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Abstract

In shallow coastal regions where water surface fluctuations are non-negligible compared to the mean water
depth, the use of sigma coordinates allows the calculation of residual velocity around the mean water surface
level. Theoretical analysis and generic numerical experiments were conducted to understand the physical
meaning of the residual velocities at sigma layers in breadth-averaged tidal channels. For shallow water waves,
the sigma layers coincide with the water wave surfaces within the water column such that the Stokes velocity and
its vertical and horizontal components can be expressed in discrete forms using the sigma velocity. The residual
velocity at a sigma layer is the sum of the Eulerian velocity and the vertical component of the Stokes velocity at the
mean depth of the sigma layer and, therefore, can be referred to as a semi-Lagrangian residual velocity. Because
the vertical component of the Stokes velocity is one order of magnitude smaller than the horizontal component,
the sigma residual velocity approximates the Eulerian residual velocity. The residual transport velocity at a sigma
layer is the sum of the sigma residual velocity and the horizontal component of the Stokes velocity and
approximates the Lagrangian residual velocity in magnitude and direction, but the two residual velocities are not
conceptually the same.
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1 Introduction

Residual currents are important for estimating the net flux of
water, sediments, nutrients, and pollutants in coastal seas. Cur-
rent velocity measurements are most frequently made at certain
fixed water depths, and the residual velocities are computed by
averaging the velocities at those depths. In shallow coastal re-
gions where water surface fluctuations due to tides are generally
non-negligible compared to the mean water depth, the residual
velocity cannot be obtained around the mean water surface level
because velocity measurements are not available during the low
tide period, and tidal velocity cycles are therefore incomplete.
When the ratio of the tidal range to the mean water depth is large,
a portion of the upper water column must be left blank in the ver-
tical profile of the residual velocity. To overcome this problem,
Bowden (1963) first attempted to use depth-normalized coordin-
ates, dividing the water column uniformly into a number of lay-
ers and averaging the velocity at each non-dimensional layer.
This technique has been followed in a series of studies to com-
pute residual velocity profiles (Dyer and Ramamoorthy, 1969;
Kjerfve, 1975; Rattray and Dworski, 1980; Kuo et al., 1990; Gid-
dings et al., 2014). The depth-normalized coordinates are equi-

valent to the sigma coordinate, o, that is introduced through the

. z— e g . .
transformation o = Tn’ where z indicates the vertical coordin-

ate, D=H+r is the total water depth, 7 is the water surface eleva-
tion, and H is the mean water depth. Many numerical ocean cir-

culation models use sigma coordinates to overcome the
obstacles caused by abrupt bottom topographies or significant
water surface fluctuations. Sigma coordinates, therefore, may be
used to compute residual currents based on both observations
and numerical model output.

However, the description of residual currents using sigma co-
ordinates could be misleading. Rattray and Dworski (1980)
showed that sigma coordinates threw a large portion of the ver-
tical contribution into a transverse effect when they were used to
calculate estuarine circulation in a transverse section. Because
the sigma layers move upward and downward as the water sur-
face fluctuates and do not track water particles, the residual velo-
city at a sigma layer is certainly neither a Eulerian nor a Lagrangi-
an measurement. Understanding the physical meaning of the re-
sidual currents in sigma coordinates is crucial for interpretation
of observed or modeled results using theories established based
on a Eulerian or Lagrangian framework. The objective of this
study is to understand what the residual velocities in sigma co-
ordinates represent and to explore their links with Eulerian and
Lagrangian residual velocities. To this end, a theoretical analysis
of sigma residual velocity is presented and tested with a series of
generic numerical experiments. Because this paper is only a pre-
liminary attempt, the analysis is limited to a progressive tidal
wave propagating in one direction, which is an approximation of
narrow tidal channels of which the lateral variations can be neg-
lected.

