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Abstract

This paper examines the simplification strategy of retaining only the nonhydrostatic effect of local acceleration in
a three-dimensional fully nonhydrostatic model regarding the submesoscale wave phenomenon in the ocean.
Elaborate scale analysis of the vertical component of the Reynold-averaged Navier–Stokes (RANS) equation was
performed, confirming the rationalization of this simplification. Then, the simplification was implemented in a
RANS equation-based nonhydrostatic model NHWAVE (nonhydrostatic WAVE) to make a simplified nonhy-
drostatic model. Numerical examples were taken to test its performance, including surface sinusoidal waves
propagating on an idealized East China Sea topography, tidally induced internal lee waves and small-scale
solitary  waves.  The  results  show  that  in  a  considerably  wide  range  of  nonlinear  strengths,  the  simplified
nonhydrostatic model can obtain similar results as those in the fully nonhydrostatic model, even for smaller-scale
solitary waves. Nonlinearity influences the applicability of the simplification. The stronger the nonlinearity is, the
worse the simplified model describes the nonhydrostatic phenomenon. In general, the simplified nonhydrostatic
model can simulate surface waves better than internal waves. Improvement of computational efficiency in the
simplified nonhydrostatic model is reasonable, reducing the central processing unit time duration in the fully
nonhydrostatic model by 16.4%–20.6%. The specially designed algorithm based on the simplified nonhydrostatic
equation can remarkably reduce the computational time.
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1  Introduction
Reynolds-averaged Navier–Stokes (RANS) equations can de-

scribe hydrodynamic processes ranging from small-scale waves
to large-scale ocean circulation in theory. However, when a spe-
cific phenomenon is studied with limited computational re-
sources, the approximation form of the RANS equations is often
employed in ocean modeling. For example, the hydrostatic ap-
proximation, ignoring the acceleration in the vertical direction
for large-scale and mesoscale processes, is widely used in ocean
circulation models. However, it does not work at all temporal and
spatial scales, especially when the local derivative becomes es-
sential for small-scale processes. When the horizontal scale of the
motion is comparable with its vertical scale, the nonhydrostatic
effect becomes apparent and needs to be involved (Marshall et
al., 1997a; Casulli, 1999). It has been proven that the hydrostatic
approximation is not valid for flows over rapidly varying slopes
(Casulli and Zanolli, 2002). The nonhydrostatic effect leads to fre-
quency dispersion: waves of different frequencies will gradually
depart as they propagate. This effect opposes the nonlinear wave
steepening. When the nonhydrostatic dispersion effect and non-
linear steepening come into balance, a solitary wave will form.

For natural phenomena such as extreme tsunamis (Ma et al.,
2012; Choi et al., 2014; Ai et al., 2021a) or large-amplitude intern-
al waves in the ocean (Berntsen et al., 2008; Lai et al., 2010a,
2010b; Zhang et al., 2011), there are both hydrostatic and non-
hydrostatic numerical studies. However, an increasing number of
studies have proven the significance of the nonhydrostatic effect
by comparing it with observations. To capture the nonhydrostat-
ic effect accurately, more terms should be included in the vertic-
al momentum equation, rather than retaining only the vertical
pressure gradient and the gravity force for the hydrostatic ap-
proximation. In one-dimensional and two-dimensional simula-
tions, some theoretical nonhydrostatic models, such as the KdV
and Boussinesq models, are widely used to simulate nonhydro-
static surface waves and internal waves. Fully nonhydrostatic
models, which retain all terms in the RANS equations, are widely
applied in three-dimensional simulations. Nearly all the nonhyd-
rostatic models are developed based on this frame, such as MIT-
gcm (Marshall et al., 1997b), FVCOM-NH (Lai et al., 2010a, b),
BOM (Berntsen, 2004), SWASH (Stelling and Zijlema, 2003;
Zijlema et al., 2011), SUNTANS (Fringer et al., 2006), nonhydro-
static WAVE (Ma et al., 2012; Shi et al., 2015), ROMS-NH (Kanarska  
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et al., 2007), and POM-NH (Kanarska and Maderich, 2003) and
nonhydrostatic models for surface waves (Ai et al., 2019, 2021a;
He et al., 2020) and internal waves (Ai et al., 2021b), etc. Most of
these nonhydrostatic models utilize the pressure decomposition
method, and a nonhydrostatic pressure is introduced by adding a
nonhydrostatic pressure gradient in the vertical direction. The
resulting horizontal velocity is forced via the nonhydrostatic
pressure gradients by the local divergence or convergence in the
model cells. However, nonhydrostatic models use much more
central processing unit (CPU) time than their hydrostatic coun-
terparts by one or several orders of magnitude due to the effort in
solving a Poisson equation of the nonhydrostatic pressure (Shi
et al., 2015; Liu et al., 2016). Massive data storage in nonhydro-
static models is also a great challenge. These issues significantly
limit the broader application of nonhydrostatic models.

To overcome this limitation, researchers have proposed dif-
ferent ways to expand the applicability of nonhydrostatic models.
On the one hand, some numerical techniques are adopted, such
as the grid-switching strategy (Botelho et al., 2009), the improve-
ment of the efficiency of the Poisson solver (Matsumura and
Hasumi, 2008), and the selection of an appropriate coarser resol-
ution (Berntsen et al., 2009). On the other hand, the hydro-
dynamic equations are simplified according to the properties of
certain processes. To be more specific, we can only retain the
dominant terms in the RANS equation and eliminate some unim-
portant terms, making the numerical simulation easier to under-
stand physically and resource savings for the calculation.

In this paper, we focus on the submesoscale waves with a typ-
ical horizontal scale of hundreds of meters to kilometers and
study the applicability of a simplified nonhydrostatic model.
Submesoscale movement, which is between small-scale
(10−1–102 m) and mesoscale (104–105 m), is in the interval in
which the nonhydrostatic effect becomes essential (Mahadevan,
2006; Thomas et al., 2008). It can refer to a wide range of pro-
cesses in the ocean, including submesoscale coherent vortices,
submesoscale surface waves, and internal gravity waves in
submesoscale regimes. These submesoscale processes play cru-
cial roles in bridging mesoscale to small-scale processes, espe-
cially in the upper ocean. As large-scale waves propagate from
the open sea to coastal areas, their horizontal length scale be-
comes shorter and shorter, and these waves may belong to
submesoscales.

A simplification strategy that only adds the vertical local de-
rivative term in the hydrostatic balance in barotropic flow is stud-
ied by several researchers with regard to the submesoscale pro-
cess. For depth-averaged models, Yamazaki et al. (2009, 2011), Lu
et al. (2015) applied this simplification for simulating tsunami
propagation and nearshore wave propagation. Zijlema and
Stelling (2008) and Zijlema et al. (2011) studied surface waves
and rapidly varying flows. Aricò and Re (2016) simulated various
kinds of flooding processes.

However, in a stratified fluid, this simplification method has
not been well examined. Daily and Imberger (2003) applied it in a
Boussinesq model and simulated internal solitary waves
propagating near the surface. They proved that the simplified
nonhydrostatic model could drastically improve wave propaga-
tion in the hydrostatic model, but problems such as the spread-
ing of pycnoclines remain. Currently, work on the application of
this simplification in a three-dimensional nonhydrostatic model
is still very limited. It remains to be known if it will work well in a
such kind nonhydrostatic model. Resolving this problem will
help to improve the computational efficiency of nonhydrostatic
models and extend their applicability.

