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Abstract

The  dispersion  characteristics  of  shallow  water  can  be  described  by  the  dispersion  curves,  which  contain
substantial ocean parameter information. A fast ocean parameter inversion method based on dispersion curves
with a single hydrophone is presented in this paper. The method is achieved through Bayesian theory. Several sets
of dispersion curves extracted from measured data are used as the input function. The inversion is performed by
matching a replica calculated with a dispersion formula. The bottom characteristics can be described by the
bottom reflection phase shift parameter P. The propagation range and the depth can be inverted quickly when the
seabed parameters are represented by on parameter P. The inversion results improve the inversion efficiency of
the seabed parameters. Consequently, the inversion efficiency and accuracy are improved while the number of
inversion parameters is decreased and the computational speed of replica is increased. The inversion results have
lower error than the reference values, and the dispersion curves calculated with inversion parameters are also in
good agreement with extracted curves from measured data; thus, the effectiveness of the inversion method is
demonstrated.
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1  Introduction
Propagation characteristics of underwater sound sources are

influenced greatly by the marine environmental characteristics.
The inversion of ocean properties in situ is the basis of exploring
marine structure and analyzing marine characteristics, and it is
also a valuable field in underwater acoustic application research
(Bonnel et al., 2013). Various inversion methods of ocean para-
meters have been developed (Li et al., 2019b; Bao et al., 2017),
and the use of an array of hydrophones is the most common
method. In methods with a hydrophone array, the water column
can be covered with hydrophones (vertical array or horizontal ar-
ray), the measured data contains the information of the whole
sound field space, so marine environment parameters can be ac-
curately estimated. However, in practical applications, the cost of
hydrophone array is high, what’s more, the array form of hydro-
phone array can be affected greatly by ocean internal motion
(such as ocean current), which will greatly reduce the reliability
of measured data (Walker et al., 2005; Gingras and Gerstoft, 1995;
Fallat and Dosso, 1999). Therefore, passive positioning or ran-
ging methods of underwater targets with a hydrophone have be-
come a major research trend in the field of underwater acoustics
(Le Gac et al., 2003; Heaney, 2004; Bonnel et al., 2012). The above
methods have been greatly improved in terms of cost saving and
application systems.

Compared with the technology in a hydrophone array, the in-
formation received by single hydrophone is lower in quantity.
Therefore, more prior knowledge of sound fields and more ac-

curate information about sound field extraction are necessary. In
addition, a mismatch of environmental parameters will greatly
affect the accuracy of underwater acoustic parameter inversion.
The Bayesian methodology can realize the geoacoustic inversion,
and can get more accurate inversion results (Le Touze et al.,
2009). The Bayesian inversion methodology can take unknown
ocean parameters as inversion parameters, which requires less
prior knowledge of environment and has good environmental
tolerance (Dosso and Wilmut, 2008).

The Bayesian inversion theory is applied in underwater
acoustic research. In an uncertain ocean environment, Bayesian
focalization and marginalization method is applied to localiza-
tion of multiple sound sources (Dosso and Wilmut, 2011). The
multi-source localization and continuous localization of moving
sound sources in an uncertain marine environment can also be
realized based on Bayesian theory (Li et al., 2016, 2018). The in-
version of ocean parameters is realized by matching the extrac-
ted dispersion curves with the result calculated by the acoustic
model (Bonnel et al., 2013). The marine parameters can also be
inverted by matching mode signals extracted from a received sig-
nal with calculated replicas from an acoustic model (Li et al.,
2019a). However, there are two shortcomings in the application
of Bayesian estimation in underwater acoustic parameter inver-
sion. On the one hand, when there are many inversion paramet-
ers, the correlation between different parameters will lead to the
multiple values in inversion results; on the other hand, when the
acoustic model is used to calculate the replica, the final estima-  
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tion results will be affected by the accuracy and completeness of
the model, and the calculation process is complicated and un-
controllable.

In this paper, a fast inversion method comprising marine en-
vironment parameters based on Bayesian methodology with
single hydrophone in shallow water is presented. The input func-
tion of Bayesian methodology is the dispersion curves, which are
extracted from the received signal by a signal processing tool
named warping operator in time-frequency domain (Bonnel et
al., 2020). Regarding the surface-reflected bottom reflected (SR-
BR) modes, when the sound source is incidental at a small glan-
cing angle, the bottom characteristics can be described by a para-
meter-the bottom reflection phase shift parameter P based on
the Beam-Displacement Ray-Mode (BDRM) theory (Shang et al.,
2012; Niu et al., 2014). Therefore, a new dispersion formula can
be used to calculate the replica, which is different from the use of
an acoustic model. The dispersion formula is composed of four
marine parameters: depth, propagation range, average velocity of
sound in water and P. The parameters are optimized by estab-
lishing an effective cost function, and the maximum value of the
one-dimensional marginal probability density (MPD) of the
parameters is taken as the inversion result, and a fast inversion
method of the marine environment parameters based on
Bayesian methodology with single hydrophone is thus realized.
In this way, only three parameters are involved in the inversion
process, and the inversion speed and efficiency are both im-
proved.

