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Abstract

The  four-dimensional  variational  assimilation  (4D-Var)  has  been  widely  used  in  meteorological  and
oceanographic data assimilation. This method is usually implemented in the model space, known as primal
approach  (P4D-Var).  Alternatively,  physical  space  analysis  system  (4D-PSAS)  is  proposed  to  reduce  the
computation cost, in which the 4D-Var problem is solved in physical space (i.e., observation space). In this study,
the conjugate gradient (CG) algorithm, implemented in the 4D-PSAS system is evaluated and it is found that the
non-monotonic change of  the gradient  norm of  4D-PSAS cost  function causes artificial  oscillations of  cost
function in the iteration process. The reason of non-monotonic variation of gradient norm in 4D-PSAS is then
analyzed. In order to overcome the non-monotonic variation of gradient norm, a new algorithm, Minimum
Residual  (MINRES)  algorithm,  is  implemented  in  the  process  of  assimilation  iteration  in  this  study.  Our
experimental results show that the improved 4D-PSAS with the MINRES algorithm guarantees the monotonic
reduction of gradient norm of cost function, greatly improves the convergence properties of 4D-PSAS as well, and
significantly restrains the numerical noises associated with the traditional 4D-PSAS system.
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1  Introduction
In meteorology and oceanography, variational data assimila-

tion (VDA) uses all valuable observational information to achieve
the most accurate description of atmospheric and oceanic states
by minimizing the difference between model solutions and ob-
servations. The VDA includes three-dimensional VDA (3D-Var)
and four-dimensional VDA (4D-Var) (Courtier, 1997; Wang et al.,
2019b). Both 3D-Var and 4D-Var play an important role in nu-
merical prediction, reanalysis data construction, parameter in-
version and sensitivity analysis (Huang et al., 2005; Moore et al.,
2011a, b; Zhang et al., 2017; Zhou et al., 2018; Shi et al., 2018;
Wang et al., 2019a).

Rn

Rm

According to the difference in solution spaces, the 4D-Var can
be divided into two kinds. One is solved in the model space, de-
noted , with the dimension n up to 107–109, which is usually
known as the primal 4D-Var (P4D-Var) (Parrish and Derber,
1992) or the primal formulation of incremental strong constraint
4D-Var (I4D-Var) (Moore et al., 2011c), and the other in the phys-
ical space, i.e., the observation space, denoted , with the di-
mension m only to 105, which is usually known as the physical

m≪n
space analysis system (4D-PSAS) (Cohn et al., 1998). Since there
is generally  in atmosphere and ocean, 4D-PSAS is in fact
solved in the lower dimensional space, which makes 4D-PSAS
have the following two benefits: less memory requirement and
lower computational burden; being suitable for application to the
weakly constrained 4D-Var with model errors (Trémolet, 2007;
Zhong et al., 2012).

Despite the benefits mentioned above, 4D-PSAS is seldom
adopted in the atmospheric and oceanic numerical models.
While, P4D-Var is now widely used in the 4D-Var system of the
European Centre for Medium-Range Weather Forecasts (ECM-
WF) (Rabier et al., 2000), National Centers for Environmental
Prediction (NECP) (Parrish and Derber, 1992), Met Office (Rawl-
ins et al., 2007), China Meteorological Administration (CMA),
National Climate Center (NCC) (Liu et al., 2005) and other insti-
tutions, and its utility has been widely tested.

Recently, Moore et al. (2011a) develop the Regional Ocean
Modeling System (ROMS). The ROMS contains its own 4D-Var
system, which includes three modules: a primal formulation of
incremental strong constraint 4D-Var (I4D-Var), a dual formula-  
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tion based on a physical-space statistical analysis system (4D-
PSAS), and a dual formulation representer-based variant of 4D-
Var (R4D-Var). Since 4D-PSAS is seldom applied both in meteor-
ology and in oceanography, the present paper utilizes the ROMS
4D-PSAS for data assimilation (DA) in the South China Sea. This
paper is organized as follows: The ROMS and its 4D-Var systems
are introduced in Section 2; Section 3 is the application of the
ROMS 4D-Var systems in the South China Sea, and both P4D-Var
and 4D-PSAS are carried out using the Conjugate gradient al-
gorithm (CG) (Hestenes and Stiefel, 1952); Section 4 is the applic-
ation of the Minimum residual algorithm (MINRES) (Paige and
Saunders, 1975) in 4D-PSAS, and the comparison is made
between the CG and MINRES algorithm; and finally, a summary
is presented in Section 5.