In this paper, the simplification strategy of only retaining the
local vertical acceleration will be implemented in the framework
of a three-dimensional nonhydrostatic wave model NHWAVE
(Ma et al., 2012; Shi et al., 2015). Comparisons are made among
the fully nonhydrostatic model, the simplified nonhydrostatic
model, and the hydrostatic model to validate the performance of
the simplification strategy. The paper is organized as follows.
Section 2 validates the simplification based on a scale analysis
and introduces the corresponding simplified governing mo-
mentum equations. We also present the standard of measuring
the nonhydrostatic effect and provide a criterion to evaluate the
performance of a simplified nonhydrostatic model. In Section 3,
two numerical applications are described to validate the simpli-
fication strategy of the nonhydrostatic model, including surface
sinusoidal waves over a continental shelf and internal lee waves
induced by flow over a sill. In Section 4, an extended application
of the simplified nonhydrostatic model to smaller-scale solitary
waves is discussed. Discussions about the applicability of the
simplification concerning the nonlinearity and the computation-
al efficiency improvement are also made. Brief conclusions are
given in Section 5.

2  Methods

2.1  Scale analysis of vertical momentum equation
Scale analysis of the vertical component of RANS equation is

clarified on the submesoscale surface wave and internal wave in
this section. For simplicity, the tide-generating force and the
Coriolis force are neglected in this study. Thus, the vertical mo-
mentum equation in Cartesian coordinates is given as

∂w

∂t︸︷︷︸
local
derivative

+u
∂w

∂x
+ v

∂w

∂y︸ ︷︷ ︸
advection

+ w
∂w

∂z︸ ︷︷ ︸
convection

= − 
ρ

∂p

∂z︸ ︷︷ ︸
pressure gradient

− g︸︷︷︸
gravity

+

AH

(
∂w

∂x
+

∂w

∂y

)
︸ ︷︷ ︸

horizontal
turbulent viscosity

+ AV
∂w

∂z︸ ︷︷ ︸
vertical
turbulent viscosity

, (1)

t x, y, z
u(x, y, z, t) v(x, y, z, t)

w(x, y, z, t)
x, y, z ρ p g

AH AV

where  is time,  are eastward, northward, and upward in-
dices of coordinates, respectively, and , , and

 are the corresponding velocity components in the
 direction.  is the density,  is the pressure,  is the gravita-

tional acceleration,  and  are the eddy viscosities in the hori-
zontal and vertical directions, respectively. Variables can be writ-
ten in the nondimensional form with

(x̄, ȳ) = (x, y)/L, z̄ = z/D, t̄ = t/T,

(ū, v̄) = (u, v) /U, w = w/W, p̄ = p/P, (2)

L D
T W

P

where  and  are the characteristic horizontal and vertical
scales, respectively,  is the time scale,  is the vertical velocity
scale, and  is the pressure scale. Substituting Eq. (2) into Eq. (1)
yields the nondimensional form of the vertical momentum equa-
tion

W
T

∂w

∂ t̄
+
UW
L

(
ū
∂w

∂x̄
+ v̄

∂w

∂ȳ

)
+

W

D
w

∂w

∂z̄
= − P

ρD
∂p̄

∂z̄
−

g+
AHW
L

(
∂w

∂x̄
+

∂w

∂ȳ

)
+

AVW
D

∂w

∂z̄
. (3)

Characteristic scales of physical variables defined in Eq. (2)
vary with phenomena and influence the relative importance of
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terms in Eq. (3). This paper intends to find the predominant term

controlling submesoscale waves, including surface waves and in-

ternal gravity waves. Here, we introduce the scale analysis pro-

cesses for surface waves and internal waves separately.

2.1.1   Scale analysis for surface gravity wave

For a long surface gravity wave, the leading order balance is

between the local inertial force and the pressure gradient force

formed by the sea surface slope, i.e.,

∂u

∂t
∼ g

∂ζ

∂x
, (4)

ζwhere  denotes the dimensional surface water elevation. The

scale balance of Eq. (4) is

U
T

∼ g
A
L
, (5)

A

A

T

L C =
√
gD

where  represents the characteristic orders of magnitude of sur-

face water elevation, which is generally given by =10−1 m. The

characteristic scale of time  should be coincident with the hori-

zontal scale  and the phase speed of the long gravity wave 

, thus

T ∼ L
C
. (6)

κ
Combining Eq. (5) and Eq. (6), we define a dimensionless

parameter 

κ =
U
C
=

A
D
. (7)

∂u

∂x
+

∂v

∂y
+

∂w

∂z

Both horizontal velocity and vertical velocity components ex-

ist in the local divergence-free continuity equation, 

= 0, so

U
L

∼ W
D
. (8)

W
T

Divide both sides of Eq. (3) by , the characteristic scales of

the local derivative in the vertical direction, and after some al-

gebra with considering Eq. (7) and Eq. (8), we obtain

∂w

∂ t̄
+κ

(
ū
∂w

∂x̄
+ v̄

∂w

∂ȳ
+w

∂w

∂z̄

)
= − P

ρD
T
W

∂p

∂z
− T

W
g+

AHT
L

(
∂w

∂x̄
+

∂w

∂ȳ

)
+

AVT
D

∂w

∂z̄
. (9)

κ

U
C

A
D

From Eq. (9), it can be seen that  defined in Eq. (7) can meas-
ure the strength of nonlinear terms. This shows that we can use

two methods, either  the ratio of the horizontal velocity of wa-

ter particles to the phase speed of the wave or , the ratio of sur-

face water elevation to the static depth as a criterion to discuss
the nonlinearity of the long surface gravity wave.

For a submesoscale surface wave, to make scale analysis, we
take the lower limit of horizontal scale of mesoscale process (i.e.,
10 km) as the characteristic wavelength and assume a character-
istic water depth in the marginal sea, D=103 m. The horizontal ve-
locity is given by 10−2 m/s. The characteristic period T and vertic-
al velocity W can be deduced based on Eq. (6) and Eq. (8). Char-
acteristic scales of all the variables are listed in Table 1. By substi-
tuting them into Eq. (9), the typical magnitudes of every single
force in Eq. (9) can be obtained (Table 2).