This paper has five parts: Section 2 describes the extraction
and estimation methodology for the dispersion curves. Section 3
presents the inversion scheme, while Section 4 describes the in-
version results of measured data. At last, Section 5 elaborates the
conclusions.

2  Extraction methodology of normal mode dispersion curves

2.1  Propagation theory of sound signal
Normal mode theory is the basic theory of acoustic signal

propagation, when a broadband impulse sound source S(f) is
propagated in shallow water waveguide which is independent of
range, the measured signal P(f,r) is the sum of normal modes,
which can be written as (Jensen et al., 2011)

P(f, r) = S(f)
N∑

n=

ejπ/√
πρ(zs)

Un(zs, f)Un(zr, f)
ejμn(f)r−βn(f)r

√
μnr

, (1)

where zs, zr, ρ and r are the depth of sound source, received hy-
drophone, density in water and propagation range; the maxim-
um number of normal modes is N; Eigen-function Un, a function
related to depth; μn(f) is the horizontal wavenumber, while βn(f)
is the attenuation coefficient.

2.2  Extraction of dispersion curves
In received signal P(f,r), each normal mode signal carries a

large amount of marine environmental information in the pro-
cess of propagation. The propagation speed (group speed) of
each normal mode is related to the frequency, which makes the
arrival time of each normal mode varies with frequency. The en-
ergy of each normal mode is concentrated around the dispersion
curve, which describes the relationship between arrival time of
each mode and frequency. The dispersion curve of the nth nor-
mal mode is given by:

tn(f) =
r

vgn(f)
=

r ∂μn

∂(πf)
, (2)

where vgn(f ) is the group speed of the nth normal mode. The en-
ergy of the received signal are concentrated on different curves
that change with frequency in the time-frequency (TF) domain
after signal processing analysis (Cai et al., 2021). Figure 1a shows
the spectrogram of the measured signal after time-frequency
analysis in TF domain and the dispersion curves (black solid
line), the time-frequency analysis technology named short time
Fourier transform (STFT) is used here. It can be seen from Fig. 1a
that the energy of each mode changes along the curve, and the
change trend of different modes is different, which fully reflects
the dispersion characteristics.

Wp(t)

For inversion system, dispersion curves are good choices to
be used as an input function (Bonnel et al., 2013). To extract the
dispersion curves, time-frequency analysis (TFA) technology is
used as a tool for signal preprocessing. In time-frequency do-
main, the normal mode signals can be separated and extracted
by warping operator that acts on the nonlinear phase of the nor-
mal mode. The dispersion curves can then also be extracted by a
data extraction technique in the TF domain after the warping op-
erator (Bonnel et al., 2020). The received sound pressure field sig-
nal p(t) can be transformed into a new signal  after using
the warped opearator h(t) (Bonnel et al., 2020):

Wp(t) =

√∣∣∣∣ ∂h(t)∂t

∣∣∣∣p [h(t)] , (3)

∂h(t)

∂t

√
| ∂h(t)/ ∂t|where is the derivative of h(t), and  is only used

to ensure that the signal energy remains unchanged before and
after the transformation. In addition, warping can also inverse
the transformed signal through unwarped operator h−1(t), the
warped operator and the unwarped operator can be written as (Li
et al., 2019a)

h(t) =
√

t + tr , (4)

h−(t) =
√

t − tr , (5)

tr =
r
c

c

c

where , and  is the average sound velocity in water.

Warping is a robust transformation, when the propagation range
r and sound speed  are unknown shallow water, warping will
also have a good application effect based on empirical estimates
(Bonnel et al., 2010). The mode signal is transformed from a non-
linear broadband signal to a linear single frequency signal by
warping. The mode can easily be filtered using the threshold, the
dispersion curves of modes can be obtained easily in TF domain
after the reversible transform.

The whole procedure for extracting mode curves is described
in Fig. 1. The spectrum of the received signal for a broadband im-
pulse source with a frequency band of 100 Hz to 300 Hz
propagating in shallow water is shown in Fig. 1a. when the para-
meters r = 20 km and c0 = 1 500 m/s are used, the warped result in
TF domain is presented in Fig. 1b. The 3rd mode extracted from
the received signal is taken as an example, and the spectrum and
the dispersion curves are both shown in Figs 1c and d. The res-
ults have the same trajectory. According to the above method, all
normal mode curves of the received signal can be extracted.
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As stated above, dispersion curves contain a substantial
amount of environmental information, thus providing a basis for
the inversion of environmental parameters. This method per-
forms well in calculating dispersion curves with an acoustic mod-
el and detailed knowledge of the environment. However, for
onsite applications, acoustic parameters are difficult to obtain,
and unknown parameters are used as inversion parameters. The
use of too many inversion parameters not only requires extens-
ive calculation but also leads to interactions between parameters,
thus decreasing the accuracy of the replica. The accuracy of the
acoustic model also affects the final inversion results. To address
the above problems, the mode dispersion curves are calculated
with a dispersion formula instead of the acoustic model herein.