2  ROMS 4D-Var system
The ROMS is developed by the Institute of Marine and

Coastal Sciences of Rutgers University and the University of Cali-
fornia, Los Angeles (Shchepetkin and McWilliams, 2005). It is a
hydrostatic, primitive equation, Boussinesq ocean general circu-
lation model, widely used in coastal, offshore and marine basins.
ROMS uses terrain-following vertical coordinate system (S-co-
ordinate), which allowing for greater vertical resolution in shal-
low water and regions with complex bathymetry, and can better
simulate irregular continental shelf topography. Orthogonal cur-
vilinear coordinates are used allowing for increased horizontal
resolution in irregular coastal regions.

The ROMS 4D-Var system includes three modules: I4D-Var,
4D-PSAS and R4D-Var. For each module, ROMS can be used
combined with available observations to yield a best estimate of
the ocean state. In the primal formulation of I4D-Var the search
for the best solution is performed in the full space of the model
control vector, while for the dual formulations of 4D-PSAS and
R4D-Var only the sub-space of linear functions of the model state
vector spanned by the observations (i.e., the dual space) is
searched. In oceanographic applications, the number of observa-
tions is typically much less than the dimension of the model con-
trol vector, and therefore there are remarkable advantages for
performing search in the space spanned by the observations. For
the completeness of the context and convenience of readers, I4D-
Var (i.e., P4D-Var) and 4D-PSAS are summarized as follows.

2.1  P4D-Var
In atmospheric and oceanic forecasting, when the model is

assumed to be perfect (i.e., the model is error-free), the discrete
atmospheric and oceanic numerical models can generally be ex-
pressed as follows:

xi = Mi,i−xi−, (1)

xi− xi
M

where  and  represent the state vectors at the time i–1 and i,
respectively, and  represents the non-linear prediction model.

J
J

4D-Var obtains the optimal estimation of the initial field by
constructing a cost function  about the initial field and solving
the minimization problem of  (Kalnay, 2003; Bennett, 2005):

J (x) =



[
x − xb,B− (x − xb)

]
+




M∑
i=

⟨
Hi (xi)− yi,R

−
i (Hi (xi)− yi)

⟩
= min!, (2)

(·, ·) Rn ⟨·, ·⟩
Rm x xb

where  represents the inner product in  space, and 
represents the inner product in  space.  and  are the state

ζ H

yi Ri

vectors of the initial field and background field, the ROMS pro-
gnostic variables of a state vector are potential temperature (T),
salinity (S), horizontal velocity (u,v), and sea surface displace-
ment ( ).  is the non-linear observation operator. B is the error
covariance matrix of the background field, in which the spatial
correlation operator can be used to adjust the state for one vari-
able in three-dimensional space with the observation of that vari-
able at one location, and the balance operator between different
variables can be used to adjust the states for variables with the
observations of other variables (Du et al., 2016). M is the time
length of observation,  and  are the observation vector and
the observation error covariance matrix at each moment, re-
spectively.

2.1.1  The formulation in the incremental method
The dimension of the state vector is very large, up to the or-

der of 107–109. In order to reduce the computation cost, the in-
cremental method is introduced to VDA by Courtier et al. (1994)
through linearizing the nonlinear model and observation operat-
or with respect to the model trajectory (Courtier et al., 1994):


Δxi = Mi,i−Δxi−, Mi,i− =

∂Mi,i−

∂x

∣∣∣∣
x=xb

Hi (xi) = Hi (xb) +HiΔxi, Hi =
∂Hi

∂x

∣∣∣∣
x=xb

, (3)

Δxi = xi − xbwhere  is state vector increment. Thus, the state vec-
tor increment at any time i can be expressed as:

Δxi = Mi,i−Δxi−

= Mi,i− ·Mi−,i−Δxi− = ··· = Mi,Δx, (4)

Mi, = Mi,i− ···M,where . Therefore, Eq. (2) can be simplified
as follows:

J (Δx) =



(
Δx,B−Δx

)
+




⟨
GΔx − d,R− (GΔx − d)

⟩
, (5)

d=[d,···,dM]
T di=yi−Hi (xi)

R=diag [Ri,···,RN]

G = [G,···,GM]
T

Gi=
[HiMi,]m×n

where  is the innovation vector, ,
representing the deviation between the value of model field
mapped to the physical space and the observation field at the
same time,  is the observation error covari-
ance matrix,  is the generalized observation op-
erator, which is a matrix connecting HM operator, and 

.