As shown in Table 2, the primary balance of the submeso-
scale surface wave is between the pressure gradient force and the
gravity force. It is the so-called hydrostatic approximation, for
which the vertical acceleration of the water mass is ignored, and
the vertical momentum Eq. (1) reduces to a diagnostic equation
as

 = −
ρ

∂p

∂z
− g. (10)

The hydrostatic approximation is accurate for large-scale pro-
cesses and is widely used when modeling large and mesoscale
processes such as circulation and barotropic tidal waves.
However, the hydrostatic model cannot reflect nonhydrostatic
features of waves (Yamazaki et al., 2009, 2011; Wei and Jia, 2014),
especially for smaller-scale waves. A higher-order approxima-
tion of Eq. (1) should be made to reflect the nonhydrostatic ef-
fect. In Table 2, the local derivative is the largest among the re-
maining terms, followed by the nonlinearity term apart from the
two forces in the hydrostatic approximation. The former is three
orders of magnitude larger than the latter. This indicates that we
may only add the local derivative term to include the major part
of the nonhydrostatic effect in a model. Then, the vertical mo-
mentum equation can be given by

∂w

∂t
= − 

ρ0

(
∂p

∂z
+ gρ

)
. (11)

From the above scale analysis, we verify that adding the local

Table 1.   Characteristic scale of variables for submesoscale surface wave

Variable D/m L/m U/(m·s−1) W/(m·s−1) T/s AH/(m2·s−1) AV/(m2·s−1)

Magnitude 1×103 1×104 1×10−2 1×10−3 1×102 1×10−3–1×10−1 1×10−4–1×10−2

Table 2.   The magnitude of every term in the vertical momentum equation
Force Local derivative Advection Convection Pressure gradient Gravity Horizontal eddy viscosity Vertical eddy viscosity

Formula 1 κ = A
D

κ = A
D

− P
ρaD

T
W

T
W

gb
AHT
L

AVT
D

Magnitude 1 1×10−3 1×10−3 −1×106 1×106 1×10−7 1×10−6

aρ bg ≈      Note: =103 kg/m3; 10 m/s2.
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derivative term in the hydrostatic approximation simplifies the
fully nonhydrostatic model when the surface gravity wave is con-
sidered. This simplification strategy of the fully nonhydrostatic
momentum equation is the starting point of this research. This
simplification at least has significance in two aspects. On the one
hand, discussing the physical mechanism may be more concise
when only focusing on the primary term that controls a specific
process. On the other hand, eliminating some unimportant
forces in the governing equation will undoubtedly save computa-
tional resources and increase the calculation efficiency.

2.1.2  Scale analysis for internal lee wave

ρ

ρ

In the stratified ocean, density varies by at most a few per-
centage points. We replace density  in Eq. (1) by a constant
value  (with the exception of the gravity term), so the vertical
momentum equation becomes

∂w

∂t
+u

∂w

∂x
+ v

∂w

∂y
+w

∂w

∂z
= − 

ρ

∂p

∂z
− ρ

ρ
g+

AH

(
∂w

∂x
+

∂w

∂y

)
+ AV

∂w

∂z
. (12)

An internal wave can be seen as a perturbation of a static
background state that has only vertical dependence so that we
can divide variables into two parts: one part is related to the stat-
ic background field, and the other part is associated with the in-
ternal wave motion (the variable with a prime)

p = p(z) + p′(t, x⃗),

ρ = ρ(z) + ρ′(t, x⃗), (13)

the static field obeys the hydrostatic balance

dp

dz
= −ρg, (14)

so Eq. (12) can be written as

∂w

∂t︸︷︷︸
local
derivative

+u
∂w

∂x
+ v

∂w

∂y︸ ︷︷ ︸
advection

+ w
∂w

∂z︸ ︷︷ ︸
convection

= − 
ρ

∂p′

∂z︸ ︷︷ ︸
pressure gradient

− ρ′

ρ
g︸︷︷︸

gravity

+

AH

(
∂w

∂x
+

∂w

∂y

)
︸ ︷︷ ︸

horizontal
turbulent viscosity

+ AV
∂w

∂z︸ ︷︷ ︸
vertical
turbulent viscosity

. (15)

W
H

For internal wave phenomenon, we introduced the vertical
velocity scale  and the vertical scale over which the internal
wave field varies by one order of magnitude , and the dimen-
sionless form of Eq. (15) is presented by

W
T

∂w

∂ t̄
+
UW
L

(
ū
∂w

∂x̄
+ v̄

∂w

∂ȳ

)
+

W

H
w

∂w

∂z̄
= − P

ρH
∂p′

∂z̄
−

ρ′

ρ
g+

AHW
L

(
∂w

∂x̄
+

∂w

∂ȳ

)
+

AVW
H

∂w

∂z̄
. (16)

The leading order balance for long gravity internal waves is
also between the local inertial force and the pressure gradient
force, i.e.,

ρ
U
T

∼ P
L
. (17)

Similar to surface waves, the characteristic time scale should
be expressed by the horizontal scale and the phase speed of the
long gravity wave as

T ∼ L
C
, (18)

therefore,

P ∼ ρCU. (19)

W
T

The typical phase speed of the internal wave C is on the order
of 1 m/s in the ocean. Dividing Eq. (16) by the characteristic

scales of the local derivative, , yields

∂w

∂ t̄
+
U
C

(
ū
∂w

∂x̄
+ v̄

∂w

∂ȳ
+w

∂w

∂z̄

)
= −CU

H
T
W

∂p′

∂z̄
− ρ′

ρ

T
W

g+

AHT
L

(
∂w

∂x̄
+

∂w

∂ȳ

)
+

AVT
H

∂w

∂z̄
,

(20)

Fr =
U
C

in which we define  to measure the importance of nonlin-

earity.
Taking the submesoscale internal lee-wave as an example,

the horizontal scale for internal waves is shorter than the surface
wave. What is more, the characteristic vertical scale is no longer
the whole depth and can be approximated by the amplitude of
internal waves with dozen meters. Substitute the characteristic
scales of variables (summarized in Table 3) into Eq. (20), we ob-
tain the typical magnitudes of each force (Table 4) for the intern-
al lee wave.

From Table 4, we can obtain a similar conclusion with those
in scale analysis for surface waves, i.e., the local derivative term is
the most prominent term except for two prevailing terms in the
hydrostatic approximation, followed by nonlinearity. Therefore,
we can only retain the prominent local derivative term to include
the major nonhydrostatic effect, and the simplified vertical equa-
tion can be presented as

Table 3.   The characteristic scale of variables for submesoscale internal wave

Variables H/m L/m U/(m·s−1) W/(m·s−1) T/s AH/(m2·s−1) AV/(m2·s−1)

Magnitude 1×10−3 1×10−3 −1×106 1×106 1×10−7 1×10−6 1×10−3

Table 4.   The magnitude of every term in the vertical momentum equation
Force Local derivative Advection Convection Pressure gradient Gravity Horizontal eddy viscosity Vertical eddy viscosity

Formula 1 Fr =
U
C

Fr =
U
C

−CU
H

T
W

ρ′b

ρ
a

T
W

gc
AHT
L

AVT
D

Magnitude 1 1×10−2 1×10−2 –1×103 1×103 1×10−4–1×10−2 1×10−5–1×10−3

ρ ρ′ g ≈      Note: a =103 kg/m3; b =10 kg/m3; c 10 m/s2.
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∂w

∂t
= − 

ρ

∂p

∂z
+
ρ′

ρ
g. (21)

By comparing Table 2 and Table 4, we can find that the prom-
inent local derivative is only two orders larger in magnitude than
the nonlinearity term in Table 4, while in scale analysis for sur-
face wave (Table 2), the difference between local derivative and
nonlinearity can be up to three or four orders in magnitude. It in-
dicates that there may be a lower level of prominence for local
derivative term in simulating internal waves.

To conclude, we may construct a simplified nonhydrostatic
model in a three-dimensional simulation for submesoscale sur-
face waves and internal gravity waves. This paper will implement
this simplification strategy based on a three-dimensional fully
nonhydrostatic model NHWAVE and make a simplified nonhyd-
rostatic model.