2.3  The dispersion formula
In terms of SRBR modes, the sound speed profile in water can

be expressed as follows (Wang et al., 2016):

c(z) = c̄[− a(z)], (6)

c̄ =

H

∫ H


c(z)dz

∫ H


a(z)dz = 

where  is the average sound speed, and H is the

water depth; a(z) is a quantity associated with the depth that sat-

isfies . In this case, the wavenumber is

k(z) = ω/c(z) ≈ k̄[+ a(z)], (7)

k̄ = ω/c̄ ω = πfwhere , .

In BDRM theory (Niu et al., 2014), the mode is propagated by
an eigen-ray, which is shown in Fig. 2.

The received signal is the sum of WKBZ modes (Niu et al.,
2014), and the Eigen-equation (EE) can be written as:


∫ zn

zn

√
k(z)− μ

ndz+φ(μn)+φ(μn) = (n−)π, n = , , , ...

(8)
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Fig. 1.   The procedure of extracting dispersion curves. a. The received signal spectrum result after STFT and the dispersion curves; b.
the spectrum in the TF domain after warping transformation; c, d. the spectrum result and the dispersion curve of the 3rd mode,
respectively.
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Fig. 2.   The Eigen-ray diagram for the Beam-Displacement Ray-
Mode.
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δn δn
τn

τn δn δn

where φ1 and φ2 are the reflection phases on surface and seabed
boundaries, respectively. In Eqs (9) and (10),  and  are the
beam displacements of the eigen-ray on two boundaries, and 
and  are the time delays corresponding to  and  (Shang et al.,
2012).

δn(μn) = − ∂φ(μn)

∂μn

∣∣∣∣
ω
, δn(μn) = − ∂φ(μn)

∂μn

∣∣∣∣
ω
, (9)

τn(μn) =
∂φ(μn)

∂ω

∣∣∣∣
μn

, τn(μn) =
∂φ(μn)

∂ω

∣∣∣∣
μn

. (10)

The cycle distance of eigen-ray is:

Sn ≈ Hμn√
k̄ − μ

n

. (11)

And the cycle time is:

Tn ≈ Hk̄

c̄
√

k̄ − μ
n

. (12)

μn

The approximate expression of the horizontal wave number
with t can be obtained

μn ≈ k̄r
c̄t′

, (13)

t′ = t(+ ε) ε =
δn
Sn

− τn
Tn

where , and .

θ ≪ Considering the small incident angle ( ), the EE can be
written as


∫ H



√
k(z)− u

ndz+ ϕb − π = nπ, (14)

ϕb

θ ≪  ϕb

where θ is the incident angle, and  is the reflection phase shift.
In the case of ,  can be written as

ϕb
∼= −π+ Pθ. (15)

In Eq. (15), P is independent of frequency. For a waveguide
with a liquid, uniform, half-infinite bottom, P is (Wang and
Shang, 2013)

P ≈

√
ρ

/
ρ

√√(
− (c0/cb)


)

+ (c/cb)
 αcb
πf

+ − (c/cb)


√(
− (c/cb)


)

+ (c/cb)
 αcb
πf

,

(16)

where ρ1 and ρ2 are the water density and the bottom density; c0

and cb are the sound speed; α is the seabed absorption paramet-
er. When the source is incidental at a small grazing angle θ, and
the seabed absorption coefficient is small, the influence of fre-
quency on P can be ignored in a certain high-frequency range
(greater than tens of Hertz). P can be simplified as

P ≈ ρ

ρ

√
− (c0/cb)


. (17)

When Eq. (15) is substituted into Eq. (14), a Eigen-equation
can be obtained,


∫ H



√
k(z)− μ

ndz+ Pθn = nπ, n = , , , ... (18)

θn θn ≈ sin θn → 
μn = k (z) cosθn

where  is the incident angle.  in case of θn , sub-
stituting  into Eq. (18), we obtain


∫ H


k(z) sin θndz+ P sin θn = nπ, n = , , , ... (19)

Eq. (19) can also be expressed as


∫ H+ΔH



√
k(z)− u

ndz = nπ, (20)

ΔH ΔH ≈ P

k̄
where  is the effective depth and . When Eq. (20) is

expanded with the Taylor series by Eq. (7) and the higher-order
minor term is ignored, it becomes

(
H+

P

k̄

)
k̄

√
−

(
r

c̄t(+ ε)

)

= nπ. (21)