2.1.2  The gradient of the cost function and optimal solution
For P4D-Var, the gradient of J is:

∇J (Δx) =
(
B− + GTR−G

)
Δx − GTR−d. (6)

∇J (Δx) = According to , the analytic solution for minimiza-
tion Eq. (5) is as follows:

Δxa =
(
B− + GTR−G

)−
GTR−d. (7)

2.1.3  Pre-conditioning of Eq. (5)

v = B−/Δx

In order to avoid the difficulty of inversion of B matrix and
improve the condition number of Hessian matrix of cost func-
tion, the variable transformation, , is introduced for
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preconditioning (Lorenc, 1988; Tshimanga et al., 2008). Equation
(5) can be rewritten as:

J (v) =


(v, v) +




⟨
GB/v− d,R−

(
GB/v− d

)⟩
. (8)

Then, the gradient and Hessian matrix of J with respect to v are:

∇vJ =
(
In + B/GTR−GB/

)
v− B/GTR−d, (9)

∇
vJ = In + B/GTR−GB/, (10)

where In is the unit matrix in the model space. The Hessian mat-
rix refers to the second derivative of the cost function, which de-
termines the properties of the cost function (Thépaut and Moll,
1990).

2.2  4D-PSAS

2.2.1  Transforming the problem solving in model space into phys-
ical space

(
B−+GTR−G

)−
GTR−=BGT(R+GBGT)−

In order to turn P4D-Var into 4D-PSAS, the analytic solution
of the minimization Eq. (7) is, using the Sherman-Morrison-

Woodbury Formula ,

rewritten as (Amodei, 1995):

Δxa = BGT(R+ GBGT)−
d. (11)

(
R+GBGT) w=(R+

GBGT)−d m×m
To avoid the inversion of  matrix, set 

. Therefore the following linear equations of the 
matrix is first solved in the physical space:

(
R+ GBGT)w = d. (12)

Δx=BGTw
Then, the solution w is transformed to the state vector increment
in the model space, .

Equation (12) is equivalent to a minimization problem of the
following cost function F:

F (w) =



⟨
w,

(
R+ GBGT)w⟩

− ⟨w,d⟩ , (13)

which is usually called the auxiliary cost function in 4D-PSAS
(defined in the observation space) so as to distinguish from the
cost function J in P4D-Var (defined in the model space).

2.2.2  Pre-conditioning of Eq. (13)
u=R/wBy making the variable transformation  for precon-

ditioning (Amodei, 1995), Eq. (13) can be rewritten as:

F (u) =



⟨
u,R−/

(
R+ GBGT)R−/u

⟩
−

⟨
u,R−/d

⟩
. (14)

Then, the gradient and Hessian matrix of F with respect to u are:

∇uF =
(
Im + R−/GBGTR−/

)
u− R−/d, (15)

∇
uJ = Im + R−/GBGTR−/, (16)

where Im is the unit matrix in the physical space.

ṽ = B/GTR/u
Mapping the solution u of Eq. (14) in 4D-PSAS to the model

space, , then the cost function in 4D-PSAS
defined in the model space is:

Jp (ṽ) =


(ṽ, ṽ) +




⟨
GB/ṽ− d,R−

(
GB/ṽ− d

)⟩
=



(
B/GTR−/u,B/GTR−/u

)
+




⟨
GBGTR−/u− d,R−

(
GBGTR−/u− d

)⟩
. (17)

2.3  Analysis of the equivalence between 4D-PSAS and P4D-Var
The Hessian matrices of J and F are:

∇
vJ ≡ V = In + B/GTR−GB/, (18)

∇
uF ≡ U = Im + R−/GBGTR−/. (19)

λi

Λi

Suppose that the eigenvalue and eigenvector of V is  and Vi

respectively, the eigenvalue and eigenvector of U is  and Ui

respectively. Thus,

(
B/GTR−GB/

)
Vi = (λi − )Vi, (20)

(
R−/GBGTR−/

)
Ui = (Λi − )Ui. (21)

Vi=B/GTR−/UiLet , then Eq. (20) can be rewritten as:

(
B/GTR−/

)− (
B/GTR−/

)(
R−/GBGTR−/

)
Ui

= (λi − )Ui. (22)

λi = Λi

C (V) = C (U) = λmax/λmin λmax

λmin

m≪n

In the special case m=n, V and U have the same eigenvalue,
i.e., . So, the Hessian matrices of J and F have the same
condition number , where  and

 represent the maximum and minimum eigenvalues respect-
ively. In the case , the singular value decomposition of
matrices can be used to prove that the Hessian matrices of J and
F have the same condition number.