2.2  The simplification of the NHWAVE model
The simplification of a fully nonhydrostatic model major in-

volves the simplification of the calculation process. The model
used in this study is based on the modeling framework of the
Nonhydrostatic Wave model, NHWAVE (Ma et al., 2012; Shi et al.,
2015). It is a three-dimensional fully nonhydrostatic wave model
formulated by solving the RANS equations in the σ coordinate
system. Hybrid finite volume-finite difference schemes are used.
NHWAVE has been widely used and is proved to be capable of
simulating both surface waves (Ma et al., 2012; Derakhti et al.,
2015) and internal waves as well as mixing in stratified fluid (Ma
et al., 2013; Shi et al., 2017, 2019; Zhou et al.,2017). Although the
NHWAVE model is implemented in a terrain and surface-follow-
ing σ coordinate system, we describe the equation in Cartesian
coordinates for clarity.

p(x, y, z, t)
pHY(x, y, z, t) q(x, y, z, t)

The pressure decomposition method is utilized in NHWAVE
by separating the whole pressure  into its hydrostatic
and nonhydrostatic components  and .
The momentum equations can be written as
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∂u

∂y
+w

∂u
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)
, (22)

∂v

∂t
+u

∂v

∂x
+ v

∂v

∂y
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∂v
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)
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∂
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(
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)
, (23)

∂w

∂t
+u

∂w

∂x
+ v

∂w

∂y
+w

∂w

∂z
= − 

ρ

∂pHY

∂z
− 

ρ

∂q

∂z
− ρ

ρ
g+

AH

(
∂w

∂x
+

∂w

∂y

)
+ AV

∂w

∂z
. (24)

The continuity equation is written as

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= . (25)

In this paper, the importance of the local derivative term in
the vertical direction is noticed in the nonhydrostatic model, so
the vertical component of governing Eq. (24) can be simplified as
follows.

∂w

∂t
= − 

ρ0

∂pHY

∂z
− g

ρ

ρ0
=

− 
ρ

∂q

∂z
, (26)

in which the hydrostatic pressure gradient is balanced by the
buoyancy term (underlined in Eq. (26)), so the vertical mo-
mentum equation is simplified into the approximation form

∂w

∂t
= − 

ρ

∂q

∂z
. (27)

The numerical scheme and the calculation procedure can be
kept the same as the original NHWAVE model, which adopts the
combined finite-volume and finite-difference algorithm with a
Godunov-type (shock-capturing algorithm) for spatial discretiza-
tion. For temporal discretization, the two-stage strong stability-
preserving Runge–Kutta algorithm is used, in which a typical
two-step projection method is used twice. To implement the pro-
jection method, one separates the solution into hydrostatic and
nonhydrostatic parts and solves them sequentially. In the first
step, the contribution from the nonhydrostatic pressure is neg-
lected, and in the second step, the velocities are corrected by in-
cluding nonhydrostatic pressure terms. We take the n to n + 1
time steps as an example to illustrate the simplification of the cal-
culation in NHWAVE.

U() = (u(), v(),w())T
In the first stage of the Runge–Kutta algorithm, an intermedi-

ate velocity  is obtained by the two-step
projection method indicated by Eqs (28) and (29).

Step 1: Hydrostatic part

U∗ − Un

Δt
= Fn, (28)

U* = (u*, v*,w*)T

Fn = (Fn
x ,

Fn
y , F

n
z )

T

Fn
z

w* wn

where  is the provisional velocity after the first
step of the calculation. In a fully nonhydrostatic model, 

 indicates the sum of convection, the hydrostatic pres-

sure gradient term, the gravity, and the viscosity terms in the ori-
ginal momentum equation (i.e., all terms in Eqs (22)–(24) while
neglecting the local derivative and the nonhydrostatic pressure
gradient). By employing the simplification method in this paper,
the vertical momentum Eq. (24) is simplified into Eq. (27),  be-
comes zero, and the vertical velocity  will be as exact as 
without calculation. Thus, in the simplified nonhydrostatic mod-
el, the computation cost will be reduced in this step.

Step 2: Nonhydrostatic part

U() − U∗

Δt
= − 

ρ
∇q(), (29)

∇ =

(
∂

∂x
,

∂

∂y
,

∂

∂z

)
U() = (u(), v(),w())T

U* = (u*, v*,w*)T

q()

where , and  is the in-

termediate velocity after calculation in the first stage. It corrects
 by considering the nonhydrostatic gradient

term in momentum equations Eqs (22), (23), and (27). The non-
hydrostatic  is given by solving the Poisson equation of non-
hydrostatic pressure, which can be derived by combining Eqs
(25) and (29).

In the second stage, the projection is conducted again, and
we can get the final value at the n + 1 time level of the Runge–Kutta
algorithm.

U∗∗ − U()

Δt
= F(), (30)
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U() − U∗∗

Δt
= − 

ρ
∇q(), (31)

Un+ =



(
Un + U()

)
, (32)

U∗∗ U()where  and  play the same role as those in Eqs (28) and (29).
Similar to solving Eq. (28) in step 1, the simplification will reduce
the computation one more time when solving Eq. (30).

2.3  Evaluation methods for the nonhydrostatic effect
To evaluate the performance of the simplified nonhydrostatic

model when simulating nonhydrostatic processes, we can con-
sider it from two aspects. On the one hand, the difference bet-
ween the simplified nonhydrostatic and hydrostatic models
should be significant. More considerable differences indicate a
more substantial nonhydrostatic effect. On the other hand, the
results of the simplified nonhydrostatic model should be consist-
ent with those of the fully nonhydrostatic model.

As such, we choose two parameters to evaluate the simplified
nonhydrostatic model in this paper. One is the normalized root-
mean-square error (NRMSE), defined as

NRMSE =

√√√√√√√√√√
N∑
i=

(
XR
i − XR

i

)
N∑
i=

(
XR
i

) , (33)

XR XR R

R

N

where  and  are the results from two different models. 
and  represent the nonhydrostatic and hydrostatic models, re-
spectively.  is the grid number. A larger value of NRMSE indic-
ates a stronger nonhydrostatic effect. If NRMSE >0.1 we think that
the nonhydrostatic effect is obvious.

The other parameter is the Pearson correlation coefficient.
For one-dimensional parameters, it is calculated by

r =

N∑
i=

(Ai − Ā) (Bi − B̄)√√√√ N∑
i=

(Ai − Ā)

√√√√ N∑
i=

(Bi − B̄)

, (34)

for two-dimensional parameters, it is calculated by

r =

∑
i

∑
j

(
Aij − Ā

) (
Bij − B̄

)
√√√√√

∑
i

∑
j

(
Aij − Ā

)∑
i

∑
j

(
Bij − B̄

)
, (35)

r ⩾ r ⩾

where A and B are the results from simplified nonhydrostatic and
fully nonhydrostatic models, respectively. i and j are grid num-
ber indices for the vector or matrix. A larger correlation coeffi-
cient value r reflects better consistency between the simplified
nonhydrostatic model and the fully nonhydrostatic model. We
take 0.9 as good and  0.99 as the very good performance of
the simplification employed in this paper.

3  Numerical experiments
Two examples are made to test the nonhydrostatic simplifica-

tion strategy in NHWAVE, including submesoscale surface sinus-
oidal waves and tidally induced internal lee wave in a smoothly
stratified fluid.

