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Abstract

An improved least mean square/fourth direct adaptive equalizer (LMS/F-DAE) is proposed in this paper for
underwater acoustic communication in the Arctic. It is able to process complex-valued baseband signals and has
better equalization performance than LMS. Considering the sparsity feature of equalizer tap coefficients, an
adaptive norm (AN) is incorporated into the cost function which is utilized as a sparse regularization. The norm
constraint changes adaptively according to the amplitude of each coefficient. For small-scale coefficients, the
sparse constraint exists to accelerate the convergence speed. For large-scale coefficients, it disappears to ensure
smaller equalization error. The performance of the proposed AN-LMS/F-DAE is verified by the experimental data
from the 9th Chinese National Arctic Research Expedition. The results show that compared with the standard
LMS/F-DAE, AN-LMS/F-DAE can promote the sparse level of the equalizer and achieve better performance.
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1  Introduction
With the rapid development of various applications in the

Arctic in recent years, more and more ocean observation equip-
ment such as underwater unmanned vehicle (UUV) is being used
in the Arctic to gain insight into the temporal and spatial pro-
cesses below the ice surface (Wang et al., 2017; Li et al., 2019).
However, the thick ice covered in the Arctic prevents underwater
platforms from communicating with the satellites, which makes
acoustics the only means of data transmissions under ice surface.
Different from open-water environment, under-ice environment
can introduce some new problems for acoustic communication
such as larger transmission loss, severe Doppler effect, and im-
pulsive noise. The key feature of the typical Arctic sound speed
profile is that the minimum sound speed resides at the ice-water
interface (Freitag et al., 2012). According to the ray theory, all of
the acoustic energy in this typical Arctic environment will inter-
act with the ice cover. Because of the roughness of the ice cover,
acoustic interactions with the ice cause significant scattering and
therefore significant losses. When communicating in the floating
ice area, the acoustic rays which are reflected by time-varying
rough ice surface can introduce random Doppler effect which
makes it difficult to compensate the phase of received signals.

There are also many ice cracking or ice collision activities in the
Arctic, producing a lot of impulsive noise which makes it chal-
lenge work to achieve robust communication performance.

The inter-symbol interference (ISI) caused by multipath
spread and the Doppler shift owing to the relative motion make
the channel equalization at the receiving end a challenging task
for underwater acoustic (UWA) communications (Berger et al.,
2010; Liu et al., 2017). Two representative methods in channel
equalization are frequency domain equalization (Falconer et al.,
2002) and time domain equalization (Vanbleu et al., 2006). The
former has a lower computational complexity, but it cannot track
channel changes in time for the reason that it operates in block
units. Two important classifications in time domain equalization
are direct adaptive equalizer (DAE) which obtains the equalizer
coefficients directly from the received data, and channel estima-
tion based equalizer (CEBE) using the received signal to get the
channel taps and then calculating the equalizer coefficients
(Pelekanakis and Chitre, 2013). When the signal to noise ratio
(SNR) is low, the performance of the two is similar, but the calcu-
lation complexity of DAE is low (Lee and Cox, 1997). The DAE
with an embedded phase-locked loop (PLL) has been success-
fully applied in UWA channel equalization for many years (Sto-  
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janovic et al., 1993).