Foundation item: The National Basic Research Program of China under contract No. 2015CB954000; the National Natural Science

Foundation of China under contract No. 41476004.
*Corresponding author, E-mail: pcheng@xmu.edu.cn



2 Cheng Peng Acta Oceanol. Sin., 2020, Vol. 39, No. 5, P. 1-10

2 Theoretical analysis

2.1 Stokes velocity

Longuet-Higgins (1969) established the relationship between
Lagrangian and Eulerian residual velocities in areas where oscil-
latory flows dominates: Lagrangian residual velocity = Eulerian
residual velocity + Stokes velocity, where the Stokes velocity, ug,
is the first-order correction term in the Taylor expansion of the
velocity, u:

to+T
us (x,7,2) = / u(txyz)dt-Vu(txy.z), (1)

o

where the bold character represents a velocity vector, and the
overbar represents time average over one or more wave cycles, T
is the period of the oscillatory motion, and ¢, is a time. The defini-
tions of major velocities are listed in Table 1. It should be noticed
that Eq. (1) is valid only for weak spatial gradients of velocity.
Feng et al. (19864, b) extended the work of Longuet-Higgins
(1969) to the second order by adding an additional term known
as the Lagrangian drift velocity. To simplify the analysis, this
study neglected the Lagrangian drift velocity and left it for future
work. For a progressive gravity wave propagating along a chan-
nel (e.g., x-direction), Eq. (1) is written in the form:

8 to+T
us(r.2) —Lultaya) [ wtxy.z)der

f

a to+T
a—yu (t,x,y,2) / v(t,x,y,z)dt, ?2)

fy

where u, v, and w are velocity components in the x, y (cross-
channel), and z (vertical) directions. Note that in the derivation
of Eq. (2), the periodic quantities u and du/9x were assumed hav-
ing zero mean. This requirement can be satisfied for weak-non-
linear tidal waves. If the channel is narrow and the lateral variab-
ility of the wave is neglected (i.e. a breadth-averaged channel),
the second term on the right-hand side can be dropped (Jiang
and Feng, 2011, 2014), and the equation is simplified to

to+T
us (x,z) = / u(t,x,z) dt% +
Jty

Ush

Wt T Ou(t,x,z)
/to w(t,x,z) dtT. 3)

Usy

Table 1. Definitions of major velocities

The two terms on the right-hand side of the equation repres-
ent velocity changes in the horizontal and vertical directions and
are referred to as the horizontal and vertical components (i.e., ug,
and ug,, respectively).

Longuet-Higgins (1969) also provided another description of
Stokes velocity that intrigues an understanding of the residual ve-
locity in sigma coordinates. For a one-dimensional progressive
gravity wave propagating along the x-direction, the water column
is considered to consist of many vertical layers, each fluctuating
around a mean depth, z, like the free surface (Fig. 1). The Stokes
drift (or transport) below a free wave surface within the fluid is
the mass carried forward by the wave crests plus the mass defi-
ciency carried backward by the troughs, that is, the time mean
value of the product of the velocity u (the velocity in the x-direc-
tion) and the vertical displacement ({) of the wave surface
around the mean depth, u(z; + ¢) ¢. The Stokes velocity is the
vertical differential of the Stokes drift:

ou(t,x,zi +¢) ¢

us (x,zi) = 92
0 ou(t,x,z; +
:u(t7x7zi+c)£+c%' )

On the right-hand side of the equation, the two terms are the
horizontal and vertical components of the Stokes velocity, corres-
ponding to those in Eq. (3).

2.2 Residual velocity at a sigma layer

The sigma residual velocity is the time average of the velocity
at a sigma layer, u(o;) after several cycles of oscillatory motion
(here we assume a single frequency motion):

1 [otT
u(x,ai) = ?/ u(t,x,a,) dt. 5)
Jty

Because the depth of sigma layers varies with time, the resid-
ual velocity is located at the mean depth of sigma layers. Accord-
ing to the sigma coordinate transformation, the depth of a sigma
layer is

z(o;) =0 H+ (14 0y) 7. (6)

The first term on the right-hand side of the equation is the
mean depth of the sigma layer (i.e., z;) if the mean water surface
elevation is negligible compared to the mean water depth (i.e.,
7 < H), and the second term is the temporal variation of the
depth of the sigma layer, which indicates that the amplitude of