3.1   Sinusoidal wave over the idealized East China Sea (ECS) to-
pography

σ

η
Tinput

The simplification strategy is first used to investigate surface
wave propagating on an idealized East China Sea topography
(Fig. 1e), specified as Application 1. The computational domain
is 500 km long in the zonal direction and 20 km long in the meri-
dional direction, with a uniform horizontal resolution of 1 km. In
the vertical direction, there are 34  layers. A submesoscale si-
nusoidal wave with an amplitude of =0.2 m and a period of

=360 s enters the computational domain from the open west
boundary. At the eastern boundary, free slip condition is used.
The horizontal and vertical viscosities were set to be constants of
10−2 m2/s and 10−3 m2/s, respectively.

η
η

The horizontal and vertical space is normalized by the max-
imum still water depth d to discuss the process in dimensionless
form. Time is normalized by the period of the input wave Tinput.
Velocities are normalized by d/Tinput. Since water elevations in
the ECS are generally much smaller than the still water depth, we
discuss the water elevation  normalized by the initial amplitude
of the incident wave .

The water elevations from the hydrostatic, fully nonhydro-
static, and simplified nonhydrostatic models at nondimensional
time instants of t=30.00, 30.25, 30.50, and 30.75 are shown in Figs
1a–d. Waves are presented as standing waves by interacting in-
cident waves and waves reflected from the east boundary. The
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Fig.  1.     Surface water  elevation profiles  of  hydrostatic  (black
line), fully nonhydrostatic (blue line), and simplified nonhydro-
static  experiment  (red  line)  at  time  instant  of  t/Tinput=  30.00,
30.25, 30.50, and 30.75, respectively (a–d); profile of the idealized
ECS topography (e).
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fully nonhydrostatic and simplified nonhydrostatic model res-
ults are very similar in the whole region, with a relative error of
less than 1.5%, showing remarkable consistency. Locally, the re-
lation between the wave amplitudes in two nonhydrostatic mod-
els and those in the hydrostatic model change with phase. In
Figs 1a and c, two nonhydrostatic models have larger waves,
while in Figs 1b and d, the hydrostatic models have larger waves.
In the shelf region (x/d in the range of 200–250), the differences
between the nonhydrostatic and hydrostatic model results are
most apparent, which can be up to 100% in relative error (Fig. 1d).

x =
Time series of surface water elevation in six sections with ho-

rizontal locations of  25, 50, 100, 150, 175, and 225 are given in
Fig. 2 to further exhibit the variation of nonhydrostatic effect over
time. In the nonhydrostatic model, the wave propagates more
quickly. This effect accumulates as the wave propagates from the
open boundary to the shelf region (Figs 2a–f) and finally influ-
ences the standing wave shape.

r

r

By using the NRMSE defined in Eq. (33) and the correlation
coefficient  (defined in Eq. (34) for the one dimensional para-
meter) for surface water elevation, we can evaluate the perform-
ance of the simplified nonhydrostatic model. In Fig. 3a, the
NRMSE for the fully nonhydrostatic and simplified nonhydrostat-
ic models both grow with time in the same trend, indicating in-
creasing nonhydrostatic effects. From Fig. 3b, the correlation
coefficient  is very close to 1.0, it shows perfect consistency
between the fully nonhydrostatic and simplified nonhydrostatic
model results. Overall, the performance of the simplified non-
hydrostatic model is excellent in this case.

3.2  Tidally induced internal lee wave
Internal lee waves generated by flow over topography are

simulated to test the simplified model in a stratified fluid, spe-
cified as Application 2. Xing and Davies (2006a, b) first described
this experiment to approximate the tidally induced internal lee
wave process over a sill at the entrance to Loch Etive. Similar nu-
merical studies have been conducted by Berntsen et al. (2006,
2008, 2009), Davies et al. (2009), Xing and Davies (2010) and Liu
et al. (2016) to analyze the tidally induced mixing or nonhydro-
static effect. The above study show that internal lee waves are

σ

N

U = U sin(ωM t) ωM = .000 140 526
rad/s U

generated only during the flood time in the leeside of sill, con-
trolled by the forcing flow in the upstream. Nonhydrostatic ef-
fects influence the distribution of internal waves and the associ-
ated mixing. In this study, we focus on the similarity of instantan-
eous velocity and density fields simulated by different version of
models in the flood time. The topography and initial stratifica-
tion are set similar to those in Berntsen et al. (2009), as shown in
Fig. 4. To be consistent with previous studies, we discuss this ap-
plication case in dimensional form. The computational domain
is quasi-two-dimensional in the x-z direction. The resolution in
the horizontal x-direction is 10 m, making a grid number of 2 150.
There are 40 uniform  layers in the vertical direction, making
vertical resolutions of 0.375–2.5 m, varying with topography. As
studied by Berntsen et al. (2009), tidally driven flow over sill and
the wave field can be accurately resolved with such grid resolu-
tions. The initial stratification of fluid is configured by a constant
buoyancy frequency =0.01 s−1. In the west open boundary, the
M2 tide is imposed by giving tidal flow velocities with M2 tidal fre-
quency in the form of , with 

 (corresponding to a tidal period of T=24.12 h), where  is
the tidal flow amplitude. The external value of stratification keeps
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Fig. 2.   Time series of surface water elevations from hydrostatic
elevation (black line), fully nonhydrostatic (blue line), and sim-
plified nonhydrostatic experiment (red line) at six stations. a–f
correspond to = 50, 75, 100, 125, 150 and 225, respectively.
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Fig. 3.   Time series of NRMSE for water elevation, in which blue
circles are for the fully nonhydrostatic model, with blue solid fit-
ted curves;  red asterisks are for the simplified nonhydrostatic
model, with red dot-dash fitted curves (a); time series of the cor-
relation coefficient r for water elevation between fully nonhydro-
static  and  simplified  nonhydrostatic  model  results,  in  which
curves are fitting results of numerical results (fitted circles) (b).

0

20

40

60

80

100
0 5 10 15 20

x/km

S
al
in
it
y

26.5

26.3

26.1

25.9

25.7

25.5

D
ep
th
/m

 

Fig. 4.   The topography and initial salinity field distribution used
in Application 2.
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AH

AV

equal to the initial profile in the west open boundary. A sponge
layer boundary condition is applied in the east boundary, such a
condition is similar to the flow relaxation zone used by Xing and
Davies (2010). Free slip conditions are adopted in other boundar-
ies. The experiments are performed with constant value of vis-
cosity as in Xing and Davies (2006) and Berntsen et al. (2009),
that is: horizontal viscosity = 10−1 m2/s, vertical viscosity

=10−3 m2/s.
We examined the unsteady internal lee waves for three M2

tidal cycles to reduce the transiens during the “spin up” time. A
nearly uniform barotropic tidal cycle is established after an ini-
tial “spin up” period of one tidal cycle, which is consistent with
Xing and Davies (2010). The generated internal waves are short
both in period (of order minutes) and space (horizontal scale of
order 100 m). Since irreversible mixing occurs in this process, flu-
id around the leeside of sill will become well-mixed in the third
tidal cycle, and internal wave features become not apparent, so
we took the results of the second tidal cycle to test the simplified
non-hydrostatic model.