3  Application of the ROMS 4D-Var system in the South China Sea
The ROMS 4D-Var system is now applied to the case of South

China Sea, and the observational data are temperature profile
and sea surface temperature. Both P4D-Var and 4D-PSAS are ful-
filled and the analysis field by P4D-Var is regarded as a reference.
The assimilation utility of 4D-PSAS is analyzed according to the
cost function curves and the increment fields obtained by the as-
similation. The optimal algorithm used in P4D-Var and 4D-PSAS
is the CG algorithm (Moore et al., 2011c).

3.1  Experiment configuration and data

3.1.1  Model domain configuration
The model domain covers the South China Sea and its adja-

cent waters (5.44°S–25.36°N, 98.05°–126.73°E). Figure 1 shows the
topographic depth in the model domain, provided by the
ETOPO1 data (Amante and Eakins, 2009). The maximum depth is
set to 5 km, with a horizontal resolution of (1/4)°×(1/4)° and 32 S-
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θs =  θb = .

coordinate layers in the vertical. The stretching parameters of

S-coordinate are set to  and , that is, increase ver-

tical resolution near the sea surface, and Generic Length-Scale

mixing (GLS) scheme is adopted as turbulence closure scheme.

On the four boundaries of the model domain, different open

boundary conditions are chosen for different physical variables.

For example, the model is configured to conserve volume with a

free-surface Chapman condition, a Flather condition for 2D mo-

mentum, and Clamped condition for 3D momentum and tracers.

These lateral boundary conditions are all provided by the simple

ocean data assimilation (SODA) data set (Dee et al., 2011). And a

sponge layer is also used to each open boundary where the vis-

cosity increased linearly from 4 m2/s2 in the interior to 100 m2/s2

at the boundary over a distance of about 100 km.

3.1.2  Assimilation configuration
This paper chooses the ocean reanalysis data of Hybrid Co-

ordinate Ocean Model (HYCOM) in the model domain at 00:00
on February 1, 2012 as the initial field (Shu et al., 2014) and NCEP
reanalysis data as the forcing field (Amenu and Kumar, 2005).
Firstly, the spin up process is carried out, and the model runs for
a model year to obtain a stable state of the ocean. The model out-
put field at 00:00 on February 1, 2013 was used as the initial field
for DA experiment. The assimilation window was 4 d and the
number of iterations was set at 50 times. The observations used is
a blend of data from the version 4 of the Met Office Hadley Centre
EN series of data sets (EN4) (Good et al., 2013) and the sea sur-
face temperature data of the National Oceanic and Atmospheric
Administration (NOAA) (Lauritson, 1991) in the assimilation
window. The EN4 data set is a set of global quality-controlled
ocean temperature and salinity profiles collected, processed and
released by the Met Office Hadley Centre. Sea surface temperat-
ure data, the daily and grid product, is provided by the National
Climatic Data Center (NCDC) of NOAA.

3.2  Experiment results and analysis

3.2.1  Analysis of the cost function cures
logJ logJp

logJ logJp

Figure 2 shows the dependence of  and  on num-
ber of iterations. It is evident that when the number of iterations
reaches 50,  and  nearly coincide, and both J and Jp

achieve effective convergence to a minimum value. During the it-
eration process, J decreases monotonically, and after about 35 it-
erations, J almost reach a constant value, which indicates that J

has reached a good convergence. However, the reduction pro-
cess of Jp has obvious oscillation phenomenon, and converge to
the minimum more slowly than J. It is only after 22 iterations that
the value of Jp is completely smaller than the initial value. This
shows that 4D-PSAS and P4D-Var have the same value of cost
function only after the cost functions reach complete conver-
gence.

3.2.2  Analysis of the increment fields
Figures 3a and b show the sea surface temperature incre-

ments (i.e., the deviation between the analysis field and the back-
ground field) obtained after the 50th iteration of P4D-Var and
4D-PSAS, respectively. It can be found that the increments ob-
tained by 4D-PSAS and P4D-Var are largely identical when cost
functions reach complete convergence after 50 iterations, and
the average relative deviation between them is only 0.28% and
the root mean square error (RMSE) is 0.50 K.

Figures 3c and d show the sea surface temperature incre-
ments obtained after the 10th iteration of P4D-Var and 4D-PSAS,
respectively. It can be seen that there are obvious differences,
with an average relative deviation of 24.63% and a RMSE is 0.85 K.
This shows that the solutions obtained using 4D-PSAS and P4D-
Var are, in general, very different if the iterations are terminated
before the asymptote in cost functions have been reached.