The instantaneous frequency expression of the nth normal
mode is obtained,

f(t′) =
nc̄t

H

√
t′ −

( r
c̄

)
− Pc̄

πH
, (22)

where

t′ = t(+ ε). (23)

Therefore, the incident angle can also be written approxim-
ately as

θ ≈ sin θ ≈

√
k̄ − μ

n

k̄
≈

√
t − (r/ c̄)

t
. (24)

The bottom reflection phase shift φb is:

φb ≈ −π+ P ·

√
t − (r/ c̄)

t
. (25)

Submitting the Eq. (25) into Eqs (9) and (10), the beam dis-
placement and the time delay of the seabed is

δ(μn) =
φ′bt
μn

, τ(μn) =
φ′br
μnc̄


. (26)

After combining Eqs (26), (11), and (12), the expression of ε
becomes

ε =
P(t − (r/ c̄))

k̄Ht
. (27)
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According to Eq. (23), Eq. (22) can be expanded with the
Taylor series at t, and when the higher-order minor term is ig-
nored, Eqs (27) and (17) are submitted to Eq. (22), and the dis-
persion formula of the nth normal mode is

f(t) ≈ nπc̄t

πH
√

t − (r/ c̄)
− Pc̄

πH
− Pr

πHtc̄
, (28)

f(t) ≈ nπc̄t

πH
√

t − (r/ c̄)
−

ρ/ρ

√
− (c̄/cb)

c̄

πH
−

ρ/ρ

√
− (c̄/cb)

r

πHtc̄
. (29)

When the dispersion Eq. (28) is used to calculate dispersion
curves, some marine parameters are used. The bottom reflection
phase shift parameter P can describe the seabed characteristics,
thus making subsequent inversion work more convenient.
However, when more detailed marine environmental paramet-
ers are required, Eq. (29) can also be used to invert the seabed
parameters.

The average speed of sound in seawater is an important para-
meter in the dispersion formula. In practice, the sound speed

profile of waveguide changes with depth. To verify the validity
and accuracy of Eqs (28) and (29) in calculating the dispersion
curves, the simulation analysis process was performed in a shal-
low water waveguide with thermocline and isovelocity sound
speed profiles respectively. The simulation parameters are
shown in Fig. 3, and the depth is H=100 m. A thermocline is
present in the water, and the average sound speed is c0=
1 531.5 m/s, which is the sound speed of the isovelocity wave-
guide. A chirp sound source with a bandwidth of 50–200 Hz is
emitted at a depth of zs=90 m, and the receiver is located on the
seabed.

Three methods are used to calculate the dispersion cures
concurrently. KRAKEN is a widely used acoustic model; there-
fore, the results calculated with KRAKEN are used as a reference
value (Porter, 1992). Dispersion curves are calculated with the
KRAKEN program (method 1), Eq. (29) (method 2), and the
method described in Section 2.2 (method 3). The calculation res-
ults of methods 2 and 3 are compared with the results of the first
method. The curves obtained with the three methods are repres-
ented by black solid lines, blue solid lines with circles, and red
dots, respectively. The calculation results of the dispersion curves
for an isovelocity waveguide are shown in Fig. 4, and the results
for a thermocline waveguide are shown in Fig. 5.

As shown in Fig. 4, the results obtained with the three meth-
ods are in good agreement, thus indicating that the dispersion
formula is effective for the isovelocity waveguide. In the results of
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Fig. 3.   The environmental parameters in a thermocline waveguide.
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Fig. 4.   Comparison of dispersion curves in an isovelocity wave-
guide.
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Fig. 5.   Comparison of dispersion curves in a thermocline wave-
guide.
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the waveguide with thermocline shown in Fig. 5, the dispersion
curves of normal mode with the number greater than two ob-
tained with the three methods tend to be consistent. However,
for the first mode, the data extraction results (method 3) are es-
sentially consistent with the KRAKEN calculation results (meth-
od 1), whereas the results obtained with the dispersion formula
(method 3) appear to deviate (as shown in the enlarged part of
the figure). This result is because the derivation of the dispersion
formula is based on SRBR normal modes. In shallow water wave-
guides with a thermocline, the low-order mode (particularly the
first mode) does not meet the conditions of an SRBR normal
mode in many cases; therefore the dispersion formula herein
would not be applicable. However, for shallow water waveguides,
the received signal would contain many order normal modes.
Therefore, if the first mode is discarded, Eqs (28) and (29) can be
used instead of the acoustic model to calculate the dispersion
curves of the SRBR modes in shallow water, which in turn can be
used to calculate a replica of the dispersion curves.

3  Inversion schemes
As stated above, dispersion curves contain a significant

amount of environmental information; therefore, they can be
used as an input signal to an inversion methodology of ocean
parameters. Bayesian inverse theory is used as the inverse al-
gorithm in this paper.