l l

The UWA equalizer exhibits sparse features due to the
sparsity of the UWA channel itself, which means that most coeffi-
cients are close to zero (Vlachos et al., 2012; Li and Preisig, 2007).
Inspired by sparse adaptive filtering theory, attempts at combin-
ing sparse nature with adaptive equalizers have gained consider-
able interest. Pelekanakis and Chitre (2010) apply improved pro-
portionate normalized least mean square (IPNLMS) to the de-
cision feedback equalization (DFE). The results prove its superi-
ority when sparse channel is encountered and it also shows ro-
bustness for non-sparse channel. Duan et al. (2018) use the IPN-
LMS to update the coefficients of the Turbo equalizer. It speeds
up the convergence of large taps with good tracking ability and
low computational complexity. Chen et al. (2009) add the norm
penalties to the cost function and exploit them as sparse regular-
izations, thus obtaining zero-attracting LMS (ZA-LMS) and re-
weighted ZA-LMS (RZA-LMS), which gain additional perform-
ance. In Tao et al. (2017), authors propose selective ZA-NLMS
(SZA-NLMS) equalization method. Compared with ZA-NLMS, it
does not impose the same penalty on all coefficients uniformly,
but limits the scope of constraints, further improving the per-
formance of the equalizer. The LMS equalizer is widely used due
to the simplicity of operation and small amount of calculation.
However, it is sensitive to input signals and SNR, and the per-
formance is severely degraded especially under low SNR (Guan
et al., 2013b). Recursive least square (RLS) can overcome such
problems, and methods employing RLS constrained by sparse
features have also appeared. RLS penalized by a general convex
function is proposed in (Eksioglu and Tanc, 2011). It can adapt-
ively adjust the strength of the sparse constraint according to cer-
tain criteria, so the performance improves significantly. However,
the computational complexity of RLS increases as the square of
the length of the equalizer (Eksioglu, 2014). When the UWA
channel multipath expansion is severe, the computational com-
plexity is extremely high. The least mean fourth (LMF) based on
high order moment is also an effective method to overcome noise
(Walach and Widrow, 1984). It utilizes the fourth power instead
of the square power of the equalization error. According to the
theory in Mendel (1991), the high-order energy filter can sup-
press the noise interference better, and can overcome the short-
comings of the LMS. However, its computational complexity is
still very high. Combining the advantages of LMS and LMF, the
LMS/F algorithm can effectively improve the performance of
LMS without sacrificing its simplicity and stability. The perform-
ance of LMS/F has proven to be better than that of traditional
LMS and LMF (Guan et al., 2013b). Using the sparse nature of the
channel, the ZA-LMS/F and RZA-LMS/F channel estimation al-
gorithms constrained by the  norm or the weighted  norm have
been proposed (Guan et al., 2013a). However, few papers men-
tion the application of the sparse LMS/F algorithm to the equal-
izer. Moreover, the sparse LMS/F algorithm mentioned above is
performed in the real domain, which is not suitable for pro-
cessing baseband complex signals in UWA systems. In this paper,
we propose a LMS/F-DAE algorithm with adaptive norm con-
strained. Compared with the traditional LMS/F algorithm, it has
two improvements: (1) Extend the LMS/F only suitable for pro-
cessing real signals to the complex domain to process the base-
band UWA signals. (2) Adaptively assign sparse penalty terms to
each equalizer coefficient to improve the sparse level and the
equalization performance.

The rest of the paper is organized as follows: Section 2 spe-
cifically gives the derivation process of adaptive norm LMS/F-
DAE (AN-LMS/F-DAE); in Section 3, we process the experiment-
al data from the 9th Chinese National Arctic Research Expedition
to verify its reliability and effectiveness; Section 4 summarizes the
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2  Proposed AN-LMS/F-DAE
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The output of a DAE at instant n is ,
where  compensates for the effects of phase deflection whose
size is controlled by a second-order PLL; 
is the feed-forward filter coefficient vector with  length at in-
stant n;  is a sequence of received
symbols;  is the feedback filter coeffi-
cient vector with  length; 
is the symbol vector which has been decided before n. If  dis-
appears, it is a linear DAE. Otherwise, it is a DFE. The equaliza-
tion error can be expressed as ,
where  is the desired signal. Inspiring by standard LMS/F cost
function (Guan et al., 2013b) and taking the sparse feature into
consideration, the cost function of LMS/F-DAE penalized by
norm constraint is defined as:

Jn=en−ε ln(en+ε)+γw||wn||pp+γf||fn||
p
p. (1)
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The first two terms in Eq. (1) are the same as those in standard
LMS/F, where  is a threshold that compromises between
convergence speed and equalization error; and the last two terms
are sparse norm constraints with  measuring the
strength. Using the complex domain gradient descent recursion
method (Brandwood, 1983), the update process is:
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where  and  are the step sizes which affect the convergence

speed and steady state error.  and  represent the direc-

tion in which the cost function Jn changes the fastest along 
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to  and the result is:
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Bring Eqs (3) and (4) into Eq. (2) to get the update equation
as:
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The first two terms of Eqs (5) and (6) are the LMS/F update
formulas when no sparse constraints are applied. It can be seen
that when , they behave like LMS with step sizes  and ;

when , they show the same performance as LMF with step

sizes  and . The last items in Eqs (5) and (6) are ZA terms

characterizing the sparse feature. It gains considerable perform-
ance by speeding up the convergence of the near-zero coeffi-
cients. It should also be noted that, like -LMS and -LMS, the
presence of the last term introduces additional errors while im-
proving the sparse level. The parameter p is adjustable which has
an influence on both the sparse level and the equalization per-
formance. If different values p are assigned to different taps, the
sparse level and the equalization error performance may be im-
proved at the same time. Rewriting Eqs (5) and (6) as:
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Note that  and  are element-wise powers. Equa-

tions (7) and (8) demonstrate that by introducing vectors  and
, different p values are distributed to different taps to change

the strength of sparse constraint. For the small equalizer coeffi-
cients, we want to enhance the sparse constraint to improve the
sparse level; while for large coefficients, we hope the constraint to
be weak or non-existent to reduce the equalization error.

Considering the form of Eqs (7) and (8) and inspired by (Wu
and Tong, 2013), the mean value of the tap coefficients is intro-
duced as the criterion for measuring the coefficient “large” or
“small”. At instant n, taking the expectations of feed-forward and
feed-back taps as a division metric:

{
mw,n = E(|wn−|)
mf,n = E(|fn−|)

. (9)
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wn,i fn,i
p = 

mw,n mf,n

When a coefficient is less than  or , classify it as the
“small” type. p should be selected to avoid too weak or too strong
sparse constraints due to different sizes of  or . At this time,
we choose  to speed up the convergence while reducing
computational complexity. When a coefficient is greater than

 or , classify it as the “large” type. In order to reduce the
equalization error, we do not impose sparse constraints on it. The
criterion of selecting p is:


argmin

pw,i

[
pw,i

|wn,i|−pw,i

]
= 

argmin
pf,i

[
pf,i

|fn,i|−pf,i

]
= 

, (10)

pw,i, pf,i pw pf wn,i fn,i
wn fn

pi = 

where  are the i-th element of  and ,  and  de-
note the i-th element of  and , respectively. Then we choose

 under this condition. Based on the above analysis, the up-
date equation becomes:
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where ,  represent the i-th element of  and , respect-

ively. Equations (11) and (12) indicate that AN-LMS/F-DAE im-

poses different sparse constraints on different coefficients: it ex-

erts -norm constraint on small coefficients while exerting no

constraints on large ones. Therefore, it can compromise between

sparse level and steady-state error to improve equalizer perform-

ance.

