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Abstract

The shallow-water temperature profile is typically parameterized using a few empirical orthogonal function (EOF)
coefficients. However, when the experimental area is poorly known or highly variable, the adaptability of the EOFs
will be significantly reduced. In this study, a new set of basis functions, generated by combining the internal-wave
eigenmodes with the average temperature gradient, is developed for characterizing the temperature pertur-
bations. Temperature profiles recorded by a thermistor chain in the South China Sea in 2015 are processed and
analyzed.  Compared  to  the  EOFs,  the  new  set  of  basis  functions  has  higher  reconstruction  accuracy  and
adaptability; it is also more stable in ocean regions that have internal waves.
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1  Introduction
The most important acoustic parameter in the ocean is tem-

perature, which is the most basic physical quantity affecting the
propagation of sound waves. In an actual ocean environment,
temperature exhibits pronounced spatiotemporal variations (Li
et al., 2021), and its temporal variability is mainly caused by sea-
sonal changes and the mesoscale phenomena on the ocean
(Jensen et al., 2011). The temperature profile can be expressed as
a matrix in time or space; however, this requires many paramet-
ers, and a certain parsimonious representation technology is ne-
cessary for regularizing the temperature profile (Tan et al., 2013).
Subsequently, the temperature profile can be approximated us-
ing only a few coefficients. The applicability of the parsimonious
representation method and whether the basis functions can ef-
fectively reflect the physical characteristics of the dynamic mar-
ine processes has become a key problem in acoustic monitoring.

To reduce the size of the parameters, the temperature profile
is often regularized by the sum of leading order empirical ortho-
gonal functions (EOFs) (Kakatkar et al., 2020). EOFs are derived
using principal component analysis (PCA) (Monahan et al.,
2009). Many theoretical studies and practical applications have
confirmed the effectiveness of EOFs (Li et al., 2015); however,
when the number of training samples is too small or does not
cover the dynamic ocean cycle, the EOFs often yield low recon-
struction accuracy. Li et al. (2019b) used EOFs to build model
predictions and indicated that the reason for the prediction hav-
ing a relatively large error is that the background field changes

significantly at long timescales.
The long sample time and wide measurement area necessary

for acquiring basis functions are among the main causes that lim-
it the application of EOFs in case of fast ocean changes. Regular-
izing highly accurate ocean-temperature profiles while using
short sampling times is a necessity. Tielbürger et al. (1997) ex-
pressed the water-particle displacements associated with the in-
ternal-wave field as the sum of a complete orthogonal set of in-
ternal-wave eigenmodes with different frequencies. This motiv-
ated us to investigate the basis functions for ocean temperature
profiles based internal-wave eigenmodes.

The horizontal stratification of shallow seas has both season-
al stability and transient stochastic nature. The stochastic nature
of shallow seas is caused by several stochastic components, such
as internal waves, tides, and turbulence. Generally, transient dis-
turbances are restricted by a stable background field; therefore,
when the stratification characteristics of the background field are
known, the transient temperature disturbance at a certain time
can be inferred. The background ocean field can be obtained
from historical data, such as the Argo network data set or from
the average temperature and salinity profiles obtained from
small amount of measurement data. In this study, temperature
turbulence is reconstructed through numerical experiments in
which the sources of randomness are internal waves. The new set
of basis functions (termed internal-wave modes; IWMs) is gener-
ated by combining the internal-wave eigenmodes with the aver-
age temperature gradient. Compared to the EOFs, which require  
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extensive and continuous temperature samples, the IWMs can be
calculated from the mean background temperature and salinity
fields. Meanwhile, the IWMs and their corresponding coeffi-
cients are directly related to the dynamic ocean processes; hence,
the IWMs have a clearer physical significance than that of the
EOFs.

The remainder of this paper is organized as follows: the EOFs
and sparse reconstruction methods are described in Section 2; a
new set of basis functions is explained in Section 3; the temperat-
ure-profile reconstruction results are presented in Section 4; and
a summary and conclusions are presented in Section 5.

2  EOFs and compression (Li et al., 2019a)
The EOFs provide a compact representation of the total stat-

istical nature of the temperature data. It is assumed that the tem-
perature matrix is T, and is sampled over K discrete points in
depth and M instants in time,

T =


T T · · · TM

T T · · · TM
...

...
...

...
TK TK . . . TKM

 . (1)

T = [T,T, · · · ,TK]
T

(·)T

C = T− T

After averaging the M temperature profiles, the mean temper-
ature is obtained as . Here,  is a trans-

pose operation. The mean temperature is subtracted to obtain
the residual temperature C, i.e., .

