
The statistical observation localized equivalent-weights particle
filter in a simple nonlinear model
Yuxin Zhao1, Shuo Yang1, Renfeng Jia2, Di Zhou3, Xiong Deng1*, Chang Liu1, Xinrong Wu4

1 College of Intelligent Systems Science and Engineering, Harbin Engineering University, Harbin 150001, China
2 Harbin Marine Boiler & Turbine Research Institute, Harbin 150078, China
3 China Ship Development and Design Center, Wuhan 430064, China
4 Key Laboratory of Marine Environmental Information Technology, National Marine Data and Information Service,

State Oceanic Administration, Tianjin 300171, China

Received 20 March 2021; accepted 5 June 2021

© Chinese Society for Oceanography and Springer-Verlag GmbH Germany, part of Springer Nature 2022

Abstract

This paper presents an improved approach based on the equivalent-weights particle filter (EWPF) that uses the
proposal density to effectively improve the traditional particle filter. The proposed approach uses historical data
to calculate statistical observations instead of the future observations used in the EWPF’s proposal density and
draws on the localization scheme used in the localized PF (LPF) to construct the localized EWPF. The new
approach is called the statistical observation localized EWPF (LEWPF-Sobs); it uses statistical observations that
are better adapted to the requirements of real-time assimilation and the localization function is used to calculate
weights to reduce the effect of missing observations on the weights. This approach not only retains the advantages
of the EWPF, but also improves the assimilation quality when using sparse observations. Numerical experiments
performed with the Lorenz 96 model show that the statistical observation EWPF is better than the EWPF and
EAKF when the model  uses standard distribution observations.  Comparisons of  the statistical  observation
localized EWPF and LPF reveal the advantages of the new method, with fewer particles giving better results. In
particular, the new improved filter performs better than the traditional algorithms when the observation network
contains densely spaced measurements associated with model state nonlinearities.
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1  Introduction
Data assimilation algorithms are frequently used in a wide

range of atmospheric and oceanic fields. The most extensive
solution of data assimilation is to obtain the probability density
function (PDF) of the state based on the model. Most current as-
similation algorithms use Gaussian approximate error distribu-
tions for observations and model prediction, which have limita-
tions for use in nonlinear models. There are two main schemes
used in current assimilation algorithms (Chorin and Tu, 2009).
One method uses the Gaussian and linear assumptions, such as
the ensemble Kalman filter (EnKF) (Evensen, 1994). However,
the linearization assumption causes truncation errors for high-
dimensional nonlinear models. The other is the particle filter
(PF) based on Bayes’s theorem, which is used in statistics and
mathematics (De Freitas et al., 2001). Similar to EnKF, the PF in-
tegrates all particles forward in time; then, when the observa-
tions are available, each particle is assigned a weight, which is
proportional to the probability of this particle in the analysis
stage (Shen et al., 2016); this weight also determines which
particles will be removed in the PF algorithms, and particles with
high probability are guaranteed to be retained by resampling
methods (Van Leeuwen and Evensen, 1996). Because of compu-
tational limitations, only a few particles can represent the pos-

terior PDF. As the dimensionality of the model states increases, a
finite number of particles will not perfectly represent the PDF,
but simply adding particles will waste computational resources
(Zhu et al., 2016).

As the PF can solve fully nonlinear systems and calculate the
posterior PDF, many improvements have been proposed to en-
able the PF to work for high-dimensional systems (Lei and Bickel,
2011). For example, Nakano et al. (2007) exploited a hybrid al-
gorithm that uses the ensemble transform Kalman filter (ETKF)
to obtain the proposal distribution. Van Leeuwen (2010) and Van
Leeuwen et al. (2019) also presented the equivalent weights
particle filter (EWPF) to address the problem. It uses a well-de-
signed proposal density to move particles towards the future ob-
servation and improve the PF assimilation quality. Hybridisation
is considered as a way to mitigate filter degeneracy about the PF,
Stordal et al. (2011) develop the ensemble Kalman particle filter
(EnKPF) which use two stages to adopt the EnKF and PF. The loc-
al EnKPF which are introduced localization is applied to a con-
vective-scale numerical weather prediction (NWP) with the real
observaions (Robert et al., 2018).