3.1  Bayesian inversion theory
The parameter vector m is inverted when d represents meas-

ured data and E(m) is the data misfit function. The generalized
misfit function is usually defined by combining data and a prior
information,

φ(m)=E(m)− lnPro(m), (30)

where Pro(m) is the prior probability density function of the
model parameters, and is generally assumed to satisfy a uniform
distribution. The posterior probability density (PPD) is usually
used to describe parameter estimates and uncertainty. The con-
ditional probability density Pro(m|d) can be expressed as (Dosso,
2002)

Pro(m |d ) = exp[−φ(m)]∫
exp[−φ(m',d)]dm'

, (31)

where φ(m) is the cost function. The integration interval is an M-
D parameter space. To obtain the probability distribution of the
parameters in model i, the energy values of each parameter can
be weighted according to the Boltzmann function,

Pro(mi|d) =
exp(−[φ(mi)− φ(mi)]/[t− φ(mi)])

M∑
k=i

exp(−[φ(mi)− φ(mi)]/[t− φ(mi)])

, (32)

where M is the number of variables, mi0 is the optimum value of
mi, t is the minimum value of φ(m), and the value of the posterior
probability tends to be optimal. t generally takes the average of
the minimum values of the first 50 cost functions in the optimiza-
tion process. The one-dimensional marginal probability densit-
ies of parameters can be written as

Pro(mi|d) =
∫

δ(mi −mi
′)Pro(m'|d)dm'. (33)

The δ function is a unit impulse function, which is equal to 0
at all points except 0, and its integral over the entire domain is
equal to 1. In this inversion scheme, the maximum approxima-
tion probability (MAP) is used to replace the posterior mean as
the estimation result of the model parameters in this paper.
When the MAP estimation reaches the maximum value, there is

m̂ = Argmax{Pro(m |d )}. (34)

On the base of Eq. (30), Eq. (34) can be written as

m̂ = Argmin{φ(m)}. (35)

m̂In Eq. (35),  can be obtained with an optimization al-
gorithm without integrating the posterior probability. However,
multiple local optimums exist in the optimization results be-
cause of the complexity of the marine environment, thus, an un-
certainty analysis of the inversion result is essential. Generally,
the accuracy and validity of the inversion results are determined
by analysis of the distribution of the posterior probability of in-
version results in the optimization search space.

3.2  Cost function of the inversion scheme

c̄

In the Bayesian inversion theory, calculating the replica is im-
portant. As stated above, the replica can be calculated with using
Eq. (29). In this way, the inversion parameters are: seabed dens-
ity ρb, seabed sound velocity cb, propagation distance and sea
depth, water depth H and propagation range r. Only the average
sound velocity in water  is the prior parameter.

In this method, the replica does not involve information such
as the frequency spectrum of the sound source, therefore, sound
source information need not to be estimated invisibly in the cost
functions, thus, greatly improving the accuracy. What’s more,
only five parameters are required to calculate the replica, and the
calculation speed and inversion efficiency are substantially im-
proved. The cost function is established as follows.

Fc
n

The curve with frequency f>fairy (fairy is the airy frequency, and
the group speed is the minimum value at fairy) has a higher
amount of energy and is easy to extract, in agreement with the
dispersion results in the TF domain, moreover, the extracted
value is effective. To obtain better inversion results, the extracted
dispersion curves from data on the frequency band f>fairy, Fn, is
used as the input function in Bayesian inversion theory. The dis-
persion curves  calculated with Eq. (29) are the replica, and the
sound speed in water can be obtained through experience. The
propagation range r, bottom reflection phase shift parameter P,
and depth H are the parameters to be inverted.

Under the assumption that the data errors satisfy a Gaussian
distribution, the likelihood function is

L(m, r) =
N∏

n=



(π)Mn/|Cn|/
exp

[
−

(Fn − Fc

n)
TC−

n (Fn − Fc
n)

]
.

(36)

Cn = υnI υnThere is a covariance matrix , that is, the variance 
multiplied by the identity matrix I. Thus the likelihood function is

L(m, r) =
N∏

n=



(πυk)
Mn/

exp
(
− 
υk

|Fn − Fc
n|


)
. (37)

υnThe  can be calculated by maximizing the likelihood, let
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∂L

∂υn
= . (38)

Therefore

υ̂n = |Fn − Fc
n|


/Mn. (39)

According to the relationship between the likelihood func-
tion and the cost function,

L(m, r) = exp[−φ(m)]. (40)

Therefore, the cost function is

φ(m) =



N∑
n=

Mn ln(|Fn − Fc
n|


). (41)

The parameters are then optimized, and the obtained optim-
al values are substituted into Eq. (31) to solve the posterior prob-
ability distribution of each inversion parameter. The Genetic Al-
gorithm (GA) (Whitley, 1994) is used to calculate the optimal
solution. When the search result finally tends to a stable and con-
vergent value, this value is the optimal value. The initial popula-
tion size, generation number, crossover probability, selection
probability, and mutation probability are 1 000, 3 000, 0.8, 0.5,
and 0.05, respectively, and a global optimum will be ensured by
30 sets of programs.