A = CCT ∈ RK×K
Matrix A  is defined as the covariance matrix of C  (i.e.,

). The singular value decomposition for matrix
C is

CT= UΣVT, (2)

V = [v, · · · , vK] ∈ RK×K

X = UΣ ∈ RM×K

where  are eigenvectors of matrix A and
are used as EOFs, and are the coefficients. The
temperature can be reconstructed by retaining only the leading
P-order EOFs,

T̂ = T+ VPXT
P, (3)

VP ∈ RK×P

XP ∈ RM×P
where  is the basis function containing the leading P-
order EOFs, and  is the coefficient vector. Usually, for
ocean temperatures, P≤5; in this study, we have made P=5.

The EOFs represent the mode of data. Thus, the reconstruc-
tion accuracy can be improved by a longer sample time. This is
verified by experimental data analysis in Section 4.

3  Orthogonal basis functions based on internal-wave eigen-
modes

3.1  The internal-wave displacement
η(r, z, t)

η(r, z, t) = ηD(r, z, t) + ηS(r, z, t)
ηD ηS

It is assumed that the internal-wave displacement field 
can be written in the form , where

 represents the linear component and  is the soliton contri-
bution.

The linear displacement can be expressed as the sum of the
eigenmodes,

ηD (r, z, t) =
∑
kh

∑
j

F(kh, j)W(kh, j, z)e
i[khr−ω(kh,j)t], (4)

F(kh, j)

kh
ω ω ∈

[fc,Nmax]

where the weighting factors  are zero-mean and complex

Gaussian random variables with an associated power spectrum.

The internal-wave eigenmodes W can be obtained by solving the

linearized Navier-Stokes equation for an inviscid, incompress-

ible, and stratified fluid (Tielbürger et al., 1997).  is the hori-

zontal wave number, and eigenvalues  are over a range of 

, corresponding to the inertial frequency and the maxim-

um value of the buoyancy frequency.

ηS(r, z, t)

ηS

The second component of the internal-wave field is a soliton

displacement field, , which represents the nonlinear in-

teraction of oceanic tides with bathymetric features. Limiting the

area of interest to the exterior of the source region and consider-

ing only the left-propagating waves,  can be written as

ηS(r, z, t) =
∑
kh

∑
j

aj(r, t)W(kh, j, z), (5)

ajwhere  is the coefficient.

3.2  IWMs and compression

Water temperature satisfies the thermodynamic formulas

(Apel, 1987), and internal-wave propagation can be assumed to

be an adiabatic process with no heat source. The thermodynam-

ic formula can be simplified as (Song et al., 2014)

∂T(r, z, t)

∂t
+ η(r, z, t)×∇T(r, z, t) = . (6)

∂T/ ∂r ∂T/ ∂z
Generally, the horizontal temperature gradient is much smal-

ler than the vertical one, i.e.,  is much smaller than .

Therefore, Eq. (6) can be simplified as

∂T

∂t
+ η ∂T

∂z
= . (7)

Substituting Eq. (4) into Eq. (7), it becomes

∂T

∂t
= −ηD

∂T

∂z
= − ∂T

∂z

∑
kh

∑
j

F(kh, j)W(kh, j, z)e
i[khr−ω(kh,j)t].

(8)

T

T′ T = T+ T′

dT/dz ≫ dT′/dz ∂T/ ∂z ≈ dT/dz

Let the background temperature is  and the disturbance is

, then the temperature profile could be written as . If

, then . Integrating both sides of

Eq. (8), it becomes

T (z, t)− T (z) =

iω

dT
dz

∑
kh

∑
j

F(kh, j)W(kh, j, z)e
i[khr−ω(kh,j)t].

(9)

Bkh,j =
Fkh,j

iw
ei[khr−ω(kh,j)t] Φkh,j = (dT/dz)

W(kh, j, z)

When considering  and 

, Eq. (9) can be reduced to

T(z, t)− T (z) =
∑
kh

∑
j

Bkh,jΦkh,j. (10)

Substituting Eq. (5) into Eq. (7), it becomes
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T(z, t)− T (z) =
dT
dz

∑
kh

∑
j

∫
aj(r, t)dtW (kh, j, z) . (11)

Aj =

∫
aj(r, t)dtWhen considering , Eq. (11) can be reduced

to

T(z, t)− T (z) =
∑
kh

∑
j

AjΦkh,j. (12)

Considering the contributions of both the linear and solitary
internal waves, the temperature profile can be expressed as

T̂(z, t) = T (z) +
∑
kh

P∑
j=

(Bkh,j
+ Aj)Φkh,j

. (13)