The localized PF (LPF), which was first introduced by Poter-
joy (2016), uses a similar approach for localization to the local-
ized ensemble adjustment Kalman filter (EAKF). The success of  
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the EAKF in high-dimensional systems depends on the use of co-
variance localization. The LPF has a clear advantage in applying
positioning in background covariance in a large spatial dimen-
sion (Houtekamer and Mitchell, 1998). This algorithm uses a
Bayesian update of the particles near the location of the observa-
tion while preserving the a priori particles.

This paper proposes an improved EWPF that uses the reana-
lysis data to calculate the statistical observations (EWPF-Sobs).
This statistical observations are used instead of the future obser-
vations that limit the development of the EWPF in real-time data
assimilation. The statistical observations are used to collect and
calculate historical reanalysis data during the assimilation cycle
to improve the proposal density accuracy. This paper also refer to
the localization function used in the LPF to propose a localized
equivalent weights particle filter with statistical observations
(LEWPF-Sobs). Specifically, the traditional EWPF algorithm lacks
a localization scheme for models with irregularly distributed grid
observations. The localization used in the LPF determines the
weights using the distance of the model grid point to the observa-
tion. Therefore, the LEWPF-Sobs uses this approach to confirm
the weights of the model grid points that are not observed around
the given location at the time of assimilation. This manuscript
describes the performance of the EWPF-Sobs and LEWPF-Sobs,
and both are used in twin experiments with the 40-variable
Lorenz 96 model (Lorenz, 1995).

This paper is organized as follows. Section 2 describes the
EWPF in its most basic form and the localization method used in
the LPF. Section 3 describes the proposal density in the EWPF,
and obtaining a new EWPF with statistical observations (EWPF-
Sobs). The localization strategy is used in the EWPF-Sobs to de-
rive the LEWPF-Sobs. In Section 4 numerical experiments are
used to compare the LEWPF with the LPF and the LEAKF. A sum-
mary and discussion are provided in Section 5.

2  Methodology

2.1  The relaxation proposal density

y
p (x |y )

The PF can solve a fully nonlinear system, but resampling is
not sufficient to avoid filter collapse. The EWPF uses the propos-
al density to ensure that all integrations end up close to the new
observation and contribute to the posterior PDF. The assimila-
tion process is divided into two parts, the relaxation proposal
density and the equivalent weights proposal density. This sec-
tion describes the relaxation proposal density. Bayes’s theorem
provides a way to propose the posterior PDF based on the prior
PDF and the likelihood. The PF is based on the Bayes’s theorem
using the conditional posterior PDF to express the assimilation
solution (Law et al., 2015). Given an observation , the condition-
al PDF  is (Ades and Van Leeuwen, 2013)
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)Let us assume the particle filter selects the particles that have
similar weights at the previous time step  and drawing
samples from the proposal density instead of the . So

the posterior PDF becomes
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where A is a normalization factor and the particle weights are
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However, the EWPF aims to ensure that the majority of
particles are close to the observations. It is reasonable to calcu-
late the proposal density based on future observation informa-
tion at future time  and determine the weights for model time
steps at the time . So particles need to calculate the equal
weights and move toward the future observation at time . So
Eq. (5) can be written as

ωi =

A
p (yn|xni )

n∏
j=n−m+

p
(
xji|x
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i

)
q
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In the EWPF the particles are updated using the model equa-
tion (Ades and Van Leeuwen, 2015):

xji = f
(
xj−
i
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+ B (τ)

(
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+ dβ̂

j

i, (7)

h
(
xj−
i

)
dβ̂

j

i

Q B (τ)
(
yn − h

(
xj−
i

))
B (τ)

where  is the observation operator and the random error

 is distributed as a Gaussian with mean zero and covariance

. The relaxation term  moves the particles

toward the future observation, where the relaxation factor  is

B (τ) = bτQHTR−, (8)

τ =
(
tj − t

)
/
(
tn − t

)
t

tn

R Q
b

with ,  is the previous observation time

and  is the target observation time. The observation error cov-
ariance is  and  is the model error covariance; H is the linear-
ization of the observation operator;  represents a scaling factor
that controls the degree of relaxation towards the observation
(Ades and Van Leeuwen, 2015).