Symbol Name Definition
u(z) velocity velocity in z-coordinates
u(o) sigma velocity velocity in o-coordinates
u(z) residual velocity velocity averaged over dominantwave cycle(s)
ug (z) Eulerian residual velocity residual velocity measured in Eulerian framework
u (2) Lagrangian residual velocity residual velocity measured inLagrangian framework
us (z) Stokes velocity the first order Taylorexpansion of velocity field
(o) sigma residual velocity velocity in 6-coordinatesaveraged over dominant wave cycle(s)
Ur residual transport velocity time-mean water transport ofthe total depth divided by the mean depth
ur (o) sigma residual transportvelocity time-mean water transport of asigma layer divided by the thickness of the sigma layer
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Fig. 1. Schematic of sigma coordinates and free wave surfaces of a two-dimensional wave. Solid bold line shows the water surface,
and 7 is the amplitude. Bold dashed lines represent wave surfaces within the fluid, and {'is the amplitude around a mean depth z;. For
shallow water waves, the depths of the sigma layers coincide with the free wave surface.

the fluctuation of the sigma layer decreases linearly from 7 at the
surface to zero at the bottom. Assuming that the sea surface fluc-
tuation is small compared to the mean water depth (i.e., 7 < H),
the first-order approximation of the time-mean velocity of a
sigma layer, as given by Cheng et al. (2013), is

ou(t,x,z)
0z

u(x,00) = u(x,zi) + [(1 + o) 1] le=2i- ™

This equation shows that the residual velocity of a sigma lay-
er equates to a Eulerian residual velocity (# (z;)) at the mean
depth of the sigma layer plus a velocity (i.e., the second term on
the right-hand side) that represents the change of velocity in the
vertical direction. This velocity has a similar form to the vertical
component of the Stokes velocity (see Eq. (4)), and the two velo-
cities may be equivalentif (1 + o) 5 = (.

On the basis of the linear wave theory, in a shallow water re-
gion (H/L<1/20, where L is wave length), the distance of the ver-
tical motion of water particles, ¢, decreases linearly with depth
(Dean and Dalrymple, 1991):

¢=(1+2)n=Q+a)n, ®)

where z,/H denotes normalized water depth and is an analogues
of . This result shows that for shallow water waves, the vertical
displacement of water particles within the water column coin-
cides with the sigma layers (i.e., the sigma layers represent the
water wave surfaces). Therefore, the sigma residual velocity is the
sum of the Eulerian residual velocity and the vertical component
of the Stokes velocity, i.e.,

u(x,0;) ~ u(x,z;) + usy (x,2;), ©)

and

Ou(t,x,z)

s, (v.2) = [(1+ o) 1) =05

(10

In this sense, the sigma residual velocity can considered as a
semi-Lagrangian velocity.

In medium and deep water regions, where H/L>1/20, the dis-
tance of the vertical motion of water particles decreases with
depth faster than in shallow water regions (Dean and Dalrymple,
1991). The thickness of the sigma layer is less than the distance of
the vertical motion of water particles near the surface, but larger
near the bottom. As a consequence, the sigma layers do not coin-
cide with the water wave surfaces. However, a non-uniform ver-
tical distribution of sigma layers can be designed to allow the
variation of the sigma layer to match the vertical displacement of
water particles. By this means, the sigma residual velocity can
represent a semi-Lagrangian velocity in medium- and deep-wa-
ter regions.

2.3 Discrete forms of Stokes velocity

If the sigma layers coincide with the wave surfaces within the
fluid, the Stokes velocity can be expressed using the sigma velo-
city. The Stokes transport beneath a sigma layer (o,) is the
product of the velocity and the depth of the sigma layer, i.e.,
u (x,0) (14 o) n, and the Stokes velocity is written in a discrete
form:

us (x,07) =

u(x,0i_05) (x,1+ 0i_05) 5 — U(X,01105) (X, 1 + 0iyos5)

n
Hio ,» (A1)

where do=0,_,-0,. This equation indicates that the Stokes velocity
at a sigma layer is the Stokes transport within the sigma layer
(from g, , 5 to 0y, ;) divided by the thickness of the sigma layer.
Ou(x,z)  Ou(x,o0)