{
Φkh,j

}In other words, the temperature profile can be expanded by
the new basis functions  (i.e., IWMs), which are derived

from the internal-wave eigenmodes. Similar to the EOF method,
the first few IWMs often explain much of the temperature inform-
ation, and the temperature profile can be compressed by retain-
ing only the leading P-order IWMs. The reconstruction mean er-
ror (ME) for the temperature test data is

ME =
∣∣∣T− T̂

∣∣∣

/K, (14)

T̂where T is the measurement temperature,  is the reconstruc-
tion temperature, and K is the total number of the profile’s
depths. The buoyancy-frequency profile is required to solve the
internal-wave eigenmodes. And the buoyancy frequency de-
pends on the background temperature and salinity profile. In
other words, the IWM method depends on the background tem-
perature and salinity; if the background field is different, the in-
ternal-wave eigenmodes and vertical temperature gradient are
different, and thus, the IWMs are distinctive.

The temperature profile can be expanded with both EOFs and
IWMs. The EOFs are derived from the temperature data, which
represents the mode of data. For adaptability, the temperature
samples should cover a complete period of a dynamic ocean
activity. The IWMs are derived from the internal-wave eigen-
modes, which represent the dynamic ocean modes, and only re-
quire the mean (i.e., background) temperature and salinity fields,
which can be obtained using fewer measurements. This is valid-
ated by an experimental data analysis in Section 4.

4  Experimental results

4.1  Experimental data
The experiment was conducted in the South China Sea from

September 13, 11:00, to September 17, 06:00, in 2015. A thermis-
tor chain, consisting of 18 temperature–depth sensors (TDs) was
used for acquiring the water-column temperature profile over 91 h.
The TDs monitored the water column between 13 m and 77 m
depth with an approximately 3–4 m depth interval. Considering
that the entire temperature profile is required for calculating the
new basis functions, isothermal-layer expansion can be utilized
for reconstructing the entire temperature profile. The profiles are
interpolated to K=201 points, with 0.5 m spacing, and the num-
ber of profiles is M=10 921. During the experiment, a conductiv-

ity, temperature, and depth (CTD) sensor provided salinity, tem-
perature, and depth measurements near the thermistor chain,
from 0.1 m to 100 m depth, with 0.1 m spacing. In this study, we
use this salinity data to calculate the buoyancy-frequency profile.

The temperature data are shown in Fig. 1. To evaluate the
validity of the two basis functions, the temperatures are divided
into two groups. The first 24 h of temperature data (i.e., from
September 13, 11:00, to September 14, 11:00, shown in Fig. 1b)
are selected for training, and are used for generating the basis
functions. The last 67 h of temperature data (i.e., from Septem-
ber 14, 11:00, to September 17, 06:00) are selected for testing. To
test the influence of the temperature samples, we generate the
basis functions using 1-h, 3-h, 6-h, and 12-h temperature
samples. The basis functions are generated by using the temper-
ature data from September 13 at 11:00–12:00, 18:00–19:00,
11:00–14:00, 18:00–21:00, 11:00–17:00, 17:00–23:00, 11:00–23:00,
and from September 13, 23:00 to September 14, 11:00, respect-
ively. The background temperature is approximated by taking the
average temperature of the corresponding training set. The new
basis functions are denoted as IWM11, IWM18, IWM11–14,
IWM18–21, IWM11–17, IWM17–23, IWM11–23, and IWM23–11,
respectively. The corresponding empirical orthogonal functions
are EOF11, EOF18, EOF11–14, EOF18–21, EOF11–17, EOF17–23,
EOF11–23, and EOF23–11.

4.2  Temperature reconstruction
The first three IWM11 modes are illustrated in Fig. 2 as func-

tions of depth and circular frequency. For this corresponding
training set (temperature data from September 13 at 11:00–
12:00), the inertial frequency and the maximum value of the
buoyancy frequency are 5.2×10−5 rad/s and 0.032 rad/s, respect-
ively. Figure 2 shows that the modes are frequency-dependent,
and the mode peakedness increases smoothly with frequency.

fc
Nmax

Φfc,j = (dT̂/dz)W(fc, j, z)

To analyze the adaptability of the IWM11 at different frequen-
cies, the first five orders of the IWM11 in the frequency from  to

 are used for reconstructing the test set shown in Fig. 1.
Figure 3 shows the absolute mean reconstruction error of the
8 041 profiles, which vary at different depths and frequencies. The
black dotted line is the mean value over depth, which shows that
the mean error increases from 0.25℃ to 0.34℃ with the circular
frequency. This shows that the reconstruction accuracy reduces
with frequency. The reason is that the internal-wave group speed
reduces quickly with frequency. Thus, the higher-frequency
modes would have a negligible effect in the far field (Tielbürger et
al., 1997). We verify that the same phenomenon is applicable to
the other IWM modes. Therefore, in the next sections, we use the
IWMs at the lowest frequency (i.e., inertial frequency fc). The new
basis functions are equal to .