2.2  The equivalent weights particle filter
The EWPF has been developed by Van Leeuwen (2010, 2011).

It ensures that most particles are guided towards the future ob-
servations and uses particles that have significant information on
the posterior PDF. The EWPF uses two separate steps to avoid fil-
ter degeneracy. The first is the relaxation proposal density intro-
duced in Section 2.1, and it uses a simple nudging scheme to
move the particles towards the future observation based on Eq. (7).
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The second is the equivalent-weights proposal density; the relax-
ation proposal density is used to adjust the particles so that they
have similar weights in the final step. Based on the results of the
proposed density, the equivalent-weights proposal density is
briefly described as follows:

ωi(1) Separation of the accumulated weight of each particle 
until the last step before an observation, the equivalent-weight
may be written as (Van Leeuwen, 2011)

ωn
i = ωrest

i
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)
q
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) , (9)

ωrest
i ωiwhere  represents the proposal density weights  accumu-

lated over the assimilation interval.
ωtarget(2) Determine the target weight  that is chosen based on

the maximum weight each particle can achieve, and makes most
of particles can have the equivalent-weight. so the target weight
is given by

−lnωtarget
i =− lnωrest

i +



(
yn −Hf

(
xn−
i

))T×(
HQHT + R

)− (
yn −Hf

(
xn−
i

))
. (10)

This choice would lead to all weights becoming equal to the
minimum weights. However, the method can reach a comprom-
ise between the retained particles and the weight value, and
those discarded particles are still returned by resampling.

xni
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(3) Determine the new particles  that have equal weights,
the model state at time  may be written as
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 (Van Leeuwen, 2015).

2.3  The localization weights of the particle filter
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Poterjoy (2016) proposed the LPF algorithm using a frame-
work similar to the EAKF that relies on the localization function
to describe the relationship between weights and a single obser-
vation. The weights are confirmed using the likelihood of the ob-
servation in the PF framework. The LPF achieves localization by
extending the original weights from scalars to vectors and the
localization function  (Gaspari and Cohn, 1999) is used
to conform the localization about the th element of the en-
semble local weight  and their normalization vector :
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− 
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The localization function that controls the impact of observa-
tions which are from region surrounding the localization analys-
is on the weights. (Whitaker and Hamill, 2012). This function has
a maximum value of 1 when  and  coincide and asymptotes to
0 if the  and  are far apart; the parameter r controls the rate of
decay. The localization scheme  which has
been detailed calculation formula in the Shen et al. (2017). It uses
a continuous function whose value is inversely proportional to

dy,xi

y xj
c

 < α < 

the distance from the observation point to generate a multiplica-
tion factor for the state. Where  represents the distance
between the observation  and the model grid value . The para-
meter  related to the decorrelation length. The LPF parameter

 used to make the weights more uniform in regions
when the observation has a large impact to the update. This
weights represent the posterior probability distribution for the
model state variable. The PF uses the resampling steps after the
update when the weights are determined. It eliminates pa-
rticles that have small weights and duplicates those with
large weights (Gordon et al., 1993). So the scalar weights are
determined by
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Here,  is a vector containing all the observations of all mod-
el variables at time steps of , R is the observation error covari-
ance, and  is the measurement function that maps the model
states onto the observational site corresponding to . Con-
sequently, the LPF localizes the roles of each observation by ex-
tending the scalar weights to vector weights (Shen et al., 2017). So
this method use  to denote the  particle and the observation y
has  components that represent the observational dataset
around the model grid point , so the distances between
particles and observational site values of  are given as ,
for . So from Eq. (12), Eq. (14) can be written as
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where  is the observation variance and  is the function that

maps the model state to the observations. The weight before

reaching the observation  are denoted as , and then

multiply each term to get from the Eq. (16):
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Therefore, the vector weights corresponding to the observa-
tion  can be obtained recursively by assimilating the weights
based on the individual observations

(ωi)yj = (ωi)yj−

(
ω̂yj

)
, j = , , · · · ,m, (17)

ωi = (ωi)ym

l [y, xi; r] = 

l [y, xi; r]

yj

and . For applications where observations are assimil-
ated over a large area most of the weights will be equal to 1 when

 in Eq. (12) (Shen et al., 2017). So the useful weights
depend on the observations in the localization region defined by