3.2.3  Theoretical analysis
The difference in cost functions between 4D-PSAS and P4D-

Var is analyzed firstly from the physical sense. The cost function J
of P4D-Var derives from the posterior probability density func-
tion, which represents the analysis error. Decrease in J means in-
crease in accuracy of analysis solutions, so iterations in P4D-Var
ensures that the analysis solutions are more and more accurate.
However, for 4D-PSAS, the auxiliary cost function F has no direct
physical meaning, and the iteration solution is often undesirable
until the cost function achieves its minimum.

∇uF = On the other hand, at the point of minimum of F, ,
yields the analysis increment in physical space as follows:

ua =
(
Im + R−/GBGTR−/

)−
R−/d. (23)

uaAt , F arrives at its minimum:
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Fig. 1.   Topographic depth of model domain.
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cycle starting on February 1, 2013 using P4D-Var (real line) and
4D-PSAS (dashed line) respectively.
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F (ua) = −


⟨
ua,R−/d

⟩
. (24)

Δx=BGTw
u=R/w
T h r o u g h  t h e  v a r i a b l e  t r a n s f o r m a t i o n s ,   a n d

, the minimum of J is:

J (Δx) =



⟨
ua,R−/d

⟩
≡ −F (ua) . (25)

Jp (ṽ)

From Eq. (25), it is obvious that when the cost functions reach
their minimum, J(v) and F(u) are of opposite sign. Since the ana-
lysis solution in P4D-Var is determined directly by minimizing
the cost function J(v), while in 4D-PSAS is determined indirectly
by minimizing the auxiliary cost function F(u). Therefore, the
equivalence between 4D-PSAS and P4D-Var can only guarantee
the similarity in convergence of F(u) and of J(v), but cannot guar-
antee that between , which is obtained by a transformation
from the physical space to the model space, and J(v).

L=R−/GB/

Next, we will analyze the relationship between the cost func-
tion Jp and auxiliary cost function F. According to Eq. (17), using

, Jp can be written as:

Jp (ṽ) =


uTLLTu+



uTLLTLLTu− uTLLTR−/d+



dTR−d

=


uTL

(
In + LTL

)
LTu− uTLLTd′ +



d′Td′

=


uT

(
Im + LLT

)
LLTu− uTLLTd′ +



d′Td′, (26)

d′=R−/dwhere .

Similarly, according to Eq. (14), using the L operator, F can be
written as:

F (u) =


uT

(
Im + LLT

)
u− uTd′. (27)

Rearranging terms, Eq. (26) can be rewritten as:

Jp (ṽ) =



[(
Im + LLT

)
u− d′]T [(Im + LLT

)
u− d′]−



uT

(
Im + LLT

)
u+ d′Tu. (28)

Using Eqs (27) and (28), the relationship between Jp and F is:

Jp (ṽ) =


∥∇uF∥ − F (u) . (29)

According to Eq. (29), when F is mapped from the physical
space to Jp in the model space, Jp is related not only to F itself, but
also to the norm of gradient of F.

∥∇uF∥

x=xb ∥∇uF∥ ∥∇uF∥

Figure 4 shows the dependence of the gradient norm 
on iteration numbers in 4D-PSAS. At the beginning of iteration, F
is near zero due to . So  overweighs F, and  os-
cillates obviously before F achieves its minimum. This is the reas-
on for oscillation of Jp, which seriously affects the convergence
properties of 4D-PSAS.

By analyzing the principle of optimization algorithm, this pa-
per explores the causes of oscillation of the gradient norm. In the
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Fig. 3.   Sea surface temperature increments obtained using P4D-Var and 4D-PSAS, where calculation is terminated at the 50th and
10th iteration respectively. a. P4D-Var, 50 iterations; b. 4D-PSAS, 50 iterations; c. P4D-Var, 10 iterations; d. 4D-PSAS, 10 iterations.
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following section, the feasibility of improving the convergence
property of 4D-PSAS using the MINRES algorithm, which guar-
antees the monotonic reduction of residual error, is studied, and
its effect is verified by numerical experiments.

4  Implementation of MINRES algorithm in 4D-PSAS

4.1  Comparisons of the MINRES and CG algorithms
Here, for brevity of contents, more about the CG and MINRES

algorithms are attached as an appendix. The CG algorithm is ap-
plied to solving Eq. (A11) and an approximate solution is found
by minimizing the A norm of the absolute error.

xl = ∥x− x∗∥A = min!
x∈x+Kl

. (30)

xl
x∗

As stated in Appendix,  is the solution of the l-th iteration of Eq.
(A11) and  is the true solution of Eq. (A11). Equation (30) just
makes J or F monotonically reduce in their respective solution
space. Therefore, the CG algorithm does not have any con-
straints to make the gradient norm monotonically reduce, so it
cannot guarantee that Jp decreases monotonically.