Figure 4a shows the buoyancy frequency profile which is gen-
erated by using the mean temperature data from September 13 at
11:00–12:00 and the salinity profile measured by CTD. It shows
that the buoyancy frequency in the thermocline is large and the
maximum is reached to 0.032 rad/s. Figure 4b shows a comparis-
on of the first five IWM11 and EOF11 modes. The solid blue and
dotted red lines represent IWM11 and EOF11, respectively.
Figure 5 shows the absolute correlation coefficients between the
first five EOF11 and IWM11 modes. It is evident that the first five
modes of both EOF11 and IWM11 are orthogonal. The first two
EOF11 and IWM11 modes are strongly correlated, while the third
modes are weakly correlated and the last two modes are almost
uncorrelated. The correlation coefficient between EOF1 and
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IWM1 is 0.97, and the correlation coefficient between EOF2 and

IWM2 is −0.92.

We have reconstructed a temperature profile randomly selec-

ted in the test set using the first five EOF11 and IWM11 basis

functions respectively, and the result is shown in Fig. 6. It is evid-

ent that the reconstruction error by IWM11 below 50 m depth is

smaller than the EOF11. The reconstruction ME calculated by Eq.

(14) is 0.23℃ by the EOF11, and the reconstruction ME is 0.19℃

by the IWM11. So the reconstruction accuracy of the IWM11 is

slightly higher.
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Fig. 1.   The experimental temperature data. a. The whole temperature profiles from September 13, 11:00 to September 17, 06:00
(GTM), recorded every 30 s. The data on the left of the black dotted line is the training set, and the data on the right of the black dotted
line is the test set. b. The temperature training set.
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Fig. 2.   The first three modes of the IWM11. a. Mode 1; b. Mode 2; c. Mode 3.
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Figure 7 shows a comparison of the first five IWM23-11 and
EOF23-11 modes. The solid blue and dotted red lines represent
IWM23-11 and EOF23-11, respectively. Figure 8 shows the abso-
lute correlation coefficients between the first five EOF23-11 and
IWM23-11 modes. It is evident that the first five modes of both
EOF23-11 and IWM23-11 are orthogonal. The first three EOF23-
11 and IWM23-11 modes are strongly correlated, and the last two
modes are moderately correlated. The correlation coefficient
between EOF1 and IWM1 is 0.98; the correlation coefficient

between EOF2 and IWM2 is −0.97; and the correlation coefficient
between EOF3 and IWM3 is 0.86.

We have reconstructed the same temperature profile as in
Fig. 6 with the first five EOF23-11 and IWM23-11 basis functions,
and the result is shown in Fig. 9. It is evident that the temperat-
ure profile reconstructed by IMW23-11 is in good agreement with
the measured profile, and the reconstruction ME is 0.08℃. Al-
though the accuracy of EOF23-11 is improved compared with
EOF11, the error at some depths is still large, and the reconstruc-
tion ME is 0.17℃.

We have reconstructed the profiles in the test set with the first
five modes of the 16 sets of basis functions. Figure 10 shows the
mean reconstruction error for each temperature profile, calcu-
lated by Eq. (14). The reconstruction error by the EOF method
seems to be more unstable, and the IWM method has better re-
construct accuracy than the EOF method in the most situation.
For better representation, Fig. 11 shows the average error and the
standard deviation of the whole profiles in the test set. The red
and blue lines represent the reconstruction errors using the EOF
and IWM methods, respectively. It shows that as the sampling
length increase from 1 h to 3 h, the reconstruction accuracy of
both the IWM and EOF methods is obviously improved. And
when the sampling time of the training set is different, the EOF
basis function has obvious reconstruction difference, even if the
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Fig. 3.   The mean reconstruction error by the IWM11 in different
frequency,  together  with  an  overlay  of  the  mean  value  over
depth.
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Fig. 4.   The buoyancy frequency profile (a) and the comparison of the first five modes of the two basis functions (b). The solid blue line
represents the IWM11, and the dotted red line represents the EOF11.
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Fig. 5.   The absolute correlation coefficients between the first five EOF11 and the IWM11 modes.
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sampling length is the same. This shows that the EOF method de-
pends heavily on the sampling time and the sampling length. On
the contrary, the IWM method achieved a more accurate recon-
struction than that of the EOF method when using the same
training set (except for IWM11). In addition, the standard devi-
ation using the IWM method is smaller, which means that the re-
construction accuracy by the IWM method is more stable.

