numerical solutions and the exact solution are 0.13 and 0.17, re-
spectively. These results demonstrate that the FAM has more
high accuracy than the UDM, and it is more suitable for solving
the 1D unsteady advection-diffusion equation.

3.3  2D unsteady advection-diffusion equation
In this paper, the FAM was originally developed to be applied

to the ADF method, so the effect of the FAM used to solve the 2D
unsteady advection-diffusion equation is investigated next. The
numerical sample is as follows:



∂ϕ

∂t
+ u

∂ϕ

∂x
+ v

∂ϕ

∂y
= a

∂ϕ

∂x
+ b

∂ϕ

∂y
 ⩽ x and y ⩽ ,

ϕ(x, y, ) =


t+ 
exp

[
− (x− .)

a
− (y− .)

b

]
,

ϕ(, y, t) =


t+ 
exp

[
− (−ut− .)

a(t+ )
− (y− vt− .)

b(t+ )

]
,

ϕ(, y, t) =


t+ 
exp

[
− (x− ut− .)

a(t+ )
− (−vt− .)

b(t+ )

]
.

(27)

ϕ(x, y, t)=


t+
×

exp
[
− (x− ut− .)

a(t+ )
− (y− vt− .)

b(t+ )

]
u = v = . a =

b = . Δt =



T = .

The exact solution of the above equation is 

. Where , 

. The exact solution with ,  is shown in

Fig. 3. The numerical solutions with the UDM and the FAM, and
their error are shown in Figs 4–6, where the spatial step is 0.05 ×
0.05, 0.02 × 0.02, and 0.01 × 0.01, respectively. Preliminary con-
clusions can be drawn by comparing the results of the three
group experiments. When the spatial step is 0.05 × 0.05, the mean
error of the UDM and the FAM is 0.013 and 0.003, respectively,
and the accuracy of the latter is improved by 76.9% than that of
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x

0
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ϕ

0.4

0.6

0.8

1.0

exact
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Fig. 1.   The numerical solution of Eq. (25) was obtained by the
upwind difference method (UDM) and the finite analytic method
(FAM), and the exact solution.
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b

 

Δx = . Δx = .

Fig. 2.   The numerical solution of Eq. (26) derived from the up-
wind difference method (UDM) and the finite analytic method
(FAM), and the exact solution, where  (a) and 
(b), respectively.
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the former. decreasing the spatial step to 0.02 × 0.02 and 0.01 ×
0.01, the accuracy of the FAM improved by 67.17% and 79.41%
than that of the UDM, respectively. In a word, the ability of the
FAM to solve the 2D unsteady advection-diffusion equation is
stronger than that of the UDM.

4  Application to SST assimilation experiment
For further accounting for the effects of the FAM in improv-

ing the quality of assimilation, a 2D ideal assimilation experi-
ment with the ADF is carried out. In this section, the CDM and
the UDM are used to solve the advection-diffusion equation in-
volved in the ADF as contrast schemes for the FAM, respectively.
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Fig. 3.   The exact solution of Eq. (27).

 

0
2

2N
u
m

er
ic

al
 s

o
lu

ti
o
n
 (

U
D

M
)

0.05

y
1

x

1

0 0

0
2

0.05

2

N
u
m

er
ic

al
 s

o
lu

ti
o
n
 (

F
A

M
)

y
1

x

0.10

1

0 0

0

2
2

0.05

E
rr

o
r 

(F
A

M
)

y
1

x

0.10

1

0 0

0

2

0.05

2

E
rr

o
r 

(U
D

M
)

y
1

x

0.10

1

0 0

a b

c d

 

Fig. 4.   The numerical solutionsof Eq. (27) obtained by the upwind difference method (UDM) (a) and the finite analytic method (FAM)
(b), and their error distribution (c and d), where the spatial step is 0.05 × 0.05.
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Fig. 5.   The numerical solutions of Eq. (27) obtained by the upwind difference method (UDM) (a) and the finite analytic method
(FAM) (b), and their error distribution (c and d), where the spatial step is 0.02 × 0.02.
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4.1  Introduction of the assimilation experiment

z σ

σ-z

The SST observation and flow velocity used in the ADF are de-
rived from a 3D baroclinic primitive equation ocean model with a
generalized coordinate system based on the Princeton Ocean
Model (POMgcs) (Mellor et al., 2002; Ezer and Mellor, 2004). The
main characteristics of the POMgcs include the MY-2.5 turbulent
closure scheme (Blumberg and Mellor, 1987) for vertical mixing,
the generalized sigma coordinate for vertical levels, curvilinear
orthogonal coordinates, and an “Arakawa C” difference scheme
in the horizontal direction. The POMgcs have three kinds of ver-
tical layering ways that can be chosen: a -coordinate, a -co-
ordinate, and a  hybrid coordinate (Ezer and Mellor, 2004). In
this study, the hybrid method was used. More details about the
POM can be found in the user guide (Mellor, 2002). The analysis
area is 37.530°–37.609°N, 122.041°–122.140°E, which is Chudao
Island of the Yellow Sea and an adjacent sea area. The grid hori-
zontal resolution is 0.001° × 0.001° and there are 6 vertical levels.
The maximum and minimum depths are 60 m and 5 m, respect-
ively. The bottom topography is derived from the ETOPO1 data-
set (https://www.ngdc.noaa.gov/mgg/global/relief/ETOPO1/),
but the data are found to be highly questionable in the shallow