A ding to Eq. (4), if that ,
ccording to Eq. (4), if we assume tha 9z Hoo
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the vertical component of the Stokes velocity is written as:
ou(x,0y)

u(x,0i—05) (1 +o0)n—uxoiros) (1 +03)
Hdo

1 a2

Q

and the horizontal component of the Stokes velocity becomes

0 u(x, o;
ush (x,07) = u(x, 0;) a—i ~ % (13)
Note that % (x.0i)n _u (x,01) (1 4 03) "I where the numerator is

(1 + O'i) H

the Stokes transport below a sigma layer, and the denominator is
the thickness of the water column below the sigma layer. Accord-
ing to the definition of Stokes velocity (i.e., Eq. (4)), u (x,0:) n/H
(or ugy) represents the depth-mean Stokes velocity of the water
column beneath the sigma layer ;. The discrete forms of Stokes
velocity indicate that the resolution of the sigma layer also influ-
ences the calculation of residual velocities in sigma layers. In-
creasing the number of sigma layers helps reduce computing er-
rors for the vertical gradients of velocity and Stokes transport.

Equation (9) further indicates that the sigma residual velocity
is related to the Lagrangian residual velocity, UL as

u(x,ai)n. (14)

2.4 Scaling Stokes velocity components

Although the two components of Stokes velocity typically
have the same order of magnitude, the magnitude of ug, could be
one order smaller than that of ug, in a narrow tidal channel in
which the lateral variability is negligible. The two Stokes velocity
components are scaled as follows. The tidal current velocity has a
logarithmic profile:

(15)

where u. is the friction velocity, « is the von Karman constant (=
0.41), and z, is the bottom roughness length. As shown earlier,
the water wave surface fluctuation decreases linearly with depth:

(= ?n. Thus, the scale of the vertical component of the
Stokes velocity is
ou 7 u.
—=—=—, 16
0z D&k’ (16)
and the horizontal component is scaled as
0¢ 1 u. D+z
— = —=—1 . 17
“zT DR ( 2 ) (n
The ratio of the vertical and horizontal components is
ou 0¢ 1
— —_ = 18
0z /u 0z <D + z) (13
In{ ——
20

The magnitude of z, is O (107%) m, and the magnitude of D is
O (10) m for a coastal tidal channel. The denominator has a range
of 1~10 at depths from 3z,-D to 0, such that the depth-averaged
ratio has an order of O (0.1), indicating that the vertical compon-
ent is a minor component of the Stokes velocity.

Another argument of the scale of the ratio can be obtained us-
ing the depth-averaged Eq. (15):

1 . Uy
0 = 0 ‘
/ In (D + Z) ez = udz
z0—D 2o H zo—D
The friction velocity is related to the depth-averaged velocity

MQ)/O
H Jzg—D

19

==

through the drag coefficient, Cp: u, = udz. The ratio

becomes

Ou / u% = @. (20)
0z 0z K
This result implies that the ratio is not related to tidal amp-
litude and is a characteristic parameter of tidal channels. Given a
typical value of Cp, 0.002 5, the ratio is about 0.12. Furthermore,
Eq. (9) shows that if the magnitude of the sigma residual velocity
is similar to that of the Stokes velocity, ug, can be neglected and
the sigma residual velocity approximates the Eulerian velocity.

2.5 Residual transport velocity at a sigma layer

Robinson (1981) defined a residual transport velocity, Ur that
is the time mean water transport at a specific location divided by
the time mean water depth, namely the residual velocity re-
quired to transport, within the mean depth, the same volume of
water that passes the location:

m@:l/u@@@

HJj_p
1 [ 1 1 [
:B[Hu(x,z)dz+ Enﬁ/iHu(x,z)dz.

The residual velocity is considered a Eulerian residual trans-
port velocity (Zimmerman, 1979; Feng et al., 1986b; Jiang and
Feng, 2011) because the mass transport is measured at a fixed
point. However, Zimmerman (1979) showed that the first term on
the farmost right hand side is the Eulerian residual velocity and
the second term is Stokes velocity, resulting in that Ur is equal to
Lagrangian residual velocity. To resolve this dilemma, he poin-
ted out that the equality rests heavily on the assumption of a spa-

@1

tially uniform velocity field.