3  Experimental results in the Arctic
During the 9th Chinese National Arctic Research Expedition,

underwater acoustic communication experiments are conduc-

ted between short-term ice stations and the R/V Xuelong at range

500 m and 4 km. The schematic diagram of underwater acoustic

communication experiments is shown in Fig. 1, where a vertical

receiving array with five self-recording hydrophones is deployed

from short-term ice stations and a transducer with a frequency

band of 2–8 kHz is deployed from the middle deck of R/V

Xuelong. The hydrophones in the vertical receiving array are uni-

formly spaced by 10 m and the top element is deployed to 20 m

depth. The transducer is deployed to 50 m depth. The superiority

of the proposed AN-LMS/F-DAE will be verified using data from

these experiments.
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The communication sequences are modulated by BPSK and
QPSK, the transmitted waveform is pulse shaped using a raised-
cosine filter with a roll-off factor 1. The center frequency is 3 kHz
and the used frequency band is 2–4 kHz, the symbol rate is
1 ksymbols/s, the communication rates corresponding to BPSK
and QPSK modulated signal are 1 kbps and 2 kbps respectively,
and all signals are sampled at 48 kHz. A total of 11 000 bits data
are transmitted for BPSK modulated signal while 22 000 bits data
for QPSK modulated signal.

K L

K=

L=

K L

PLL=. , PLL=PLL/

To demonstrate the superiority of the proposed algorithm, we
choose another sparse equalizer called selective zero-attracting
LMS (SZA-LMS) (Tao et al., 2017) as a comparison. In DAE, ac-
curate channel structure is not necessary. However, channel
length is needed as it is related to the choice of equalizer para-
meter  and . According to the estimated channels in our ex-
periments, the maximum channel delay is about 20 ms, corres-
ponding to 20 symbols. Based on this priori information, we set
the tap length of feed-forward filter as  (slightly bigger than
the maximum channel delay) and the tap length of feedback fil-
ter as  (also slightly bigger than the maximum channel
delay), which provide a clear comparison between different
equalization methods. Though such a choice of  and  is sub-
optimal considering complexity performance. The parameters of
the second order PLL are .

3.1  Experimental results at range 500 m
Figure 2 shows the channel impulse responses (CIRs) at dif-

ferent depths at range 500 m. Note that the self-recording hydro-
phone at 20 m could not work normally, so it is excluded when
processing experimental data. It can be seen from Fig. 2 that (1)
the channels show sparse feature and there are one or two dis-
tinct paths at different depths; (2) the channels are very stable
throughout the whole signal duration with a small multipath
spread (<10 ms); and (3) the first arrived path does not necessar-
ily have the strongest power as shown in Fig. 2b.

For experimental data at range 500 m, the SNR is relatively
high because the distance is very close. In order to show the su-
perior performance of the proposed algorithm at low SNR, addi-

.

γw=e−, γf=e−, ε=
γw=e−, γf=e− ε = 
β=., γ=e−, γ=e−

β=., γ=e−, γ=e−

tional ambient noise is superimposed to the received signal to re-
duce the SNR around 6.1 dB. The step size is set to be . Oth-
er parameters are to adjusted constantly and chosen the corres-
ponding values when the bit error rate (BER) performance is op-
timal. In AN-LMS/F-DAE, we choose 
for BPSK signal and ,  for QPSK signal;
in SZA-LMS-DAE,  for BPSK signal
and  for QPSK signal. The amplitude
comparison of the equalizer coefficients obtained by LMS/F-DAE
and AN-LMS/F-DAE is shown in Fig. 3 which illustrates that
large-scale coefficients only account for a small part of the whole
range elements. It can be observed that the coefficients obtained
by AN-LMS/F-DAE are sparser compared with that obtained by
LMS/F-DAE. This is because we apply extra penalty terms to im-
prove the sparse property, thus the small coefficient keeping
close to zero during the convergence process.

Then we compare the BER performance of LMS-DAE, SZA-
LMS-DAE, LMS/F-DAE and AN-LMS/F-DAE under different
training sequence lengths (TSLs) when BPSK or QPSK modu-
lated signal is presented. It can be seen from the results shown in
Fig. 4 that (1) the LMS/F-DAE has a lower BER and a better
equalization performance compared with LMS-DAE; (2) when
applying sparse constraints to LMS-DAE and LMS/F-DAE, the
resulting SZA-LMS-DAE and AN-LM/S-DAE have better per-
formance compared with their corresponding standard methods;
and (3) AN-LMS/F-DAE has the fastest convergence speed as ex-
pected, and the equalization error of AN-LMS/F-DAE is compar-
able or slightly better than that of LMS/F-DAE. The reason can be
explained as follows: AN-LMS/F-DAE imposes constraints on
small coefficients to make them converge quickly, and does not
impose constraints on large ones to ensure correct convergence
to reduce equalization error, so it can achieve good performance
in terms of convergence speed and BER performance.