regions, so it is modified by the local nautical charts to obtain a
more realistic coastline. In addition, the meteorological force
field of the model is from the National Centers for Environment-
al Prediction (NCEP), and the air-sea momentum and heat fluxes
are obtained by the bulk formulas. The initial state field and later-
al boundary conditions include the sea surface height, the ocean
current, the temperature field, and the salt field, which are ob-
tained from the daily mean fields and monthly fields of the China
Ocean Reanalysis (CORA) (Han et al., 2013), respectively. The
model spun up 10 days from March 1, 2005, and the output of the
temperature on March 10 serves as the “true” state, as shown in
Fig. 7a. Given that the spatial resolution of the analysis field is
usually different from that of observation, selected one observa-
tion from each of the four analysis grid points. As a consequence,
600 observations were used to restore the “true” field, as shown
in Fig. 7b. Figure 7c is the distribution of the flow field on March
10, 2005, which is applied to the advection-diffusion equation.
The observation errors were assumed to be uncorrelated, so the
matrix R was a diagonal matrix and all diagonal elements were
normalized to 1.0. The background value was set as 0 and the
background item was omitted temporarily. In the setting men-
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Fig. 6.   The numerical solutions of Eq. (27) obtained by the upwind difference method (UDM) (a) and the finite analytic method
(FAM) (b), and their error distribution (c and d), where the spatial step is 0.01 × 0.01.
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Fig. 7.   The distribution of the true sea surface temperature (SST) field (a), the observations (b), and the flow field (c) used in the as-
similation experiment.
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tioned above, the analysis field on March 10 was formed by as-
similating the pseudo-observations using the ADF. In the ADF,
the diffusion coefficient needed to be set empirically. Different
diffusion coefficient indicates the different correlation scales.
When the same flow velocity is used, the larger the diffusion coef-
ficient, the larger the correlation scale, and the observation in-
formation can be propagated to a further location; otherwise, the
smaller the correlation scale, the closer the propagation distance.
In other words, the fixed diffusion coefficient can only extract
single-scale observation information. To compensate for this
shortcoming, some multi-scale filter schemes (Li et al., 2011; Xie
et al., 2011; He et al., 2008) using different diffusion coefficients
were proposed. However, this was not the focus of this study, so
the static diffusion coefficient was adopted. According to previ-
ous papers (Li et al., 2011; Xie et al., 2011; He et al., 2008), the dif-
fusion coefficient was set within 1, so three different coefficients
0.8, 0.6, and 0.2 were used for the next experiment.

In the ADF, the discrete method of Eq. (1) was the FAM, the
UDM, and the CDM, respectively. In the process of the experi-
ment, the limited memory Broyden-Fletcher-Goldfarb-Shanno
(L-BFGS) algorithm (Liu and Nocedal, 1989) was used to minim-
ize the cost function. The adjoint code was obtained by the
tapenade compiler. The implementation detail of the ADF is
shown in Fig. 8.

4.2  Results analysis
Figures 9–11 show the analysis field derived from the CDM,

the UDM, and the FAM, where the diffusion coefficient of the ad-
vection-diffusion equation that is applied to the ADF is 0.8, 0.6,
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Fig. 8.     The implementation flow chart of the advection-diffu-
sion filter.
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Fig. 9.   The analyzed sea surface temperature (SST) field obtained by the upwind difference method (a), the central difference meth-
od (b), and the finite analytic method (c), where the diffusion coefficient is 0.8.
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Fig. 10.   The analyzed sea surface temperature (SST) field obtained by the upwind difference method (a), the central difference meth-
od (b), and the finite analytic method (c), where the diffusion coefficient is 0.6.
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and 0.2, respectively. As can be seen from the three figures, the
analysis field obtained by the FAM is very close to the true field,
but the analysis results produced by the UDM and the CDM have
a larger error than the FAM. When the diffusion coefficient is set
as 0.8, the root mean square errors (RMSEs) of the FAM, the
UDM, and the CDM are 0.065 4, 0.143 0, and 0.107 2, respect-
ively. The error of the FAM is much smaller than that of the CDM
and the UDM by almost 54.3% and 39.0%. Reducing the diffusion
coefficient to 0.6, the RMSEs of them are 0.088 2, 0.165 9, and 0.126 3,
respectively. The advantages of the FAM are still very significant,
the improvement rate are 46.8% and 30.2%. When the diffusion
coefficient is 0.2, the error of the analysis results is remarkable,
especially in the boundary region where the observations are
scarce. This is because the diffusion coefficient is too small and
then observation information cannot be extracted adequately. In
this case, the errors of the three schemes (UDM, CDM, and FAM)
are 0.491 0, 0.454 6, and 0.468 6, respectively. The advantage of
the FAM does not come through. However, such a small diffu-
sion coefficient will not be adopted in practical application. In
addition, Comparing the UDM and the CDM, one can see that
the CDM outperformed the UDM, the reason is that the CDM has
higher precision than the UDM. When the GPN is in the appro-
priate range, the result of the CDM is superior to that of the UDM.
However, since the FAM is derived from the analytical solution, it
is not only superior to the UDM but also to the CDM with second-
order accuracy. In most cases, the ability of the FAM is more out-
standing than the other two schemes.