To have a better understanding of Ur, the residual transport
velocity at a sigma layer (hereafter referred to as sigma residual
transport velocity) is defined as

u(x, O‘i)ﬂ- 22)

The sigma residual transport velocity is the sum of sigma re-
sidual velocity and the depth-mean Stokes velocity beneath the
sigma layer (or the horizontal component of the Stokes velocity at
the sigma layer) and is located at the mean depth of the sigma
layer. Substituting Eq. (9) into Eq. 22 results in
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ur (x,0:) = u(x,z;) + us (x,2;) = ur, (x,2) . (23)
Thus, the sigma residual transport velocity is a first-order ap-
proximation to the Lagrangian residual velocity under the as-
sumption thaty < H.
Taking the depth-average for Eq. (22) gives the residual trans-
port velocity of the entire water column in sigma coordinates,

IZ(MW‘)LMU) :/701ﬁ(x,o)da+%;1/701u(x70)d0_

24

This equation is similar to that defined in the z-coordinate,
i.e., Eq. (21), except for the first term on the right-hand side of
equation. Here, it is the depth-mean sigma residual velocity,
whereas it is the depth-mean Eulerian residual velocity in Eq.
(21). Although depth-mean velocity is independent of depth, its
location is at the mean depth of the water column. If the water
column oscillates with waves, the mean water depth is not fixed,
and, as a consequence, the depth-mean velocity is a sigma velo-
city rather than a Eulerian velocity. In the second term on the
right-hand side, the water flux in this term is the covariance of
the water surface elevation and the depth-mean velocity (not the
velocity at the water surface), so that this term is not the depth-
mean Stokes velocity, but rather the horizontal component of the
depth-mean Stokes velocity. Equation (9) shows that the depth-
mean sigma residual velocity (the first term) is the sum of the
depth-mean Eulerian residual velocity and the vertical compon-
ent of the depth-mean Stokes velocity. Combining the horizontal
component of the depth-mean Stokes velocity (the second term)
with the depth-mean sigma residual velocity leads to a result that
the right hand side of Eq. (24) equates the Lagrangian residual
velocity although the physical meaning of those terms are differ-
ent to previous studies. However, we should be aware of the fact

that “only in certain circumstances are magnitude and direction
of residual transport velocity equal to its Lagrangian counterpart,
but never will they be conceptually the same” (Zimmerman,
1979). In this study, the equality of sigma residual transport velo-
city and Lagragain residual velocity results from the highly sim-
plified assumptions for the one-directional progressive wave.

The theoretical analysis of Stokes velocity and sigma residual
velocity is based on a minimization of the lateral variability.
When the tidal channel cannot be reduced to breadth-averaged
two-dimensional channel, the second term on the right hand
side of Eq. (2) is effective, such that the relationship between
sigma residual velocity and Stokes velocity built on the assump-
tion that the x-component of Stokes transport is the covariance of
wave surface elevation and velocity fluctuation will be invalid.
For a wide estuary channel, if the cross-section is divided into
multiple subregions of which the vertical levels use the o-co-
ordinates (a method developed by Lerczak et al. (2006)), the
sigma residual transport velocity of those subregions also con-
tains a portion of Stokes velocity and is not equal to the Lagrangi-
an velocity. The physical meaning of residual velocities in the
cross-section needs careful interpretation and further explora-
tion.

3 Numerical experiments

The results of the theoretical analysis were tested using a gen-
eric numerical model that configures a simplified tidal channel.
A series of numerical experiments were conducted to validate the
theoretical analysis and extend it to large ratios of tidal amp-
litude and mean water depth.