3.3  Sensitivity analysis of the cost function
The sensitivity of all inversion parameters to the cost function

in Eq. (41) is analyzed. The sound speed is a parameter that can
be easily obtained through experience. The analysis process is
performed in a shallow water waveguide. The simulation para-
meters are shown in Fig. 3, and the depth is H=100 m. The aver-
age sound speed is c0=1 531.5 m/s. A chirp sound source with a
bandwidth of 50–200 Hz is emitted at a depth of zs=90 m, the hy-
drophone is installed at depth zr=100 m, the propagation range
r=10 km, the signal-to-noise ratio is 15 dB, the seabed sound
speed cb=1 700 m/s, the seabed density ρb=1.6 g/cm3 and the bot-
tom reflection phase shift parameter P=7.355. The replica is cal-
culated by the Eq. (29).

When other parameters are the true values and the analyzed
parameter changes within a certain range, the analysis results are
as seen in Fig. 6, it shows that, near the reference value, the cost
function curve becomes very sharp and gradually reaches the
minimum value. Therefore, the cost function is valid for all inver-
sion parameters. What is more, compared with the cb and ρb, the
cost function change most dramatically near to the true value of r
and H, especially the range r, which shows that the cost function
is most sensitive to r and H, indicating that the cost function is
more sensitive to them. Therefore, when the cost function Eq.
(41) is used to invert the parameters, the probability of obtaining
an accurate r value is higher.

In order to obtain accurate inversion results, it is necessary to
analyze the correlation among the inversion parameters. Correl-
ation results are used to analyze whether there is coupling
between parameters, and then the accuracy of inversion results is
estimated. The two-dimensional sensitivity analysis can be used
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Fig. 6.   The results of the sensitivity analysis. a–d are propagation range (r), sound speed (cb), seabed density (ρb), depth (H), respectively.
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to study the parameter inter-relationship. In the process of two-
dimensional sensitivity analysis, the two parameters to be ana-
lyzed will change within the search interval, while the other para-
meters are true values. The location where the cost function the-
oretically minimizes (both parameters to be analyzed are true
value) is indicated by a white asterisk. After the cost function
value is normalized, the analysis results are shown in Fig. 7.

The coupling between the inversion parameters will lead to
errors in the inversion results, and reducing the inversion para-
meters is an effective means to solve this problem. As mentioned
above, seabed characteristics can be described by bottom reflec-
tion phase shift parameter P, so cb and ρb can be combined into
one parameter P. when the replica is calculated by the Eq. (28),
the number of inversion parameter will be resuced to 3, the two-
dimension sensitivity analysis result in this case is shown in
Fig. 8.

It can be seen that the propagation range r is in dependent of
other parameters in Figs 8a and b. Figure 8c shows that the min-
imum value of the cost function changes with the P and H ap-
proximately as a line, but the line can be approximately equal to
the true value of H, indicating that the H is more sensitive to the
cost function than the inversion of four parameters. In order to

reduce the the influence of parameter correlation and improve
the accuracy of inversion, both Eqs (28) and (29) are used to the
inversion process. Equation (28) is first used to calculate the rep-
lica, the seabed characteristics is decribed by the P. In the case of
three inversion parameters, the propagation range r and the
depth H are estimated. Then , the r and H will be submitted to Eq.
(29) to calculate the replica again as a priori parameters, the
seabed parameters cb and ρb can be inversed. The flowchart of
parameter inversion is shown in Fig. 9.

3.4  Inversion simulation results
The inversion parameters of the waveguide in Section 3.3

were searched over a relatively wide interval by GA, and the op-
timization interval of the parameters is shown in Table 1. When
the optimal values of parameters are searched, the PPD and MPD
of the parameters can be estimated by Eqs (31) and (33).

Depending on the flowchart of parameter inversion shown in
Fig. 9, the range r and the depth H are inversed firstly, the seabed
parameters cb and ρb are estimated next. The variation of inver-
sion parameters with the iterations number of 30 sets is shown in
Figs 10 and 11. It can be seen that the convergence rate of the
three inversion parameters is fast. The propagation range is the
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Fig. 7.   The results of the two-dimension sensitivity analysis (the replica is calculated by Eq. (29)).
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first to converge to the true value. The convergence rate of the

parameter is often in direct proportion to its sensitivity to the cost

function. What’s more, fast convergence rate also shows the high

efficiency of the inversion method. When GA is used for optimiz-

ation, the optimization time of 5 000 generations is less than

3 min.

The one-dimensional marginal probability of inversion para-

meters is shown in Fig. 11. The maximum value of the one-di-

mensional marginal probability densities corresponds to the fi-

nal inversion result of the parameter.

