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Abstract

Numerical wave tanks are widely-acknowledged tools in studying waves and wave-structure interactions. They
can generate waves under realistic scales and offers more information on the fluid field. However, most numerical
wave tanks suffer from issues known as the numerical dissipation and numerical dispersion. The former causes
wave energy to be slowly dissipated and the latter shifts wave frequencies during wave propagation. This paper
proposes a simple method of depressing numerical dissipation effects on the basis of solving Euler equations
using the finite difference method (FDM). The wave propagation solutions are solved analytically taking into
account the influence of the damping terms. The main idea of the method is to append a source term to the
momentum equation, whose strength is determined by how strong the numerical damping effect is. The method
is verified by successfully depressing numerical effects during the simulation of regular linear waves, Stokes waves
and irregular waves. By applying the method, wave energy is able to be close to its initial value after long distance
of travel.
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1  Introduction
Numerical wave tanks (NWTs) have been widely adopted in

studying water waves and wave-related issues (Hasan et al., 2018;
Abbasnia et al., 2017; Saincher and Banerjeea, 2015). Compared
with analytical methods, NWTs offer approaches to investigating
complex phenomena such as high nonlinearity, surface over-
turning and wave breaking (Anbarsooz et al., 2013; Ma et al.,
2016). Being different from experimental methods, NWTs re-
quire less costs and offer more detailed information of the fluid
field. Within NWTs, tests can be carried out under any condi-
tions, some of which may be too rigorous to be realized in a phys-
ical experiment (for instance, Hu et al., 2015).

There are several models which can be frequently found in
NWTs for wave simulation. The Euler model and Navier-Stokes
(N-S) model may be the most widely used ones, in which the
wave motion is described as a combined action of gravity, pres-
sure, inertia and even surface tension, with no viscosity or minor
viscosity taken into account (Park et al, 2004; Panicker et al.,
2015). When turbulence occurs, which can be found in wave-
structure interaction issues, the Reynolds Averaged Navier-
Stokes (RANS) model or other models which contain turbulence
models may be used (Bihs et al., 2016; Elhanafi et al., 2017). Un-
der the hypothesis of potential flow, the Laplace equation can be

adopted and solved with little computational cost (Abbasnia and
Soares, 2018; Abbasnia and Ghiasi, 2015). Under certain assump-
tion and special consideration, the general Euler or Laplace mod-
el can be simplified into models such as the Boussinesq, Schrö-
dinger and Korteweg-de-Vries (KdV) models. Solving these mod-
els requires even lower computational cost, and may gain better
results when simulating certain phenomena or revealing some
special effects.

Being different from general hydrodynamic problems, some
special topics need to be addressed in NWTs, which involve sur-
face capture, wave generation and wave absorption. The volume-
of-fluid (VOF) approach is a widely-used surface reconstruction
method in NWTs based on solving N-S (or RANS) equations with
the finite difference method (FDM) or finite volume method
(FVM). Other surface processing techniques contain the level set
method (Schillaci et al., 2016), marker and cell (MAC) method
(De Paulo et al., 2007) and particle method such as smooth
particle hydrodynamics (SPH) method (Alvarado-Rodríguez et
al., 2017), etc. Wave generation is usually realized by setting the
boundary condition of the flow field in a pre-designed manner,
or by appending source terms to conservation equations within
certain regions. Typically, the imitation of physical wave-generat-
ing paddles and the free income boundary (Hu et al., 2017) are  
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wave makers of the first category, yet the mass and momentum
source method are ones of the second category (Liu et al., 2015).
Similarly, wave absorption approaches can be also divided into
two categories, namely by setting boundary conditions (e.g., the
open boundary method) or making use of source terms (e.g., the
imitation of spongy layer or porous media). It should be men-
tioned that the wave absorption method had better match wave
maker in one NWT and vice versa. For instance, if the free in-
come boundary is adopted for wave generation, then absorption
methods which can discharge fluid mass (e.g., the open bound-
ary method) are preferred, as the free income boundary will in-
duce a slow transportation of fluid mass and therefore change the
mean free-surface level after long-term simulation (Dean and
Dalrymple, 1991).

Based on above statements, a NWT can be established only
after the above-mentioned techniques are well prepared, togeth-
er with a reliable flow solver. However, even if one confirms that
all parts of the NWT act correctly, one may still find it difficult to
simulate certain waves within the NWT. One important reason
leading to this difficulty is the so-called numerical dissipation
and dispersion. It is caused by the fact that the numerical solu-
tion usually exhibits deviation from the real solution of the par-
tial differences equations (PDEs), and most of the time the result-
ing error is dominated by either dissipative or dispersive features.
During wave simulation, numerical dissipation makes the nu-
merical wave amplitude smaller than the intended target one,
and numerical dispersion changes the dispersion relationship of
the wave. Both effects should be avoided in the study of wave
propagation mechanisms, as they may lead to non-physical phe-
nomena or give misleading information on wave features.
Whereas the tricky thing is that numerical dissipation and disper-
sion can only be declined or depressed, but can be never com-
pletely eliminated.