3.1 Model configuration

The generic model is based on the Regional Ocean Modeling
System, which is a free-surface, hydrostatic, primitive-equations
ocean model that uses stretched, terrain following vertical co-
ordinates and orthogonal curvilinear horizontal coordinates on
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Fig. 2. Schematic of the numerical model domain and bathymetry.
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an Arakawa C-grid (Haidvogel et al., 2000; Shchepetkin and
McWilliams, 2005). The model domain is designed as a tidal
channel-shelf system with a straight tidal channel and a sloped
continental shelf (Fig. 2). The channel is 500 km long and has no
along-channel bottom slope to minimize bottom bathymetric ef-
fects. The long channel is used to allow tides to gradually dissip-
ate. The cross-channel section has a rectangular shape with a
depth of 10 m and a width of 600 m. The continental shelf is 80
km wide and has a fixed cross-shelf slope of 0.05%. The salinity
and temperature are homogeneous throughout the model do-
main. A two-equation turbulence closure, k-, is used to calcu-
late vertical mixing. The bottom shear stress is calculated using
the quadratic dependence with a drag coefficient of 0.002 5.

The model grid is 240 (along-channel, x-direction) by 80
(cross-channel, y-direction) by 20 (vertical, z-direction) cells. The
river has 200 grid cells along the channel and 1 grid cell across
the channel. The small number of cross-channel cells is de-
signed to minimize the effects of lateral processes. The along-
channel grid size increases exponentially from the estuary’s
mouth (~100 m) to its head (~12 km), providing a highly resolved
region near the mouth. The vertical dimension is discretized with
20 uniform sigma layers. A semidiurnal tide (S,) is imposed at the
eastern boundary, and a total of 15 experiments were conducted
with tidal amplitudes ranging from 1 to 15 m, with intervals of 1 m.

In the experiments, when the offshore tides propagated to the
coast, the tidal amplitudes were reduced and had arange of 1 to 5m
at the mouth of the channel.

3.2 Characteristics of residual velocities

The results of the experiment with a 1-meter tide at the east-
ern open boundary are used here to illustrate the residual flows
in the tidal channel. The tidal amplitudes (A) obtained using har-
monic analysis were small compared to the mean water depth
(Fig. 3a), satisfying the assumption (i.e., # < H) for the theoretic-
al analysis of sigma velocity, and gradually decreased from the
mouth toward the head of the channel, showing that bottom fric-
tion retards the propagation of the tide wave. The channel sec-
tion from 250 to 490 km, where the tide was relatively strong, was
selected for analysis to reduce the influence of computation er-
rors on residual velocities. Corresponding to the change of tidal
amplitude, the magnitude of sigma residual velocity also de-
creased landward, and the flow direction was seaward (positive
values) (Fig. 3b). Using Eq. (9), the Eulerian residual velocity was
obtained by subtracting the vertical component of Stokes velo-
city from the sigma residual velocity and showed a similar pat-
tern to the sigma residual velocity (Fig. 3c). The magnitude of the
Eulerian residual velocity was slightly larger than the sigma resid-
ual velocity because of the landward vertical component of the

a
0.1
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< L -
0
T T
b
2 L
£ 4|
E
[=9
8 -6
-8 F
1 1
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2k
£ 4|
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o
] -6
-8 X
1 1
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A -6
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Distance from the head of the channel/km

Fig. 3. Along-channel distributions of the ratio of tidal amplitude (a), A, to mean water depth; H, sigma residual velocity (b); the
Eulerian residual velocity obtained by subtracting the vertical component of Stokes velocity from the sigma residual velocity (c); and
the Eulerian residual velocity calculated beneath the low tide (d). Positive values indicate seaward flow, and the channel mouth is

located at a distance of 500 km. The velocities are given in cm/s.
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Stokes velocity (Fig. 4b). The Eulerian residual velocity could also
be directly calculated beneath the low tidal water level (here, the
surface layer of 1.5 m was excluded in the computation, Fig. 3d).
The two Eulerian residual velocities obtained from the two meth-
ods agreed well with each other, thus confirming Eq. (9) .

The Stokes velocity and its two components were computed
using the discrete forms (i.e., Eqs (11)-(13)). The three velocities
were landward (Figs 4a, b, c), and the vertical component was
one order of magnitude smaller than the horizontal component,
supporting the scale analysis. The vertical component of the
Stokes velocity can also be obtained by subtracting the horizont-
al component from the Stokes velocity (Fig. 4d). The two vertical
components showed similar magnitudes and distributions. Rel-
ative large differences appeared near the bottom, possibly be-
cause the computation error of the vertical velocity gradient are
large near the bottom. Increasing the number of sigma layers

might reduce the computation errors. The comparison of the
Stokes velocities confirmed the consistency of the discrete for-
mulae.