It is also showed in Fig. 11 that the EOF18 has the worst re-
construction accuracy. The reason can be found in Fig. 1 that
there are noticeable internal solitary waves from 18:00 to 19:00,
so the temperature profiles changes dramatically. This shows
that the EOF method is not suitable for the experimental area
that is highly variable, and it needs long sample time. Surpris-
ingly, the reconstruction error of the IWM18 is much smaller
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Fig. 6.     The reconstruction of a randomly selected temperature profile by five coefficients. The black dotted line represents the
measurement temperature profile, the red line represents the reconstruction results by the EOF11, and the blue dotted line represents
the reconstruction results by the IWM11.
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Fig. 7.   The comparison of the first five modes of the two basis functions. The solid blue line represents the IWM23-11, and the dotted
red line represents the EOF23-11.
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than the IWM11. This indicates that the IWM method has a ro-

bust reconstruction accuracy for oceanic regions that have in-
ternal solitary waves.

In order to test the effective time of the basis functions, Fig. 12
shows the reconstruction error by EOF/IWM11 and EOF/IWM23-

11. Since there are many profiles in the test set, for simplicity, the
reconstruction error is averaged every 30 min. It shows that as the
time distance grows between the test profiles and the training set,
the reconstruction error roughly increases. Figure 12a shows that

the reconstruction error has large outliers especially for the EOF11.
The main reason is that the amount of sample data is insufficient.

For example, the EOF11 has a bad applicability for the temperat-

ure profiles around September 16, 04:30. And the reconstruction
error of other EOF methods is generally large here, which can be
seen from Fig. 10. However, the IWM11 could obviously elimin-
ate these outliers. We could find from Fig. 1 that there are intern-

al solitary waves in the ocean region around September 16, 04:30.
So we could conclude that the IWM method is more suitable for
modeling the temperature fields, especially in the presence of in-
ternal waves.

Figure 12a also shows that, after September 16, 04:30, the er-
rors using EOF11 are smaller than those using IWM11. The same
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Fig. 8.   The absolute correlation coefficient between the first five modes of the EOF23-11 and the IWM23-11.
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Fig.  9.     The  reconstruction  of  the  selected  temperature  profile  using  five  coefficients.  The  black  dotted  line  represents  the
measurement temperature profile, the red line represents the reconstruction results using the EOF23-11, and the blue dotted line
represents the reconstruction results using the IWM23-11.

62 Li Qianqian et al. Acta Oceanol. Sin., 2023, Vol. 42, No. 2, P. 56–64  



phenomenon is also found in the IWM18 and EOF18 shown in
Fig. 10. It shows that when the training set is rare, the EOF can be
sometimes more accurate than the IWM. The reason is that when
the sample time is short, the mean temperature varies greatly
from the actual background field. It is certain that the reconstruc-
tion error both by the EOF and IWM are large by slight samples
(such as 1 h). However, which method is more accurate is ran-
dom.

5  Summary and conclusions
A new set of basis functions (IWMs) is developed from the in-

ternal-wave equation for parameterizing ocean-temperature pro-
files. The IWMs are generated by combining the internal-wave ei-
genmodes with the average temperature gradient. The first two
basis functions of the EOF and IWM methods are similar, while

differences exist mainly in the higher orders. The theoretical ana-

lysis and experimental data showed that the IWM method can

achieve more accurate reconstructions than those of the EOF

method when using the same training samples. The experiment-

al results demonstrate that the IWMs have higher reconstruction

accuracy and adaptability in shallow waters even in the situation

where internal waves occur frequently. It is worth noting that the

internal-wave equation is obtained in shallow water waveguides,

and the internal-wave spectrum is different between the deep

water and shallow water, so the new set of basis functions are

only suitable in shallow water.

The new set of basis functions has higher reconstruction ac-

curacy and adaptability in shallow sea areas such as continental

shelf where internal waves occur frequently.
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Fig. 10.   The reconstruction mean error of the temperature profiles in the test set with the 16 sets of basis functions.
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Fig.  11.     The  average  reconstruction  errors  using  the  16  different  basis  functions.  The  red  square  represents  the  average
reconstruction errors using the EOFs, and the blue circular represents the average reconstruction errors using the IWMs. The length of
the vertical line represents the standard deviation. * represents EOF or IWM.
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Fig.  12.     The average reconstruction errors  every 30 min using EOF/IWM11 and EOF/IWM23-11.  The red line represents  the
reconstruction results using the EOFs, and the blue line represents the reconstruction results using the IWMs.
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