To eliminate the effect of numerical dissipation, various tech-
niques have been proposed in literature. Nazari et al. (2015) pro-
posed a high-order diagonally implicit Runge-Kutta scheme with
low dispersion and negligible dissipation. Li et al. (2015) pro-
posed a low dissipation numerical scheme for Implicit Large
Eddy Simulation by combining two schemes for reconstruction
and the Riemann solver respectively. Schranner et al. (2015) pro-
posed a method for quantifying the effective numerical dissipa-
tion rate and effective numerical viscosity in Computational Flu-
id Dynamics (CFD) simulations, which allowed the determina-
tion of numerical dissipation rates locally in a physical-space
representation. Cao et al. (2017) invented a dissipation-free nu-
merical method to capture shock wave propagation in 1-dimen-
sional fluid flow problems, which achieved a higher accuracy
while using much less grid number. Beljadid et al. (2017) pro-
posed a class of numerical schemes for the approximation of
weak solutions to nonlinear hyperbolic systems in nonconservat-
ive form with well-controlled dissipation. Soares (2019) pro-
posed a new explicit-implicit time integration technique for wave
propagation analysis in which controllable algorithm dissipation
is provided.

This paper investigates the effect of numerical dissipation
upon wave simulation in NWTs under the framework of the Euler
equations and further gives a simple method of depressing the
influence of numerical dissipation during wave propagation.
Conventional numerical dissipation combating methods, as has
been mentioned above, tend to use special schemes or new nu-
merical algorithms. By contrast, in our method a source term is
appended to the momentum equation which compensates for
the energy loss due to numerical dissipation, and hence there is

no need to modify the original numerical schemes. Another dif-
ference is that our method is specially designed for simulating
water surface waves, which can be easily implemented and re-
quires low computational cost.

In this paper, the corrected PDEs of the adopted numerical
algorithm are derived and simplified. Wave-type solutions of the
corrected PDEs are deduced and analyzed. On the basis of the
wave solution, a simple method is proposed to reduce the energy
dissipation induced by numerical damping by means of append-
ing enhancing source terms to the momentum equations. The
method is verified by simulating regular linear waves, nonlinear
Stokes waves and irregular wave spectrums. The energy of the
simulated waves barely changes after long distance of propaga-
tion, if the method is adopted.

2  Corrected PDEs of the numerical scheme
Most of the time, the numerical solutions of PDEs present

certain deviation from the PDEs’ precise solutions. In other
words, the equation system represented by the numerical meth-
od, also called the corrected PDEs, is somewhat different from
the original PDEs. Unless for special purposes, the corrected
PDEs should be close to the original PDEs when the size of the di-
vision (or discretization) of the numerical method becomes
small. Usually, determining the corrected PDEs of the numerical
method is the first step of evaluating numerical dissipation. Since
different numerical methods correspond to different corrected
PDEs, without loss of generality, a simple FDM algorithm with
staggered grids and even mesh is adopted for analysis.

Standard Euler equations within two-dimensional space can
be written as follows.
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where  and  are the x- and z-directional component of the ve-
locity vector,  is pressure,  is the gravitational acceleration,
and  is the fluid density. As is shown in Fig. 1, staggered grid is
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Fig. 1.   Sketch of the staggered grid.
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used where velocities are defined at the centers of cell boundar-
ies and pressures at cell centers. Under the notation of Fig. 1, Eq.
(1b) and Eq. (1c) are spatially discretized at position (i+1/2, j) and
(i, j+1/2), respectively. Yet the numerical discretization of Eq.
(1a) is performed at position (i, j).

In this way, discretizing the convective terms of Eq. (1b) and
Eq. (1c) with central difference scheme (CDS) yields

D

(
u
∂u

∂x

)
i+/,j

= ui+/,j
ui+/,j − ui−/,j

Δx
, (2a)
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where  and  are the x- and z-directional grid size, and oper-
ator  denotes performing (spatial or temporal) numerical
discretization upon the bracketed terms. By performing Taylor
expansions (Eq. (3) for example) with respect to the intended loc-
ations, Eq. (2) can be converted into the summations of certain
series, which are formulated in Eq. (4).
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The discretization of the pressure gradient and velocity diver-
gence also follows the CDS, which can be written as
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A simple forward Euler scheme is used for time advancing,
and can be written as
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The coupled velocity-pressure equations can be solved using
a projection method, in which the momentum equations can be
formulated as
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t+ Δt
Noticing that the pressure gradient term is performed at time

step , another Taylor expansion with respect to t is re-
quired to keep all terms temporally consistent, and the resulted
corrected momentum equations are
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The corrected continuity equation can be formulated as

∂u

∂x
+

∂v

∂z
=−

∑
n=,,,···


n!