Unlike the CG algorithm, the MINRES algorithm is applied to
solving Eq. (A14), and an approximate solution is found by min-
imizing the residual norm.

xl = ∥b− Ax∥ = min!
x∈x+Kl

. (31)

ρl+=−ρlsl+

ρl+ sl+

|sl+|<

According to recursive relation Eq. (A16), , in which
 is a new residual error,  is the coefficient of QR decom-

position using a Givens transform, satisfying . So, the
MINRES algorithm can guarantee monotonic reduction of resid-
ual norm. And in 4D-Var, the residual norm equals to the gradi-
ent norm, so the gradient norm can theoretically decrease mono-
tonically and the convergence property of 4D-PSAS can be im-
proved.

4.2  Experiments using the MINRES algorithm and analysis of the
results in 4D-PSAS
The improvement of 4D-PSAS using MINRES algorithm is

tested from three aspects: gradient norm curves, cost function
curves and increment fields. The experiment configuration is
consistent with Section 2.4.1.

4.2.1  Analysis of the gradient norm curves
Figure 5 shows the dependence of the gradient norm on num-

ber of iterations in 4D-PSAS. As can be seen from Fig. 5, the
gradient norm obtained by the MINRES algorithm decreases sig-
nificantly compared with the CG algorithm, and the oscillation
phenomenon disappears during the iteration process.

4.2.2  Analysis of the cost function curves
logJ
logJp

Figure 6 shows the dependence of  on number of itera-
tions in P4D-Var, the dependence of  on number of itera-
tions both in 4D-PSAS/CG and in 4D-PSAS/MINRES. It is clear
that, during the iteration process, the cost function curve in 4D-
PSAS/MINRES is closer to that in P4D-Var/CG, and the conver-
gence rate of Jp in 4D-PSAS/MINRES is faster than that in 4D-
PSAS/CG. Therefore, for 4D-PSAS, the convergence rate of Jp is
obviously faster using the MINRES algorithm, and Jp can de-
crease monotonically, which ensures that the analysis solution in
each iteration is better than the previous one before final conver-
gence.

From Fig. 6, it seems that the convergence in P4D-Var/CG is
better than that in 4D-PSAS/MINRES. But in fact, the two
schemes are for different spaces, the model space and physical
space. Usually, the model space and physical space differ by the
order 102 in dimension, so the computation time for the two
schemes should also be considered for comparison. As shown in
Fig. 7, the relationship is given between the cost function and
computer time over the time interval from 10 000 s to 18 000 s,
and it should be noted that the number of iterations for the three
experiments were all set to 50, so the three curve were stooped at
different time. It can be seen that the final time at complete con-
vergence in 4D-PSAS is about 3 000–4 000 s earlier than that in
P4D-Var, which reduce the running time by roughly 12 % in as-
similation.

4.2.3  Analysis of the increment fields
Figure 8 shows the sea surface temperature increments ob-

tained after 10 iterations of assimilation experiments. Figure 8a is
the increment obtained by P4D-Var, and the optimization al-
gorithm used in the iteration is CG algorithm; Figs 8b and c are
the increments obtained by 4D-PSAS, and the optimization al-
gorithms used in the iteration are CG algorithm and MINRES al-
gorithm, respectively.
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After using MINRES algorithm, we can see that the increment
obtained by 4D-PSAS/MINRES are improved significantly. Com-
pared with results of Section 2.4.2, The average relative deviation
between the increment fields of 4D-PSAS and P4D-Var is re-
duced from 24.63% to 5.04%, and the RMSE is reduced from 0.85 K
to 0.19 K. This shows that MINRES algorithm can effectively im-
prove the assimilation results of 4D-PSAS during the iteration

process.