The effect of the flow-dependent variational assimilation is

especially prominent in the strong flow area, and the application
results of the FAM in the strong flow area are particularly signific-
ant. Thus the analysis results over the strong flow region (37.58°−
37.60°N, 122.07°−122.10°E) are shown separately, which further
evaluates the FAM’s capability of improving the assimilation
quality, where the “true” field in this region is plotted in Fig. 12.
The analysis fields with three solving methods and different diffu-
sion coefficient are shown in Fig. 13, where the diffusion coeffi-
cient is 0.8, 0.6, and 0.2, respectively. The discrete method of the
advection term from top to bottom is the UDM, the CDM, and the
FAM. From the figures, we can find that the distribution of the
temperature field derived from the FAM is closer to the true field
than that from the other two schemes under the same diffusion
coefficient, even though the diffusion coefficient is 0.2. In conclu-
sion, the FAM is more suitable for solving the advection-diffu-
sion equation than widely used the CDM and the UDM, thus it is
an alternative method for the ADF.

5  Summary
The ADF method is an extent of diffusion filter to build a flow-

dependent background error covariance matrix by introducing
the flow field to the diffusion equation model. In other words, the
core of the ADF method is the advection-diffusion equation.
However, the solution of the advection-diffusion equation is very
complex, due to the strong directionality of the advection term.
The CDM has two-order accuracy and is widely used in solving
the diffusion term, but it is not suitable for the situation where
advection is dominant, which will lead to numerical oscillation.
Although the UDM avoids this deficiency, it over-reflects the up-
wind condition and leads to pseudo diffusion. In this paper, the
FAM is used to discretize the advection-diffusion equation in
ADF, which combines the numerical method and analytical
method, thus the accuracy of it is very high. In addition, the FAM
has the characteristic of auto upwind, which takes a more ration-
al account of the effect of upstream and downstream nodes on
the calculation nodes. In this paper, the 1D FAM is applied in the
x and y direction respectively, and then ADI is used to solve the
five-diagonal linear systems. Compared with traditional 2D FAM,
this operation is more concise and avoids the complicated calcu-
lation process, and speeds up the calculation speed. It is charac-
terized by steady and unsteady 1D numerical examples with dif-
ferent GPNs. Results indicate that the FAM has a great advantage
over the UDM. The reason is that the FAM derived from the ana-
lytical solution of the steady advection-diffusion equation is more
reasonable than the UDM, even though the GPN becomes large.
Since the ADF involves a 2D problem, the 2D unsteady advec-
tion-diffusion equation numerical example is also evaluated, and
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Fig. 11.   The analyzed sea surface temperature (SST) field obtained by the upwind difference method (a), the central difference meth-
od (b), and the finite analytic method (c), where the diffusion coefficient is 0.2.
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Fig. 12.     The true sea surface temperature (SST) field over the
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the FAM has a lower error than the UDM in the three kinds of
spatial steps. After that, an assimilation experiment is designed to
explore the effects of the FAM on the ADF, where the UDM and
the CDM are used as control tests. The result indicates the RMSE
of the analysis field derived from the FAM is the lowest among
the three solving methods, even though the CDM has two-order
precision and the UDM considers the direction of the flow. The
effect of the ADF is more remarkable in the strong flow area, thus
the performance of FAM in the strong flow area needs to be ex-
amined. The analysis field in the strong flow area is evaluated
separately. The distribution of the SST field obtained by FAM is
closer to the true field than the other two methods.

Since the coefficients of the algebraic equations of the FAM
are exponential, the calculation speed using the finite analytic
method is slightly slow. However, anisotropic diffusion filters
show the potential for estimating a flow-dependent background
error covariance in 3D-Var. Despite the promising results pro-
duced in the realistic application, much work is needed to ex-
plore the impact on multivariable data assimilation, longer-time
forecast, and spatial multiscale variational analysis. However, the
success of this research depends on the solution of accurate ad-
vection-diffusion equations.
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