. Likewise, the normalization step ensures that the sum of
weights is equal to 1. The most important features for the LPF are
the sampling and merging. The observations  are assimilated
one by one to calculate the local weights and combine the priori
particles with sampled particles and calculate local samples from
the distributions that will  be introduced in Section 3.2
(Poterjoy, 2016).
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3  The localized equivalent weights particle filter

3.1  The statistical observation proposal density
The EWPF ensures that the majority of particles are close to

the observations and avoids filter degeneracy. However, it is diffi-
cult to obtain future observations in practical applications. Nev-
ertheless, the reanalysis data can be used in practical studies to
cover as much information as possible for the whole region and
time period. Although these reanalysis data are still inaccurate
compared to the actual observations and it is difficult to accur-
ately represent the real-time observations. Therefore, the new al-
gorithm calculate statistical observations by averaging the histor-
ical reanalysis data over time steps in order to reduce errors
while adjusting particles. So this research use statistical observa-
tions to calculate the proposal density used in the EWPF (EWPF-Sobs).

τ

tn

tj tn−t

The proposal density uses  to determine the time when
particles are adjusted toward the future observation in the Sec-
tion 2.1. As shown in the Fig 1，where  is the next observation
time,  is the current time and  is the assimilation interval.

τ
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r,· · · yt
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r, · · · , yt
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r,

ta

τ
tb

The reanalysis data are the most comprehensive in both
space and time, so this paper use historical reanalysis data to cal-
culate statistical observations and it adopts the proposal density
parameter  determine the time to start the cumulative observa-
tions. To avoid confusion, using  to denote the
historical reanalysis data of the time-series distribution of assim-
ilated observations over the assimilation interval. The  determ-
ined from  is the time to start accumulating the reanalysis obser-
vations, so the statistical observation at the time  is given by
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ydr
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Based on the  , the time   is used to calculate
the proposal density and determine the time of the statistical ob-
servations which use reanalysis data in the assimilation interval.
The particles and weights at the time  are written as  and .

There are two steps to make the particles move toward the
statistical observation that use the proposal density before the
time of assimilation:

yt
b

s

(1) Calculate and normalize the proposal density weights
based on the statistical observation  and Eq. (6).
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(2) The particles are moved towards the statistical observa-

tion  and updated the model Eq. (7) at time .
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At the assimilation moment  the proposal density also uses
the reanalysis data to update the new statistical observation to
update the states and weights. The equivalent-weights proposal
density retains the formulas of the traditional algorithm. Using
Eq. (10) for the proposal density weights to determine the target
weights and use Eq. (11) to update the final particles.

3.2  The local equivalent weights particle filter
The core of the LPF which proposed by the Poterjoy is to solve

the filter degeneracy using a localization scheme. The localiza-
tion scheme of LPF is mainly to suppress the long-range correla-
tion due to insufficient particles. However, the EWPF method
uses the proposed density adjust particles to improve the prob-
lems of traditional particle filter and has reliable assimilation res-
ults with complete observations. But when there are few avail-
able observations, it is difficult to improve the overall assimila-
tion results by model tuning alone (Chen et al., 2020), so the loc-
alization scheme with reference to the LPF method is designed to
improve the state of the particles at the location where observa-
tions are missing.

ωn
i ith

yj

The new method still choose the EWPF method to calculate
the adjustment of the particles at the corresponding positions of
the observations, and adjust the particles at other positions ac-
cording to the localization scheme to ensure the best possible ap-
plication for the observations. The EWPF-Sobs uses Eq. (9) to ob-
tain the scalar weights  for the  state vector and generates
local samples based on the local distribution when  is used to
update the local weights.
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The states and weights until the observation point  are

written as and  for . The EWPF-Sobs

with localization function (LEWPF-Sobs) is briefly described as
follows:
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the proposal density weights .
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(11) to calculate the final model states  that correspond to

the observation position .(
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(3) Use the  and Eq. (12) to obtain the weights and use
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 and these resampled particles are shown as .
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(5) Combine the prior particles and resampled particles us-

ing the formula:
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r,i r,iThe parameters  and  that decide which of the priori and
resampled particles are retained and calculated as follows (Poter-
joy and Anderson, 2016):
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Fig. 1.   Schematic showing the assimilation interval in terms of
the model integration step. Here  is the statistical observation
start time and  is the analysis time.
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r,i = cir,i, (23)
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where  is the weighted variance

of the prior particles and . The derivations of

Eqs (21)–(24) may be found in Poterjoy (2016). The formula
for locally adjusted particles is derived to make the mean and
variance of the particles the same as the weighted mean and
weighted variance of the prior particles. These adjustments are
based on Eq. (21), which uses the sampling and merging to up-
date the weights and generates new particles when particles have
a single observation.