5  Summary
In this paper, the ROMS 4D-Var system is applied to data as-

similation of South China Sea, and two kinds of schemes, P4D-
Var (in the model space) and 4D-PSAS (in the observation space)
modules are performed. Theoretically, the 4D-PSAS data assimil-
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Fig. 8.   Sea surface temperature increments after the assimilation, in which the calculation is terminated at 10 iterations. a. P4D-
Var/CG; b. 4D-PSAS/CG; c. 4D-PSAS/MINRES.
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ation scheme is superior to the P4D-Var scheme. However, when
the CG algorithm is employed in P4D-Var and 4D-PSAS respect-
ively, the iteration processes exhibit different characteristics. Al-
though the effective convergence of the cost functions is reached
both in P4D-Var and in 4D-PSAS, the behaviors of the cost func-
tions, J and Jp, are different. Obviously, J decreases monotonic-
ally, while Jp shows fluctuational property, and the convergence
rate of Jp is obviously slower than that of J. In addition, the aver-
age relative deviation between the sea surface temperature incre-
ments obtained using P4D-Var and 4D-PSAS is 24.63% after the
10th iteration. The non-monotonic reduction of Jp is found to be
due to the non-monotonic variation of the gradient norm of the
auxiliary cost function F in 4D-PSAS. In order to suppress the
non-monotonic variation of the gradient norm of Jp during the it-
eration process, the CG algorithm is replaced by the MINRES al-
gorithm in 4D-PSAS. The data assimilation experiments indicate
that the cost function Jp of 4D-PSAS decreases monotonically and
the convergence rate clearly increases. And, the sea surface tem-
perature increment obtained by 4D-PSAS after 10th iteration is
basically consistent with that of P4D-Var, and the average relat-
ive deviation between the sea surface temperature increments
obtained by 4D-PSAS and P4D-Var is reduced from 24.63% to
5.04%.

To sum up, the MINRES algorithm can not only guarantee
monotonic reduction of the gradient norm of the cost function Jp

in 4D-PSAS, but also can significantly improve the convergence
property of the iteration process.
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Appendix: Introduction of the CG algorithm and MINRES algorithm in the
Krylov subspace

A1 Krylov subspace method

Kl∈Rm(l≪m)

Kl

　Krylov subspace method is a practical and effective method to solve large matrix calculation (Saad, 2003). Especially in recent years,
the computational efficiency of this method is getting higher, and its application scope is becoming wider. This method is developed
on the basis of Galerkin algorithm. Its purpose is to approximate the solution of high-dimensional problems with the solution of low-
dimensional problems, that is, to select an appropriate l-dimensional subspace, , and then “project” the problem
considered to  in a specific sense to become a low-dimensional problem.

Rm　For 4D-PSAS, the following equation need to be solved in physical space .(
R+ GBGT)w = d. (A1)

Ax = b Am×mEquation (A1) can be abbreviated as , where  is a symmetric matrix. It is also equivalent to the following minimization
problems:

J (x) =


⟨x,Ax⟩ − ⟨b, x⟩ = min!. (A2)

x r=−∇xJ|x=b− AxIn the iterative solution process of Eq. (A2), if the initial value is , the initial residual error is .

Kl (A, r)=span
{
r,Ar,Ar, · · · ,Al−r

}
r, Ar, Ar, · · · , Al−r

Kl+(A, r)=Kl(A, r)+span
{
Alr

}　At this point, Krylov space is , in which  is called Krylov
sequence. Note , and then come to the following conclusion:

Kl (A, r)⊂Kl+(A, r)　(1) .

AKl (A, r)⊂Kl+(A, r)　(2) .

Kl+(A, r)=Kl(A, r)　(3) Krylov sequence terminates at the lth time, or there exists l, satisfying .

Kl (A, r) ki (i=, , · · · , l) Kl=[k, k, · · · , kl]m×l ki　If the orthogonal basis of  is , denoted , where  is called Lanczos vector (Lanczos,
1950; Desroziers and Berre, 2012).

xl∈Kl (A, r)　The best estimates, , of Eq. (A2) satisfies

∥rl∥ = min
x∈Kl(A,r)

∥b− Ax∥, (A3)

rl = b− Axl xlwhere  is the residual error of .

　In order to uniquely determine the approximate solution of Eq. (A3), l constraints need to be set. Usually, the residual error is
required to satisfy the Petrov-Galerkin condition (Saad, 2003), i.e.,

rl = b− Axl⊥Ll (A, r) , (A4)

L K L=Kwhere subspace  is called constraint space and corresponding subspace  is called search space. If , then Eq. (A4) is called the
Galerkin condition.

Ll (A, r)
Ll (A, r) = Kl (A, r)

Ll (A, r) = AKl (A, r)

　According to the choice of subspace , different Krylov subspace methods can be used. There are usually two main
categories: One is to select , using Lanczos algorithm (Lanczos, 1950) or CG algorithm; the other is select

, using MINRES algorithm.