UInitially, we set = 0.3 m/s, a typical velocity to approximate
the maximum cross sill velocity in the Loch Etive (Inall et al.,
2004). As tested (not shown), at t = 5/4 T (T is the M2 tidal period),
i.e., the flood time instant of second 1/4 M2 tidal period, the ma-
jor features are comparable as those in the first tidal cycle, except
that mixing of fluid in the upper layer in the leeside of the sill is
more explicit. Figure 5 shows the field snapshots of salinity, hori-
zontal velocity in the x-direction, and vertical velocity at t=5/4 T
from the fully nonhydrostatic model, the simplified nonhydro-
static model, and the hydrostatic model, respectively. From
Fig. 5a, we can see that for all the three model results, two dis-
tinct regions on the leeside of the sill, the internal lee wave re-
gion (in the lower part) and the mixing region (in the upper part)
for all three models. When tide propagates over the sill, internal
waves are generated and propagate away from the leeside of the
sill in the lower layer. The average depths and horizontal scale of
internal waves are close to each other. Comparing with two non-
hydrostatic models, the shape of the internal lee waves simu-
lated by the hydrostatic model are more asymmetric. Internal
waves simulated by the simplified nonhydrostatic model and
fully nonhydrostatic models show good consistency.

In addition, vortices form periodically on the sill top next to
the leeside. As they move away in the upper layer of the ocean,
Kelvin-Helmholtz instability induces significant mixing in the
surface and upper layers. Finally, the vortices will gradually dis-
sipate and vanish as a result of the viscous effect. Vortices are
generated more quickly in the hydrostatic model than in the non-
hydrostatic model. In the lower panel of Fig. 5a, a vortex forms
next to the top of the leeside in the hydrostatic model, this pro-
cess will occur later in two nonhydrostatic models. Figures 5b
and c show that the horizontal and vertical velocity components
in the two nonhydrostatic models are closer to each other both
for magnitude and phase, compared with those in the hydrostat-
ic model.

Similar to Fig. 3 for Application 1, the NRMSE and the correla-
tion coefficient r (defined in Eq. (35), for the 2D parameter) for
salinity field in the former two tidal cycles are given in Fig. 6. The
NRMSE in the fully nonhydrostatic and simplified nonhydrostat-
ic models have similar trends of oscillating increase with time
(Fig. 6a). The correlation coefficient of two nonhydrostatic mod-
els keeps larger than 0.9 (Fig. 6b) until after about t= 8/6 T. It de-
creases to about 0.8 late in the second tidal cycle, and even much
lower after that. Since many reseachers also care about the short
internal wave evolution in the first tidal cycle, the simplified non-
hydrostatic model provides a very good approximation of fully
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Fig. 5.   Snapshots of field distribution for salinity (a), cross sill
horizontal velocity (b), vertical velocity (c) at time instant of t=5/4
T, obtained from the nonhydrostatic model (NON), the simpli-
fied nonhydrostatic model (LD), and the hydrostatic model (HY),
respectively.
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nonhydrostatic solution in this stage. During the second tidal
cycle, though the correlation coefficient between the results of
two nonhydrostatic models becomes not so good, especially dur-
ing time late in the second tidal cycle, the simplified nonhydro-
static model can describes the distributation of salinity and velo-
city fields. The point-by-point correlation of two-dimensional sa-
linity field may be a little bit hash, because it does not consider
the influence of other factors, such as the phase difference of in-
ternal wave being generated.

4  Discussion
Numerical experiments in Section 3 have confirmed the

prominent role of the local derivative in introducing nonhydro-
static effect, and the simplified nonhydrostatic model can obtain
considerably good results for waves hundreds of meters long. To
investigate the applicability of the simplification strategy, we will
first extend the simplified nonhydrostatic model to a solitary
wave simulation and see its performance in simulating a smaller
scale wave. Then, we discuss the adaptability of this simplifica-
tion to the case of different nonlinear strengths. An improvement
in computational efficiency will also be introduced.

4.1  Application of the simplification strategy to solitary wave over
a slope
As introduced before, solitary waves will form when the non-

linear steeping and nonhydrostatic dispersion come to a balance.
We use the simplified nonhydrostatic model to simulate a smal-
ler scale solitary wave propagating onto a beach, specified as Ap-
plication 3. It is a phenomenon investigated many times numer-
ically (Lynett et al., 2002; Ai and Jin, 2012) and experimentally
(Synolakis, 1987). We would like to see if the simplification
strategy works well in treating a smaller-scale phenomenon.

The entire domain is a two-dimensional space with a hori-
zontal length of 11 m and a sloping beach in the eastern part. The
still water depth varies from 0.21 m to 0.29 m with a beach slope

of 1:19.85 (Fig. 7). The minimum water depth is 5 mm, which de-
termines the wetting and drying of the computational cells. In the
horizontal direction, 550 grids exist with a resolution of 0.02 m.
Three layers are used in the vertical direction. As has been tested,
when using more vertical layers, the results will not change
much. Viscosity is ignored for simplicity. A solitary incident wave
is imposed at the west open boundary.

d/
√

gd =

(d/g)/
√

gd

As in Application 1, the horizontal and vertical scales are nor-
malized by the maximum still water depth d. Time is normalized
by the characteristic period of shallow-water waves 

. Velocities can be normalized by .
A
d

Case with dimensionless amplitude of =0.3 is taken as an

example to illustrate the process. Before the solitary wave reaches
the edge of the beach (at nondimensional time instants of
t(g/d)1/2=8, 12, 16 in Fig. 8), it propagates in the water area with a
flat bottom. For the hydrostatic model, the wavefront steepens
from the very beginning because of the nonlinear effect. For the
two nonhydrostatic models, however, the incident wave can
nearly hold a solitary wave shape in both models, the wave amp-
litude of solitary waves only decrease by 1.6% and 7.3% in the
fully nonhydrostatic model and simplified nonhydrostatic model,
respectively, when the solitary wave reaches the edge of the
beach. For the fully nonhydrostatic model, the decrease in amp-
litude may be caused by numerical dissipation in discretization.
For the simplified nonhydrostatic model, numerical dissipation
and omitting terms other than the local derivative take effect are
responsible for that decrease.

After the incident wave comes to the edge of the beach at ap-
proximately t(g/d)1/2=20, differences between the hydrostatic and
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Fig. 6.   Time series of NRMSE for salinity, in which blue circles
are  for  the  fully  nonhydrostatic  model,  with  blue  solid  fitted
curves; red asterisks are for the simplified nonhydrostatic model,
with red dot-dash fitted curves (a); time series of the correlation
coefficient r for salinity between fully nonhydrostatic and simpli-
fied nonhydrostatic model results, in which curves are fitting res-
ults of numerical results (fitted circles) (b).
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Fig.  7.     A  schematic  diagram  of  solitary  wave  run-up  model
setup. A is the amplitude of the solitary incident wave, d is static
water depth. The slope of the beach is 1:19.85.
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Fig. 8.   Evolution of the normalized surface water elevation of a
solitary wave propagating in the region with a flat bottom. Wave
profiles from left to right denote time instants of t(g/d)1/2=8, 12,
16, 20, respectively. The black, blue, and red lines represent the
results from the hydrostatic, the fully nonhydrostatic, and the
simplified nonhydrostatic simulations, respectively.
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two nonhydrostatic models become more apparent (Fig. 9). In
the hydrostatic model simulation, the wavefront becomes nearly
perpendicular to the static water surface, and the wave amp-
litude decreases monotonously. In both nonhydrostatic model
simulations, the solitary wave gradually deforms, with the wave-
front becoming steeper. At about t(g/d)1/2=41, the wave reaches
the coastline and breaks rapidly. The run-up height (perpendicu-
lar distance between the coastline and the maximum height of
water run-up on the beach) is two times greater in the nonhydro-
static models than in the hydrostatic models.