The sigma residual transport velocity was calculated using Eq.
(22), and showed a small magnitude with an order of O (10-2)
cm/s (Fig. 5). The flow has a two-layer structure, with landward
flow near the surface and seaward flow near the bottom. The
analytical model for two-dimensional tidal channels shows that
the Lagrangian residual flow has a two-layer structure if the non-
dimensional parameter d, (= H/+/2K;,/w, where K,,, is the ver-
tical eddy viscosity, w is the tidal frequency) is less than 5 (Ianni-
ello, 1977). Using the depth-mean vertical eddy viscosity from the
numerical model output, d; can be estimated, and has a range
from 0.8 to 1.2 in the channel from 250 to 490 km. The pattern of
residual transport velocity is consistent with that of Lagrangian
residual flow predicted from the analytical solution. Under the

" . . .
2t
£t
L=
53
a -6
8| E i i
. . . . .
2L
£t
k=
&
a -6 t
8 | i i
0 300 350 400 450

25

Distance from the head of the channel/km

300 350 400 450

Distance from the head of the channel/km

250

Fig. 4. Along-channel distributions of Stokes velocity (a), the vertical component of Stokes velocity (b), the horizontal component of
Stokes velocity (c), and the difference between a and c. (d). Negative values indicate landward flow, and the channel mouth is located

at a distance of 500 km. The velocities are given in cm/s.

Depth/m

350

400

Distance from the head of the channel/km

Fig. 5. Along-channel distribution of sigma residual transport velocity. Positive values indicate seaward flow, and the channel mouth

is located at a distance of 500 km. The velocities are given in cm/s.
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assumption of a small tidal amplitude, the sigma residual trans-
port velocity approximates the Lagrangian residual velocity.

3.3 Effects of tidal amplitudes

The vertical component of Stokes velocity can be calculated
using the derivative form (i.e., Eq. (10)) and the discrete form
(i-e., Eq.(12)). To examine the validity of the two formulae, the
vertical component of the Stokes velocity was compared with the
horizontal component, because the preceding scale analysis has
shown that the ratio of the vertical and horizontal components is
about 0.12 with a Cj, 0f 0.002 5, and is independent of tidal amp-
litudes. Combining the results of all 15 experiments, the ratio of
the two components was about 0.12 for small tidal amplitude to
mean water depth ratios (A/H), and tended to exponentially in-
crease with larger A/H when the vertical component of Stokes ve-
locity was calculated using the derivative form (Fig. 6a). By com-
parison, the ratio remained constant with A/H when the vertical
component of Stokes velocity was calculated using the discrete
form (Fig. 6b). In the calculation of the vertical component of
Stokes velocity using Eq. (10), the vertical gradient of velocity was
calculated using the sigma velocity and interpolated/extrapol-
ated to the mean depths of sigma layers. Computation errors may
be significant when tidal amplitude is large compared to the
mean water depth. However, the discrete form of the vertical
component of Stokes velocity avoided the need to interpolate/ex-

0.15

trapolate the vertical gradient of velocity and provided a reliable
ratio of the two components. Therefore, the discrete form of the
vertical component of Stokes velocity is less sensitive to tidal
amplitudes.

To further examine whether the discrete formula provides a
reasonable estimation of the vertical component of Stokes velo-
city, the difference between the Stokes velocity and its horizontal
component was computed and treated as the “true” vertical com-
ponent. Next, the vertical component calculated using the dis-
crete form was compared with the “true” vertical component
(Fig. 7). The ratio of the two vertical components was about 1.037
and was insensitive to tidal amplitude, confirming the validity of
the discrete formula. Nonetheless, the 3.7% difference suggests
that the discrete formula slightly overestimates the vertical com-
ponent. The computation errors mostly resulted from the as-