A2 CG algorithm

Ll (A, r) = Kl (A, r)　For CG algorithm, the constraint space , so

∥b− Axl∥A− = min!
xl∈Kl(A,r)

⇔ ∥xl − x∗∥A = min!
xl∈Kl(A,r)

⇔ ⟨x, b− Axl⟩ =  ∀x ∈ Kl (A, r). (A5)

∥·∥A xl ∈ Kl (A, r) x∗=A−b ∥·∥A−

rl = b− Axl rl Kl (A, r) ∥x∥A=⟨x,Ax⟩/ ∥x∥A− =
⟨
x,A−x

⟩/　The minimum deviation between the  norm of  and the true value  is equivalent to the  norm of

 is minimum, and also equivalent to  is orthogonal to . Where  and .

A2.1 Implementation of Lanczos decomposition

xl x +Kl　Equation (A5) represents that the approximate solution  found in affine space  satisfies:

xl ∈ x +Kl

s.t. b− Axl⊥Kl (A, r). (A6)

It is equivalent to
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KT
l (b− Axl) = . (A7)

　The dimension of Hessian matrix A, which is large in the model space, could be reduced by Lanczos decomposition (Saad, 2003):

AKl = KlTl + γlkl+eTl , (A8)

eTl = [, , · · · , ]Tl Tlwhere ,  is a symmetric Hessenberg matrix:

Tl =



δ δ 

γ δ γ
. . .

. . .
. . .

γl− δl− γl−

 γl− δl


. (A9)

Tl δl = kTl Akl γ=∥Ak−δk∥ γl=
∥∥Akl−δlkl−γl−kl−

∥∥


　In  matrix, ,  and .

A2.2 Solution of Eq. (A7)

　Using Lanczos vectors, the solution of the minimization problem in the l-th iteration can be expressed as:

xl = x + Klsl. (A10)

　By substituting Eq. (A10) into Eq. (A7), we can get:

Tlsl = KT
l r, (A11)

sl Kl (A, r)
KT

l r=ρel k=r/∥r∥ ρ=∥r∥=
√

rTr e=[, , · · · , ]T
where  is an approximate solution of Eq. (A11). Using the orthogonal basis of , the right side of Eq. (A11) can be expressed as

, where , , .

A2.3 Recursive relation of CG clgorithms

Tl

　Because l is very small, the system of Eq. (A11) can be solved by matrix decomposition, usually using Cholesky or LDLT

decomposition to decompose  matrix. The recursive relation of CG algorithm can be obtained as follows:

αl =
⟨gl, gl⟩
⟨pl,Apl⟩

xl+ = xl + αlpl

gl+ = gl + αlApl

βl =
⟨
gl+, gl+

⟩
⟨gl, gl⟩

pl+ = −gl+ + βlpl

, (A12)

αl gl+

pl+

where  is the optimum step size, which makes J minimal in the downward direction,  is the gradient in the new estimation point
and  is the new downward direction, which is called search direction.

A3 MINRES algorithm

Ll (A, r)=AKl (A, r) xl　The constraint space chosen by MINRES algorithm is , and the approximate solution  satisfies:

xl ∈ x +Kl

s.t. b− Axl⊥AKl (A, r). (A13)

xl=x+Klsl
sl

　After l-th iteration, the approximate solution can still be expressed as . However, unlike CG algorithm directly seek the
approximate solution of Eq. (A11), MINRES algorithm seeks the approximate solution  to make:

sl = ∥ρe − Tl+,ls∥ = min!
s∈Rl

. (A14)

Tl+,l (l+)×lThe  matrix here is a -dimension Hessenberg matrix generated by the Lanczos algorithm:

Tl+,l =



δ γ 

γ
. . .

. . .

. . .
. . . γl−

γl− δl
 γl


. (A15)
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Tl　This method avoids the singularity of  in Eq. (A11) and avoids the invalidation of the optimal algorithm.

Tl+,l　Similar to CG algorithm, because l is very small, QR decomposition is usually used to decompose  matrix. The recurrence
relation of MINRES algorithm is as follows: 

εl− = sl−γl
ωl = clcl−γl + slδl+

τl+ = ρlcl+

ρl+ = −ρlsl+

θl+ = cl+ (−slcl−γl + clδl+) + sl+γl+

pl+ = (kl+ − εl−kl− − ωlkl) /θl+

xl+ = xl + τl+ρl+

, (A16)

pl+ ρl+ sl cl
sl +cl =

where  is the new downward direction,  is the new residual error,  and  are the coefficients of QR decomposition using
Givens transform, satisfying .
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