3.2  Experimental results at range 4 km
Figure 5 shows the CIRs at different depths at range 4 km.

Note that the self-recording hydrophone at 40 m could not work
normally, so it is excluded when processing experimental data.

short term ice station

50 m

R/V Xuelong

20 m

vertical receiving

 array

transducer

 

Fig. 1.   The schematic diagram of underwater acoustic communication experiment.
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The channels at range 4 km also show sparsity and they are also
very stable just as shown in Fig. 2, but the structures of the chan-
nels are more complicated with much bigger multipath spread
(>10 ms).

γw=e−, γf=e− ε=

γw=e−, γf=e− ε=.

β=., γ=e−, γ=e−
β=., γ=e−, γ=e−

For experimental data at range 4 km, the SNR is very low.
After going through a bandpass filter, the measured SNR is around
4.4 dB. The step size is set to be 0.002. In AN-LMS/F-DAE, we se-
lect ,  for BPSK modulated signal and

  for QPSK modulated signal; in SZA-
LMS-DAE,  for BPSK signal and

 for QPSK signal. The amplitude of
the resulting equalizer tap is shown in Fig. 6 which also exhibits
sparse feature. The structure of the equalizer in Fig. 6 is more
complicated and not as sparse as that in Fig. 3.

When the communication distance is 4 km, the trend of the
BERs is demonstrated in Fig. 7. The results are consistent with
those at range 500 m. The LMS/F-DAE outperforms the LMS-
DAE counterpart in terms of convergence speed and equaliza-
tion error. Although the performance improvement of AN-
LMS/F-DAE is not as obvious as that in Fig. 4, it still outperforms
LMS/F-DAE and shows the best performance.

4  Conclusions
In view of the sensitivity of the LMS-DAE to the input signal

and SNR, this paper proposes an LMS/F-DAE which is capable of
processing complex signals for UWA communication system.
Take advantage of the sparse nature of the equalizer, a variable
norm constraint is added to get the AN-LMS/F-DAE. It exerts

0

8

2

4

6

10

T
im

e/
s

5          10        15         20        25        30         35

0.5

1.5

1.0

Delay/ms

a

0

8

2

4

6

10

T
im

e/
s

5         10        15         20         25          30        35

0.2

0.4

0.8

0.6

1.0

1.2

Delay/ms

d0

8

2

4

6

10

T
im

e/
s

5         10        15         20         25          30        35

0.5

2.0

1.5

1.0

Delay/ms

c

0

8

2

4

6

10

T
im

e/
s

5           10            15           20          25          30    

0.2

0.4

0.8

0.6

1.0

1.2

1.4

Delay/ms

b

A
m

p
li

tu
d
e

A
m

p
li

tu
d
e

A
m

p
li

tu
d
e

A
m

p
li

tu
d
e

 

Fig. 2.   CIRs at different depths at range 500 m. a. 30 m, b. 40 m, c. 50 m, and d. 60 m.
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Fig. 3.   Equalizer tap coefficients at range 500 m.
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constraints on small equalizer coefficients to converge quickly
while exerting no constraints on large ones to ensure correct con-
vergence. Therefore, it exhibits better performance in terms of
convergence speed and equalization error. The experimental res-
ults of the 9th Chinese National Arctic Research Expedition con-
firm that compared with LMS/F-DAE, AN-LMS/F-DAE promotes
the sparse level of the equalizer making most coefficients ap-
proach zero. Furthermore, it has better equalization perform-
ance than LMS/F-DAE.
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