It can be seen from Fig. 11 and Table 1 that the convergence

probability of propagation r near the true value is high, the glob-
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Fig. 8.   The results of the two-dimension sensitivity analysis (the replica is calculated by the Eq. (28)).
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Fig. 9.   The flowchart of parameter inversion.
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cb =  .− .ρb + .ρb

al optimal value is 9.99 km, the error percentage of which is 0.1%,
the global optimal value of cb is 1 690.83 m/s, the error percent-
age of which being 0.54%, and the global optimal value of H is
100.31 m, the error percentage of which is 0.78%. The global op-
timal value of ρb is 2.5%. Figure 7d shows that there is a sub-max-
imum near the global optimal value, which is related to the cor-
relation between ρb and cb. In order to avoid this problem,
Hamilton empirical formulas 

can be used to inverse the ρb indirectly. However, in order to veri-
fy the performance of parameter inversion by dispersion formula,
direct inversion result is used in this paper.

The inversion errors of all parameters are within 3%, which
proves the accuracy and effectiveness of the method in this pa-
per. The inverted parameters were substituted into Eq. (29) to
calculate the dispersion curves, and the results were compared
with the extracted results from the data. Figure 12 shows that the
results were in good agreement, which proves that the estimated
values of the three inversion parameters are accurate and effective.

Through the above simulation results, these conclusions can
be obtained: (1) the inversion method is suitable for the SRBR
normal modes in shallow water waveguide, and (2) the replica
calculated by the dispersion formula is simple, effective, and fast.

3.5  Analysis of sound speed mismatch
The dispersion formulas shown in Eqs (28) and (29) contain

several parameters, but the average sound speed in water is not
used as an inversion parameter for the following two reasons: (1)
the sound speed is a parameter that can be easily obtained
through experience, (2) fewer inversion parameters can avoid er-
rors caused by correlation and improve the inversion efficiency.
However, inaccurate sound speed estimation will affect the en-
tire inversion process. Now the influence of sound speed mis-
match on inversion results is analyzed.

The simulation environment is shown in Fig. 3, the average
sound speed is c0=1 531.5 m/s. when the sound speed in the
range of 1 500 m/s to 1 560 m/s, the errors of the three inversion
parameters are analyzed under different sound velocity values.
According to the inversion process described above, with 5 m/s
as the interval, the final inversion results are shown in Fig. 13.

It can be seen from Fig. 13 that the relative errors of r, H are
both less than 3%, which indicates that the inversion parameters
are robust when the average sound speed changes within the
range of ±30 m/s. The relative errors of cb and ρb are within 10%.
In addition to the coupling of these two seabed parameters, the

Table 1.   Inversion parameter list
Parameter Reference value Search bound Inversion value Error/%

r/km 10 [5, 15] 9.99 0.1
−cb/(m·s−1) −1 700 −[1 600, 2 000] −1 690.83 −0.54
ρb/(g·cm−3) 1.6 [1.2, 2] 1.56 2.5

H/m 100 [50, 180] 100.78 0.78
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Fig. 10.   The variation of inversion parameters with the iterations number.
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reason for the larger error is that these two parameters and the
speed in water have a greater correlation in describing the dis-
persion characteristics of the waveguide. However, when the av-
erage sound speed in water changes within the range of ±10 m/s,
the error of each parameter can be controlled within 5%. There-
fore, it is feasible to use the average speed of sound in seawater to
calculate the replica.

4  Inversion results of measured data
The data is obtained by an experiment performed in an area

of the Yellow Sea in China. Experimental sea area is a shallow wa-
ter waveguide with a liquid bottom, the schematic diagram of the
experimental device is shown in Fig. 14. The explosion sound
source is emitted, the water depth is H=30 m, the sound velocity
is approximately equal to isovelocity with c0=1 461 m/s (the
sound speed profile is shown in Fig. 14). The ocean bottom seis-
mometer (OBS) was placed on the bottom. The OBS is a vector
hydrophone with four signal receiving channels, X, Y, Z and P.
The signal processing frequency band is 100–300 Hz, the
propagation range measured by a global positioning system
(GPS) is r=29.52 km.

The received signal in time domain of four channels is shown
in Fig. 15. The STFT is used to preprocess the signals, the spec-
trum of the received signal after STFT in TF domain are shown in
Fig. 16. It can be seen from Fig. 16 that the received signals in X, Y
and P contain three normal modes with higher energy. The en-
ergy concentration of the signal in the Z channel is poor, but
three modes can also be obtained after warping. Therefore, all
four sets of data are used for inversion analysis. Then the disper-
sion curve extraction method mentioned above is used to pro-
cess the data. The extracted curves (red dotted line) are also
shown in Fig. 16. The extracted dispersion curve is consistent
with the energy change curve of each normal mode in the time-
frequency domain. The extracted curves are used as an input of
inversion methodology. Different mode has different cutoff fre-
quencies (the lowest frequency that can excite mode), so the dis-
persion curves of modes have different frequency range. Differ-
ent modes will use different frequency band for inversion. The
inversion results of the four sets of data from the same wave-
guide should be consistent. The four sets of data are used for
parameters inversion, and then the inversion results are com-
pared and analyzed.