4  Numerical experiments

4.1  The Lorenz 96 model
Due to the complexity of model physical processes, this re-

search first investigate the quality and characteristics of the
EWPF, EWPF-Sobs and EAKF in the Lorenz 96 with the standard
observation distribution. Secondly, using Lorenz 96, this paper
further verify the localization characteristics of the LPF, LEAKF
and LEWPF-Sobs using the sparse observations. This paper also
research the improvement of localization for EWPF-Sobs com-
paring LEWPF-Sobs and EWPF-Sobs. The following is a brief in-
troduction to the simple model used in the paper.

Nx xjThe Lorenz 96 model contains  equally spaced variables 
that evolve according to the equations:

dxj
dt

=
(
xj+ − xj−

)
xj− − xj + F, (25)

j = , , · · · ,Nx

xj+Nx = xj xj−Nx = xj
F Nx

where  represents the spatial coordinates. The
cyclical boundaries are  and . Standard para-
meters  and  determine the system dynamics and are fixed at
8 and 40, respectively. The model is integrated using the Runge–
Kutta scheme with a time step of 0.05 time units.

4.2  Experimental set up
In this study, perfect and biased experiments are designed in

the twin framework. In both experiments observations are
provided by the truth model that is integrated from initial condi-
tions that are set as (Shen et al., 2017):

xj =
{

 for j ̸= 
. for j =  . (26)

xt

y = H (xt) + ε ε

This is integrated through 100 000 iterations for sufficient
spin-up and then for another 50 000 iterations to obtain the truth.
In the twin experiments, a “truth” model using the standard
parameter to generate the truth model states ( ) and the nonlin-
ear observations that are related to the truth state by the function

, where  is white noise whose mean value is 0 and
variance is 2. The model state at the new time step is given by:

xji = f
(
xj−
i

)
+ dβji, (27)

dβjithe distribution of the  can be chosen appropriately for the
model, it is assumed to be Gaussian with mean zero and covari-

ance Q whose value is 1 (Ades and Van Leeuwen, 2013).

H

H (x) = x H (x) = |x| H (x) = ln (|x|)

F = 

Three separate sets of observations are used in the twin ex-
periments to verify the effect of nonlinear properties (Zhang,
2011). They differ in the specification of , the function that
maps the model space to observation space: in the first,

, in the second  and in the third 
to interpolate the values. Each assimilation experiment is integ-
rated for 50 000 iterations and only those data obtained in the fi-
nal 10 000 iterations are used for the error statistics. Due to the
simplicity of this experimental model, the historical reanalysis
data used in the experiments are constructed with reference to
the observations, and the reanalysis observations are construc-
ted by adding white noise to the truth values based on the 40 000
iterations. In this experiment, the assimilation interval is chosen
to be 13 time steps (Poterjoy, 2016) and the assimilation observa-
tions are obtained for assimilation every 13 steps. The reanalysis
data are used in the time series of the assimilation interval, and
this study assume that there is available historical reanalysis data
at each moment in the assimilation interval for the computation
of statistical observations. The biased experiment is similar to the
perfect framework and starts from the same initial conditions
used in the perfect framework. The biased experiments is de-
signed, which assumes that the imperfect of the model is caused
by inaccurate parameter, so the parameter  is used in this
biased experiment.

xi
i

Validation of the localization scheme is performed in the
framework of the second sparse observation twin experiments.
This study assume that observations are only available to  when
 is an odd number. Then each assimilation experiment is re-

peated 20 times starting from 20 different initial particles and
their means and characteristics are analyzed.

The root-mean-square-error (RMSE) is an important cri-
terion for evaluating assimilation quality:

RMSE =

√√√√ 
Nx

Nx∑
i=

(xi − xti)

. (28)

The RMSE is used to evaluate the assimilation results and
both experiments are performed using the same initial particles.

4.3  Experimental results for standard observations
τ

τ

The value of  used to establish the time to start calculating
the statistical observations and proposal density is explained in
Section 3.1. Determining a suitable  can effectively improve the
assimilation quality of the EWPF-Sobs with different observation
operators.