(
∂nu

∂xn

)(
Δx


)n−

−

∑
n=,,,···


n!

(
∂nv

∂zn

)(
Δz


)n−

. (8c)

By preserving only the leading-order terms of the right side of
Eq. (8), the corrected PDEs can be reformulated as
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3  Wave propagation and a simple method of depressing dis-
sipation

In numerical methods, the systems to be solved are the cor-
rected PDEs rather than the original PDEs. Like traditional PDEs,
the solutions of the corrected PDEs are not unique, and the influ-
ence of numerical dissipation may be multiple. This session dis-
cusses how wave solution is changed with the existence of nu-
merical dissipation.

3.1  Further simplification upon the corrected PDEs
Let us consider a small-amplitude regular wave, which is de-

rived on the basis of the hypothesis of small velocity and dynam-
ic pressure. Under such assumption, nonlinear terms of Euler
equations are considered to be of higher orders, and hence Eq.
(9) can be simplified as
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∂P

∂x
− Δt

∂P

∂x ∂t
+

O
(
Δt,ΔtΔx,Δx,Δz,ΔxΔz

)
, (10a)

∂v

∂t
+

∂P

∂z
+ g =− Δt


∂v

∂t
− Δz


∂P

∂z
− Δt

∂P

∂z ∂t
+

O
(
Δt,ΔtΔz,Δx,Δz,ΔxΔz

)
, (10b)

∂u

∂x
+

∂v

∂z
= −Δx


∂u

∂x
− Δz


∂v

∂z
+ O

(
Δx,Δz

)
. (10c)

ωΔt ∼ O (ε)
kΔx (.or. kΔz) ∼ O (ε) ε

During wave simulation, the grid size and time interval
should be small enough compared with the wave length and
wave period. This fact can be represented as  and

, where  is a small parameter. Using this
fact, the terms on the right sides of Eq. (10) have following orders

Δt


∂u

∂t
∼ ε ∂

u

∂t
,

Δt


∂v

∂t
∼ ε ∂

v

∂t
, (11a)

Δx


∂P

∂x
∼ ε ∂P

∂x
,

Δz


∂P

∂z
∼ ε ∂P

∂z
, (11b)

Δt
∂P

∂x ∂t
∼ ε ∂

P

∂x
, Δt

∂P

∂z ∂t
∼ ε ∂

P

∂z
, (11c)

Δx


∂u

∂x
∼ ε ∂u

∂x
,

Δz


∂v

∂z
∼ ε ∂v

∂z
. (11d)

εOmitting terms of order , Eq. (10) can be converted into the
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following equations.

∂u

∂t
+

∂P

∂x
= −Δt


∂u

∂t
− Δt

∂P

∂x ∂t
, (12a)

∂v

∂t
+

∂P

∂z
+ g = −Δt


∂v

∂t
− Δt

∂P

∂z ∂t
, (12b)

∂u

∂x
+

∂v

∂z
= . (12c)

The second terms of the right sides of Eq. (12a) and Eq. (12b)
can be further transformed as follows:

−Δt
∂P

∂x ∂t
=− Δt

∂

∂t

(
− ∂u

∂t
− Δt


∂u

∂t
− Δt

∂P

∂x ∂t

)
=Δt

∂u

∂t
+ O

(
ε
)
, (13a)

−Δt
∂P

∂z ∂t
=− Δt

∂

∂t

(
− ∂v

∂t
− Δt


∂v

∂t
− Δt

∂P

∂z ∂t

)
=Δt

∂v

∂t
+ O

(
ε
)
. (13a)

ε
Noticing the right sides of Eq. (12) only preserve terms of or-

der , the corrected PDEs are finally rewritten as

∂u

∂t
+

∂P

∂x
=

Δt


∂u

∂t
, (14a)

∂v

∂t
+

∂P

∂z
+ g =

Δt


∂v

∂t
, (14b)

∂u

∂x
+

∂v

∂z
= . (14c)

The corrected PDEs differ from the original PDEs in terms on
the right side of Eq. (14), which will be proved to be numerical
dissipative later.