According to the inversion process in Fig. 9, the propagation
range r, the depth H, the seabed cb and the seabed density ρb will
be inversed. The inversion values are shown in Table 2. The in-
verted results were compared with the reference value. Accord-
ing to the inversion results, the results inversed from the four sets
of data are similar. The dispersion curves are calculated by sub-
stituting four sets of inversion parameters into Eq. (29), and com-
pared with the spectrum of received signal in TF domain and the
extracted curves, the results are shown in Fig. 17. In each chan-
nel, the dispersion curves obtained from the inversion paramet-
ers are in good agreement with the data extraction results. Dis-
persion is a characteristic of the waveguide and has nothing to do
with the receiving channel, so the final inversion value is the av-
erage of the four sets of results.

Compared with the GPS measurement result obtained dur-
ing the experiment (29.52 km), the inversion propagation range
r=29.21 km is a reliable value. Furthermore, the inversion depth
is H=30.11 m. The errors of r and H were both less than 1%. The
inversion results of cb and ρb are 1 590.6 m/s and 1.55 g/cm3, re-
spectively, and the accuracy of values can be verified by the dis-
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Fig. 11.   The one-dimensional marginal probability of inversion parameters.
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Fig. 12.     The comparison between extracted and inversed dis-
persive curves.
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persion curves calculated from the inversion parameters. When
the calculated result of the dispersion curve is consistent with the
extracted result, the accuracy of the inversion result can be
proved. The comparison result of the dispersion curves calcu-
lated by inversion parameters of four sets and the dispersion
curves calculated by the final inversion value is shown in Fig. 18.
After comparison and analysis, it is found that all the dispersion
curves are in good agreement, which proves the validity and ac-
curacy of the inversion results.

5  Conclusions
Bayesian inversion theory is a good way to inverse marine en-

vironmental parameters when there is little prior knowledge. A
fast inversion method of marine environment parameters based

on dispersion characteristics with single hydrophone is presen-
ted in this paper. This method is suitable for broadband pulsed
sound source signals that propagate over long distances in shal-
low water waveguides. The normal modes in received signal
could be described by dispersion curves in the TF domain, which
can be extracted by a signal processing method known as the
warping operator. In this paper, the curves are used as the input
of inversion methodology. In this method, there are many ad-
vantages of acquiring input functions, only a single hydrophone
is used, multiple groups are acquired at the same time, the ex-
traction process is simple and easy to operate, and the cost is low.

For Bayesian methodology, the biggest advantage is to realize
the inversion for ocean parameters based on less prior know-
ledge. Sensitive cost function and efficient replica are the keys to
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Fig. 13.   Parameter inversion error of sound velocity within (1 531±30) m/s.
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Fig. 14.   The schematic diagram of the experimental device.
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Fig. 15.   The received signal in four channels.
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Fig. 16.   The spectrum of received signal in four channels.
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accurate inversion. A new dispersion formula is used to calculate
the replica in this paper. The dispersion formula is composed by
four parameters, which are all sensitive to cost function.

In shallow water, as for SRBR modes, the bottom characterist-
ics can be described by the bottom reflection phase shift para-
meter P when the sound source is incidental at a small glancing
angle based on the BDRM theory. Therefore, the number of in-
version parameters was reduced because of the application of P,
so the propagation range and the water depth can be inversed
quickly and accurately. Then the inversion results can be used
ton inverse other seabed parameters as a prior knowledge, which
improves the inversion accuracy and efficiency again.

What is more, compared with the sound field model, the ad-
vantages of using a dispersion formula to calculate the replica in-
clude requiring less prior knowledge and a faster calculation
speed.

The error of the inversion results of the simulation and exper-
imental data is within 5%, which is in good agreement with the
real values. The validity and accuracy of the inversion method
have been proved. However, the applicability of this method in

Table 2.   Inversion parameter list

Parameter Reference value Search bound
Inversion value

X Y Z P Mean value
r/km 29.52 [10, 20] 29.21 29.21 29.22 29.21 29.21

cb/(m·s−1) − [1 500, 2 000] 1 561.43 1 607.13 1 627.22 1 564.45 1 590.06
ρb/(g·cm−3) − [1.2, 2] 1.55 1.56 1.62 1.52 1.55

H/m 30 [20, 100] 29.02 30.14 31.65 29.71 30.11
      Note: − represents no data.
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Fig. 17.   The comparison of disperion curves obtained by inversion parameters and data in the TF doamin.
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Fig. 18.   Comparison of dispersive curves calculated by different
parameters.
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complex ocean waveguides needs further research and improve-
ment.
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