H (x) = x
τ = .

H (x) = |x| τ = .
H (x) = ln |x|

τ = .
τ = .

H (x) = |x| H (x) = ln |x|
H (x) = x τ

Based on Section 3.1, Fig. 2a shows results for the RMSE in
the perfect experiments: using the observation operator 
(green point),  (red point) has the lowest RMSE; when the

 (dark blue point),  has the lower result and us-
ing the observation operator  (light blue point),

 is also the threshold value. In the biased experiments in
Fig. 2b, the RMSE is lowest when  is used with observation
operators  and , and when the operator

, the RMSE is lowest for  = 0.7.
τ =

(
tj − t

)
/(

tn − t
)
= / ≈ . τ

The threshold value is therefore mostly close to 
. If approximate value of  is too small,

more observations are used in the statistics and more observa-
tional errors are included in the statistical observations and the
proposal density, thus affecting the final assimilation result. So
this research use the best thresholds chosen from Fig. 2 for the
subsequent experiments.
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H (x) = x

H (x) = |x| H (x) = ln |x|

In order to compare the assimilation specialties of EWPF-
Sobs, EWPF and EAKF under the same conditions, the three al-
gorithms use the same 20 particles to investigate the average
RMSE in the L96 model. To mitigate the effect of random initial
system synthesis, 10 experiments were conducted for different
initial particles. Figure 3 shows the average RMSE in the final
5 000 model steps in the twin experiment as histograms. The
EAKF (dark blue column) has the lowest average RMSE for the

 observation operators (Figs 3a and b) in the twin
framework experiment. Therefore, the EWPF-Sobs (light blue
column) has lower average RMSE than the EWPF (yellow) and
EAKF (dark blue column) with both the observation operators

 and  (Fig. 3a), and there are similar res-
ults for the same operators in the biased framework (Fig. 3b).
From the experimental results, it can be seen that the EAKF
method is more suitable for the observation of Gaussian distribu-
tion while EWPF is more suitable for the observation of non-
Gaussian distribution. However, the EWPF-Sobs reliable assimil-
ation results with different observation operators.

RMSE/Spread
H (x) = x

To further demonstrate the advantage of the EWPF-Sobs, this
study compute the average RMSE and the average Spread, which
is determined by the ensemble spread over the final 2 000 steps.
Figure 4 shows the corresponding  for the three al-
gorithms with the observation operator . In Fig. 4a the
ratio for EWPF-Sobs (blue line) is closer to one than that for the

EWPF (green dot–dash line) and EAKF (pink dash line). In the
biased experiments, the results of EAKF are more stable than the
EWPF-Sobs, but both of the two algorithms have similar results
which is little better than the traditional EWPF. The two figures
demonstrate that EWPF-Sobs is generally better than the EWPF.

4.4  Results of the localization experiments

τ

In the LEWPF-Sobs, the localization function is used with
spare observation to calculate the likelihood of the observations
given the particles that are near this observation point. Accord-
ing to the experimental program presented in Section 4.2 to study
the localization scheme, the sparse observation distribution is
constructed assuming that odd variables in the Lorenz 96 have
observation for the LEWPF-Sobs. The value of  determined the
time to start calculating the statistical observations before the
subsequent experiments. Calculate the RMSE of all odd variables
in the experiment according to equation:

RMSE =

√√√√ 


∑
a=

(xa − xta)

, (29)

a τ

τ

where  is the odd number and it choose the most appropriate 
for subsequent experiments based on the final results which are
shown in Fig. 5. It shows the relationship between  and RMSE in

τ
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Fig. 2.   Average RMSE with different threshold values  for the three different observation operators in the perfect experiments (a).
Green: observation operator ; dark blue: observation operator  and light blue: . Red dots represent the
optimal solutions for the threshold. Biased model experiments using the same observation operators are shown in (b).
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twin experiments using three different observation operators.