Throughout the simulation, wave patterns in the fully non-
hydrostatic model and the simplified nonhydrostatic model res-
ults are very similar, with nearly identical propagation speeds
and steepness in the wavefront. The time-averaged relative dif-
ference in amplitude is no more than 5%, with the wave amp-
litude in the simplified nonhydrostatic model being smaller. In
the simplified nonhydrostatic model result, a train of undular
waves is generated in the backward wave direction but not in the
fully nonhydrostatic model. It may be because the simplification
employed in this paper influences the balance that supports sol-
itary waves. These undular waves will take up the energy of the
propagating solitary wave, which can explain why the wave amp-
litude in the simplified nonhydrostatic model is smaller.

As in Application 1, the NRMSE and correlation coefficient r
for the water elevation is given in Fig. 10. The NRMSE first in-
creases with time but at a decreasing acceleration. When the
wavefronts reach the beach at approximately t(g/d)1/2=38, the

NRMSE of water elevation descends first and then rises, present-
ing a “V” shape. The correlation coefficients are almost all larger
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Fig. 10.   Time series of NRMSE for water elevation, in which blue
curve with circle markers is for the fully nonhydrostatic model;
red curve with asterisk markers is for the simplified nonhydro-
static model (a); time series of the correlation coefficient r for wa-
ter elevation between fully nonhydrostatic and simplified non-
hydrostatic model results (b).
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than 0.99 (Fig. 10b). The results mean that the fully nonhydro-
static and simplified nonhydrostatic results are consistent.

4.2  Applicability of the simplification influenced by nonlinearity
Aricò and Re (2016) found in a Boussinesq model that numer-

ical results will be closer to observations for higher nonlinear
flooding processes if both the local derivative and convective
term are retained rather than only the local derivative in the ver-
tical momentum equation. Influences of nonlinearity are also
found both in laboratory experiments and in numerical work.
However, a broad conclusion in a three-dimensional model is
still lacking. In this section, we adjust the nonlinearity in every
application example to provide further discussion.

κ =
A
d

Fr =
U

Nh

κ =
A
d

Fr =
U

Nh

The nonlinear strength can be measured in different ways.
For the surface wave experiments in Section 3.1 and Section 4.1,

we use , in which A and d can be given by the surface wave

amplitude and water depth, respectively. For the lee wave in-
duced by stratified fluid flowing over topography in Section 3.2,

we use , in which N and U are the buoyancy frequency

and the background velocity, respectively, and h0 is the height of
the topography. Both parameters indicate increasing nonlinear-
ity when they become larger. We adjusted model parameters for
Applications in Section 3 and Section 4.1 and discussed the per-

formances of the simplified nonhydrostatic model.  is ad-

justed by changing A, and  is adjusted by changing the

incident velocity U at the west open boundary. The model setup
and nonlinearity parameters for every application are listed in
Table 5. Ranges of the parameters are set referring to previous
studies of every specific application

A
d

For Application 1, the NRMSE and the correlation coefficient
r for cases of different nonlinear strengths are shown in Fig. 11.

Larger values  correspond to larger NRMSEs (Fig. 11a). The cor-

relation coefficient r departs with different nonlinear strengths

A
d

A
d

(Fig. 11b). When the nonlinearity parameter  is smaller than

5.0×10−3, r is almost 1.0. As  increases, r has a decreasing trend

after t/Tinput is approximately 15 (varying with cases). Neverthe-
less, it is always larger than 0.94 for cases with different nonlin-
ear strengths, showing very good performance in the simplified
nonhydrostatic model.

Fr =
U

Nh

For Application 2, Fig. 12 shows salinity, horizontal velocity,
and vertical velocity distributions with three different incident

velocities (thus different nonlinearities, according to )

at t =5/4 T. When Fr increases, differences in field parameters
between two nonhydrostatic model results become more appar-
ent. When Fr increases to 1.06, both the internal lee wave field
and the mixing regions in the upper layer are significantly differ-
ent. The field parameters are more well mixed in the fully non-
hydrostatic model results.

Fr =
U

Nh

When  increases (i.e., nonlinearity is stronger), the

NRMSE and correlation coefficient r for salinity fluctuate with
time more dramatically. The time averaged NRMSE and correla-
tion coefficient r are given in Table 6. Overall, the NRMSE is lar-
ger when Fr becomes larger. When Fr increases, the correlation
coefficients of results from the simplified nonhydrostatic and
fully nonhydrostatic model decreases, showing worse perform-
ance of the simplified nonhydrostatic model. When Fr is 1.06, the
correlation coefficient will drop quickly to lower than 0.9 within
t=1/2 T. As Fig. 12 shows, the stratification and velocity fields
from the simplified nonhydrostatic model differ from those in the
fully nonhydrostatic model significantly. The above results indic-
ate that the performance of the simplified non-hydrostatic mod-
el becomes poorer when nonlinearity increase.

Table 5.   A summary of model setup with different nonlinearity
Application 1: Surface sinusoidal wave

Case A/m d/m κ = A
d

Nonlinearity parameter

1 2 2 000 0.001

2 10 2 000 0.005

3 14 2 000 0.007

4 18 2 000 0.009

5 20 2 000 0.010

Application 2: Tidally induced internal lee wave

Case U/(m·s−1) h0/m N/s−1
Fr =

U
Nh

Nonlinearity parameter

1 0.1 85 0.01 0.12

2 0.3 85 0.01 0.35

3 0.9 85 0.01 1.06

Application 3: Solitary wave propagating onto a beach

Case A/m d/m κ = A
d

Nonlinearity parameter

1 0.002 1 0.21 0.01

2 0.029 4 0.21 0.14

3 0.058 8 0.21 0.28

4 0.063 0 0.21 0.30

5 0.088 2 0.21 0.42

6 0.105 0 0.21 0.50
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Fig. 11.   Time series of NRMSE for surface water elevation with
different nonlinear strengths, in which circles are for the fully
nonhydrostatic model, with solid fitted curves; asterisks are for
the simplified nonhydrostatic model, with dot-dash fitted curves.
The color indicates nonlinear strength (a); time series of water el-
evation correlation coefficient r  between fully nonhydrostatic
and simplified nonhydrostatic model results with different non-
linear strength, with corresponding solid fitting lines (b).

  Zhang Jinghua et al. Acta Oceanol. Sin., 2023, Vol. 42, No. 2, P. 29–43 39



A
d A

d

For Application 3, the NRMSE and correlation coefficient for

cases with different nonlinearities  evolve similarly. The two fit-

ting lines of the NRMSE are closer when  are smaller (Fig. 13a).

The correlation coefficients are all higher than 0.9 (Fig. 13b),
which means that in this range of nonlinearity, the simplified
nonhydrostatic model has good consistency with the fully non-
hydrostatic model. Like in Application 1 and Application 2, the
correlation coefficient r has a decreasing trend as the nonlinear-
ity parameter becomes larger. For cases with different nonlinear
strengths, r is almost larger than 0.9.