Ou(x,z)  Ou(x,o)

sumption 5 ~ o
z o

A comparison of Eulerian residual velocities was conducted
to examine whether Eq. (9) can be extended to large A/H. The
Eulerian residual velocity directly calculated in the low water
column beneath the low tide level was considered the “true” Eu-
lerian residual velocity. The Eulerian residual velocity was also
computed for the low water column according to Eq. (9), as the
difference between the sigma residual velocity and the vertical
component of the Stokes velocity. The ratio of the depth-mean
values of the two Eulerian residual velocities was calculated and
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Fig. 6. Ratio of the vertical and horizontal components of Stokes velocity as a function of the ratio of tidal amplitude (A) to mean
water depth (H). The vertical component of the Stokes velocity was calculated using the derivative form (a) and the discrete form (b).
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Fig. 7. Ratio of the vertical components of Stokes velocity calculated with the discrete form, and the difference between the Stokes
velocity and its horizontal component as a function of the ratio of tidal amplitude (A) to mean water depth (H).

showed no clear relationship with A/H (Fig. 8). The ratio was
about 1.0, with a variation of less than 0.5%. This result indicates
that it is possible to generalize the relationship stated by Eq. (9)
that the sigma residual velocity is the sum of the Eulerian resid-
ual velocity and the vertical component of the Stokes velocity. Be-
cause the sigma residual transport velocity typically has a much
smaller magnitude than the Eulerian and Stokes velocities (two
order smaller in the experiment with a 1 m tide, see Section 3.2),
it could be affected by the 0.5% difference and contain a portion

of the Stokes velocity.

4 Conclusions

Based on the framework of Stokes velocity developed by
Longuet-Higgins (1969), this study has attempted to understand
the physical meaning of the residual velocities in sigma coordin-
ates in narrow tidal channels that can be reduced to breadth-av-
eraged two-dimensional channels. For shallow water waves, the
vertical temporal variation of sigma layers coincides with the ver-

1.004 ; ;
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Fig. 8. Ratio of the Eulerian residual velocity obtained by subtracting the vertical component of Stokes velocity from the sigma
residual velocity and the Eulerian residual velocity directly calculated beneath the low tide level as a function of the ratio of tidal
amplitude (A) to mean water depth (H). The ratio is the depth-mean over the water column beneath the low tidal level.
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tical displacement of water particles within the water column
that decreases linearly with depth, such that the sigma layers rep-
resent the water wave surfaces. Using the idea that the Stokes
transport below a free wave surface within the fluid is the mass
difference between the mass carried forward and backward by
the wave, the Stokes velocity and its vertical and horizontal com-
ponents can be expressed in discrete forms with the sigma velo-
city, which provides a convenient method for calculating the
Stokes velocity and its components.

Under the assumption of a low ratio of tidal amplitude to
mean water depth, the Taylor expansion showed that the time-
mean velocity of a sigma layer (i.e., the sigma residual velocity) is
the sum of the Eulerian residual velocity and the vertical com-
ponent of the Stokes velocity at the mean depth of the sigma lay-
er. A series of generic numerical experiments confirmed that this
relationship can be extended to a large ratio of the tidal amp-
litude to the mean water depth. Therefore, the sigma residual ve-
locity can be referred to as a semi-Lagrangian residual velocity
because it contains part of the Stokes velocity.

Scaling analysis showed that the vertical component of Stokes
velocity is about O(0.1) of the horizontal component and is inde-
pendent of tidal amplitude. This relation was confirmed by nu-
merical results, and further indicates that if the sigma residual
velocity has the same magnitude as the Stokes velocity, the ver-
tical component of the Stokes velocity can be neglected, such
that the sigma residual velocity is an approximation of the Euleri-
an residual velocity.

The residual transport velocity was considered the sum of Eu-
lerian residual velocity and Stokes velocity, i.e., an approxima-
tion of Lagrangian residual velocity. While the analysis of sigma
velocity showed that the residual transport velocity of a sigma
layer is the sum of sigma residual velocity and the depth-mean
Stokes velocity beneath the sigma layer (i.e., the horizontal com-
ponent of the Stokes velocity) and also approximates the Lag-
rangian residual velocity. The result updated the understanding
of the residual transport velocity.
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