τ = . H (x) = |x| τ =
/ ≈ . H (x) = ln |x| H (x) = x

τ H (x) = x
τ H (x) = |x| τ = . τ = . H (x) =

ln |x|

In the perfect experiments Fig. 5a, the RMSE is lowest when
 is used with observation operators  and 

 for the , and when the operator ,
the RMSE is lowest for  = 0.5. Figure 5b shows the  use
the  = 0.3,  use the  and  is used with 

 in the bias experiments.

c

c ∈ {1, 2, 4, 8}
H (x) = x

H (x) = |x| H (x) = ln (|x|)
c c = 

c = 

Before further experiments, this study also should determine
the effect of the radius ( ) which has been described in the Sec-
tion 2.3. It is related to the decorrelation, the distance between
the observational site and the grid point (Shen et al., 2017) on the
final average RMSE with three different observation operators. Figure 6
shows the average RMSE with the LEWPF-Sobs using 20 particles
in the twin experiments for the observation radius 
with different observation operators  (green line),

 (blue line) and  (red line). The average
RMSE increases with the parameter : when  (black point)
the LEWPF-Sobs has the lowest RMSE with different operators in
the perfect experiment (Fig. 6a). The localization parameter 
(black point) is also the best choice in the biased experiments
(Fig. 6b). The main reason is that using a smaller localization

c
c = 

parameter  introduces less observation error. So for this en-
semble size  is preferable.

c = 

H (x) = x

In the subsequent experiments use the localization paramet-
er  to compare the LEWPF-Sobs and LPF with the LEAKF. In
order to further analyze the improvement of the localization
method on the EWPF, the EWPF-Sobs was added in this twin ex-
periment for the same initial fields and the same 20 particles con-
ditions. The experiments are duplicated 10 times with different
initial particles and the average RMSEs of the last 5 000 model
steps are shown as histograms in Fig. 7. The LEAKF (dark blue)
has the lowest average RMSE when the observation operator is

 in the twin experiments. However, the LEWPF-Sobs
(light blue) has the lowest average RMSE for non-Gaussian distri-
bution observations in the perfect experiments (Fig. 7a). In the
biased experiments (Fig. 7b), the LEWPF-Sobs still maintains
better results than the LPF (green column) and LEAKF for non-
Gaussian distribution observations, while the LEAKF also keeps
lower RMSE than the PF when use the Gaussian distribution ob-
servations. Since the experiment uses a sparse observation distri-
bution, the EWPF-Sobs (yellow column), which lacks the localiz-
ation scheme, maintains a high RMSE in these experiments.

H (x) = x

In order to further analyze the necessity of using the localiza-
tion scheme, this experiments choose the variables that lacks ob-
servations to study the adjustment of the localization scheme on
the particles during the assimilation process. The construction of
the sparse observation distribution is described in Section 4.2. In
the experiments it is assumed that the odd number of variables in
the 40 variables of the Lorenz-96 model are short of observations.
In order to analyze the effect of the localization scheme for the
lack of observed variables, the RMSE is calculated for all even
variables in the model which use the observation operator

 with three different algorithm. This part of results are
given in Figs 8a and b. It clearly shows that the LEWPF-Sobs
(blue circle line) and LPF (green rhombus line) have similar res-
ults and both of them better than EWPF-Sobs (brown cross line).
The main reason is there is no localization scheme for EWPF-
Sobs and it is difficult to adjust the particles at the missing loca-
tions, so the RMSE is significantly higher than other methods.

To further analyze the adjustment effect of the localization
scheme for all unobservable even variables with different obser-
vation operator. This part of experiments use four different local-
ization assimilation algorithms to calculate the RMSE for all even
variables under different observation operators according to the
Eq. (29) and the final results are shown in Figs 9a and b. It shows
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Fig. 4.   Time series of the RMSE/Spread values of the EWPF-Sobs
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(a). b. As a but for the biased experiments.
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the LEWPF-Sobs (pink column) has the lower RMSE than the
LEAKF (grey column) and LPF (light blue column) which both of
them have similar results. Because of the lack of adjustment of
the localization scheme, the assimilation results of EWPF-Sobs
(green column) are significantly higher than the other methods
with different observational operators. It can be seen that the loc-
alization scheme used in EWPF-Sobs has a moderating effect on
the unobserved particles.