κ =
A
d

Fr =
U

Nh

From the above three numerical examples, the nonlinearity

parameters (in the form of  or ) are good indicat-

ors to predict the performance of the simplified nonhydrostatic

model. Stronger nonlinearity tends to correspond to worse per-
formance. A summary of the performance of the simplified non-
hydrostatic model is given in Table 7.

r

Both Application 1 and Application 3 simulate surface waves
and show similar behaviors. The results show that the correla-
tion coefficients  in cases with different nonlinear strengths are
almost all larger than 0.9, demonstrating the good performance
of the simplified nonhydrostatic model. For the internal lee wave
example in Application 2, the result is not as good as those in Ap-
plications 1 and 3. Take the nonlinearity parameter of approxim-
ately 0.35 as an example. The correlation coefficient r in Applica-
tion 2 decreases to 0.95 at the time instant of the 1/2 tidal period,
while in Application 3, it is very close to unity, even at a long time
instant.
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FrFig. 12.   The distribution of field parameters includes salinity, horizontal, and vertical velocity (every row) when =0.12, 0.35, and
1.06 (every column). Three panels in every subplot a to i  denote results from the nonhydrostatic model (NON), the simplified
nonhydrostatic model (LD), and the hydrostatic model (HY), respectively (three panels).

Table 6.   Time averaged NRMSE and correlation coefficient for salinity with different nonlinearities

Fr =
U
Nh

NRMSE of NONa and HYb NRMSE of LDc and HY Correlation coefficient of NON and HY

0.12 3.4×10−3 2.8×10−3 0.92

0.35 5.5×10−3 4.6×10−3 0.90

1.06 1.2×10−2 9.2×10−3 0.48
      Note: aNON denotes results from the fully nonhydrostatic model; bHY denotes results from the hydrostatic model; cLD denotes results from
the simplified nonhydrostatic model.
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The results indicate that the performance of the simplified
nonhydrostatic model may apply worse for simulating internal
waves than surface waves. For this reason, from the scale analys-
is for surface waves and internal waves in Section 2.1, we know
that the most important term that introduces the nonhydrostatic
effect is the local derivative term. The second most important
term is the nonlinearity term (including advection and convec-
tion). For a long surface wave, the local derivative is three orders
of magnitude larger than the nonlinearity terms for a long intern-
al wave. However, the local derivative term is only two orders lar-
ger than nonlinearity. This indicates that the local derivative term
has a lower level of prominence in the internal wave simulation,
especially when nonlinearity becomes stronger. This should be
an important reason why the simplified nonhydrostatic model

has better performance in surface wave simulation than in in-
ternal wave simulation.

4.3  Calculation efficiency
From Section 2.2, when employing the simplification strategy

to construct a simplified nonhydrostatic model, several terms in
the vertical momentum equation are omitted, this will reduce
computation in the simulation. Table 8 compares the CPU time
duration of the hydrostatic, the simplified nonhydrostatic model,
and the fully nonhydrostatic models for Applications 1–3. In a set
of experiments for one application, we only adjust the input wave
amplitude or the incident flow, it makes little difference in the
computation efficiency. Thus, we only take the first case in every
application (Table 5) as representatives to compare the CPU time
duration.

All the numerical experiments are conducted on the same
computing cluster with Intel (R) Xeon (R) Platinum 8168 dual-
core (2.70 GHz) processors. Application 1 and Application 3 are
calculated in serial mode. For Application 2, one numerical case
(nonhydrostatic versions) takes more than 100 h even in parallel
mode with the available computational resources, we take 72
cores uniformly to compare the computational efficiency of mod-
els. From Table 8, the CPU time durations of both nonhydrostat-
ic models are much longer than those of the hydrostatic model,
which manifests the significance of reducing the computational
burden in the nonhydrostatic model. By using the simplified
nonhydrostatic model, the time durations for simulations in the
fully nonhydrostatic model decrease by 16.4%, 17.9%, and 20.6%
for Applications 1–3, respectively, showing reasonably good im-
provement in computational efficiency. Since the three-dimen-
sional models often need a significant amount of calculation, this
saving rate of computational time will be substantial.

The specially designed algorithm based on the simplified
nonhydrostatic equation may remarkably reduce the computa-
tional time, such as reducing the number of unknowns in the
equation to be solved or developing new schemes for the finite
volume method, and this deserves more effort in the future.

5  Conclusions
The simplification strategy of only retaining the local vertical

derivative term to reflect the nonhydrostatic effect is examined
in the frame of the three-dimensional nonhydrostatic model
NHWAVE. The simplification is first validated by the scale analys-
is of submesoscale surface waves and internal waves. Numerical
examples, including submesoscale surface sinusoidal waves, tid-
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Fig. 13.   Time series of NRMSE for surface water elevation with
different nonlinear strengths, in which solid curves with circle
markers are for the fully nonhydrostatic model, dot-dash curves
with asterisk markers are for the simplified nonhydrostatic mod-
el. The color indicates nonlinear strength (a); time series of water
elevation correlation coefficient r between fully nonhydrostatic
and simplified nonhydrostatic model results with different non-
linear strength (b).

Table 7.   Performance of the simplified nonhydrostatic model
Applications Range of nonlinearity Nonlinearity Correlation coefficient, r Summary

1 surface sinusoidal wave 0.001–0.010 κ⩽
κ⩽
0.007

0.007< 0.010
r ⩾
r

 0.99
> 0.9

very good
good

2 tidally induced internal lee wave 0.12–1.06 Fr⩽
Fr

0.35
0.35< <1.06

rsalinity ⩾
rsalinity

0.9
< 0.9

good
not good

3 solitary wave onto a beach 0.01–0.5 κ ⩽
κ
0.14

0.14 < < 0.5
r ⩾0.99

0.90 < r < 0.99
very good

good

Table 8.   Comparison of CPU time in different models

Applications Nx× Ny× Nσa
Grid number CPU time/s Fully− Simplified

FullyHydrostatic Simplified nonhydrostatic Fully nonhydrostatic

1 surface sinusoidal wave 500×20×34 2.10×103 5.10×104 6.13×104 16.4%

2 tidally induced internal lee wave 2 150×40 (72 cores) 7.11×104 4.78×105 5.82×105 17.9%

3 solitary wave onto a beach 500×1×3 2.70×10 2.70×102 3.40×102 20.6%
aNx, Ny, Nσ      Note:  represent grid numbers in horizontal x-direction, y-direction, vertical direction, respectively.
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ally induced internal lee waves, and the solitary wave run-up pro-
cess, are conducted to further validate the performance of the
simplified nonhydrostatic model.

The results show that the simplified nonhydrostatic model
can significantly improve hydrostatic simulation results, show-
ing prominent nonhydrostatic properties for surface and internal
submesoscale wave phenomena. At the same time, consistency
between the simplified nonhydrostatic and fully nonhydrostatic
model results is good. The simplification strategy can obtain
good results even in a smaller scale process.

Nonlinearity influences the performance of the simplified
nonhydrostatic model. When nonlinear strength becomes
stronger, the performance of the simplified nonhydrostatic mod-
el will be worse. Overall, the simplified nonhydrostatic model can
simulate the surface wave better than the internal wave. It is also
proven that the computing time will decrease by 16.4%–20.6%
when using the simplification in this paper.
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