H (x) = ln |x|

Based on previous studies, the LPF method is sensitive to the
number of particles, but the main advantage of EWPF is that it
uses a small number of particles to obtain better results. To fur-
ther demonstrate the characteristics of the LEWPF-Sobs, Fig. 10
illustrates the average RMSE obtained by the LPF (red line) with
different ensemble sizes and compares it with those obtained
with the LEAKF (blue line) and LEWPF-Sobs (pink line) assimila-
tion results using 20 particles. These experiments are also re-
peated 10 times to reduce the random error. The average RMSEs
and standard deviations are expressed as solid lines and error
bars in this figure. Figure 10a shows that, with the observation
function  in the perfect experiments, the RMSEs of
the LPF and LEAKF seem similar to the LEWPF-Sobs results
when the number of particles is smaller than 80, but when 160
particles are used, the LPF is better than the LEWPF-Sobs. The
results for the biased experiments are shown in Fig. 10b; LEWPF-
Sobs has lower RMSE than the LPF using 160 particles and the
LEWPF-Sobs is clearly better than the LEAKF when using the
same number (20) of particles. When the LPF use 80 particles, the
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assimilation result is similar to the LEAKF in the twin experi-
ments. Similar results are obtained with the observation operat-
or  and are shown in Fig. 10c for the perfect experi-

ments and Fig. 10d for the biased experiments.
The research also use the relationship between Spread and

RMSE to evaluate the LPF, LEAKF and LEWPF-Sobs. The scatter
plots of the mean Spread relative to the RMSE for the 20 vari-
ables used in the sparse observation experiments are shown in
Fig. 11 for the three algorithms in the twin experiments. The aver-
age Spread is acquired by the ensemble spread over the final
5 000 steps. Figure 11 is consistent with Fig. 4 and shows the

LEWPF-Sobs and the LEAKF have a ratio closer to 1 in the per-
fect experiments and the LPF that uses 160 particles has the
largest RMSE and Spread (Figs 11a–c). Figures 11d and e shows
the same relationship in the bias experiments. The LEWPF-Sobs
and LEAKF have a similar relationship, but both of them are bet-
ter than the LPF. Comparison of these results reveals that the
LEWPF-Sobs generates good ensemble particles and provides an
estimate of uncertainty.

5  Summary and discussion
It is generally acknowledged that the EWPF is suitable for ap-
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plication to nonlinear and non-Gaussian modes. However, the
traditional EWPF relies on future observations to determine the
proposal density and lacks a suitable localization function in
high-dimensional models.

This paper analyzed the proposal density that relies on future
observations as used in the EWPF algorithm and proposed the
EWPF-Sobs that uses statistical observations which are determ-
ined by the historical reanalysis data instead of future observa-
tions to improve the EWPF’s ability to perform real-time observa-
tional assimilation. Using the Lorenz 96 model to compare
EWPF, EAKF and EWPF-Sobs assimilation quality and analyzed
their performance using three different non-Gaussian observa-
tion operators in the twin experiments. The EWPF-Sobs have
similar results to EAKF when use the Gaussian observations and
the EWPF-Sobs gave better results than the traditional EWPF in
the non-linear model. This shows that statistical observations
can improve the EWPF’s assimilation quality.

This paper also analyzed the localization function used in the
LPF and used a similar localization function with the EWPF-Sobs
to construct the LEWPF-Sobs. This part of research again used
the Lorenz 96 model with sparse observations and conducted
twin experiments using LEWPF-Sobs, LEAKF and LPF under the
same experimental nonlinear conditions and non-Gaussian ob-
servation operator. Compare the EWPF-Sobs and LEWPF-Sobs in
this experiment to further investigate the extent of improvement
of the localization scheme for this method. The experiments
show that the LEWPF-Sobs is better than the LEAKF and re-
quires only 20 particles to give better results than the LPF, which
uses 160 particles in the biased experiments. The LEWPF-Sobs
using the localization scheme under sparse observation condi-
tions is significantly better than the EWPF-Sobs in this twin ex-
periments. The results prove the great potential of the LEWPF-
Sobs for application in complex coupled models.

The present experiments use only the simple Lorenz 96 mod-
el. Further study of LEWPF-Sobs assimilation systems suitable for
coupled cycle models will require the use of more complex mod-
els to demonstrate the application of the algorithms. The localiz-

ation scheme may inevitably introduce discontinuity and imbal-
ance to the model. Therefore, this localization scheme will be re-
fined in the subsequent study to ensure the balance of the model.
Nevertheless, the results obtained here with the LEWPF-Sobs will
encourage further research and application of the corresponding
PF methods.
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