3.2  Wave solutions
Under the hypothesis of being irrotational, Eq. (14) can be ex-

pressed with the velocity potential as

∇Φ = 
∂Φ

∂t
+ gz+ P− Δt


∂Φ

∂t
= 

, (15)

Φwhere  is the velocity potential. Taking into account the kin-
ematic free surface condition and bottom condition, the govern-
ing equations can be written as



∇Φ =  − h < z < 
∂Φ

∂t
+ gη− Δt


∂Φ

∂t
=  z = 

∂η
∂t

=
∂Φ

∂z
z = 

∂Φ

∂z
=  z = −h

, (16)

where h is water depth. The unified free surface condition can be
obtained by combining the kinematic free surface condition and
the dynamic free surface condition, and is written as

∂Φ

∂t
+ g

∂Φ

∂z
− Δt


∂Φ

∂t
=  z = . (17)

The wave-type solution of Eq. (16) in complex form is

Φ = −a
ig
ω

cosh k (z+ h)
cosh kh

ei(kx−ωt), (18a)

η = aei(kx−ωt), (18b)

ωwhere i is the complex unit, a is the wave amplitude, k and  are
wave number and angular frequency, respectively. Substituting
Eq. (18) into Eq. (17), the dispersion equation can be derived as

− iΔt

ω − ω + gk tanh kh = . (19)

−iΔtω/
Equation (19) differs from the conventional dispersion rela-

tionship in having the term . Two categories of solu-
tions which contain physical meanings can be drawn from Eq.
(19).

k(1) Solution with real wave number 
k = k

ω
If the wave number is real (i.e., ), with the help of sym-

bolic operation tools,  can be gained by solving a cubic algebra-
ic equation as

ω = − 
Δt

[√


(
α− 

α

)
+

(
α+


α
− 

)
i

]
, (20a)

ω = − 
Δt

[
−
√


(
α− 

α

)
+

(
α+


α
− 

)
i

]
, (20b)

ω =


Δt

(
α+


α
+ 

)
i, (20c)

where

α =

[
+




(
ω

Δt + ωΔt
√

ω
Δt + 

)]/
, (21a)

ω
 = gk tanh kh. (21b)

ω ω

ω

 and  represent left-traveling and right-traveling waves, re-
spectively.  represents energy growing unboundedly within the
field, and thereby should be abandoned.

−iΔtω/ ω ω ω = ω + δ

One may find that Eq. (20) and Eq. (21) are lengthy, and
therefore are not convenient for analysis. Noticing the fact that

 is a small number,  must be closed to . Let ,
and Eq. (19) is rewritten as

− iΔt

(ω + δ)

 − (ω + δ)

+ gk tanh kh = . (22)

O (δ)Keeping terms corresponding to order , the solution of
Eq. (22) is
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δ = − iΔtω


+ iΔtω
→ − iΔtω




. (23)

By applying Eq. (23), the wave solution of the corrected PDEs
is written as

Φ = −a
ig
ω

e−
Δtω



 t cosh k (z+ h)
cosh kh

ei(kx−ωt), (24a)

η = ae−
Δtω



 tei(kx−ωt), (24b)

ω kwhere  and  satisfy the conventional dispersion relationship.
Eq. (24) indicates that a free-traveling linear monochromatic
wave will dissipate exponentially with respect to time, if no extra
energy is supplied. The dissipation rate is related to the selected
time step and wave frequency. In NWTs, wave makers (e.g., a
wave generating paddle) usually work in predesigned manners
which are not affected by the inner flow field. Namely, wave
makers of NWTs act as energy suppliers to the computational do-
main. This phenomenon can be explained by solution of the
second category.

ω(2) Solution with real angular frequency 
ω = ω

k k = k + δ
If the angular frequency is real, namely , then the wave

number must have a small deviation from . Let , and
the dispersion equation is written as

− iΔt

ω

 − ω
 + g (k + δ) tanh (k + δ)h = . (25)

Using Taylor expansion, the third term on the left side of Eq.
(25) can be written as

g (k + δ) tanh (k + δ)h =gk tanh kh+

∂

∂k
(gk tanh kh) · δ + O

(
δ
)

=ω
 + ωCg · δ + O

(
δ
)
, (26)

Cgwhere  is the group velocity. Substituting Eq. (26) into Eq. (25)
yields

δ =
iΔtω



Cg
. (27)

The expressions of velocity potential and surface elevation are
finally written as

Φ = −a
ig
ω

e
− Δtω



Cg
x cosh k (z+ h)

cosh kh
ei(kx−ωt), (28a)

η = ae
− Δtω



Cg
x
ei(kx−ωt). (28b)

Equation (28) reveals that the amplitude (energy) of a free-
traveling linear monochromatic wave declines exponentially
along its propagating direction. In NWTs, wave makers keep
donating energy to their neighboring fluid particles, and there-
fore make waves adjacent to wave makers present relatively large
amplitudes. However, as waves are travelling away from wave
generators, their energy is reduced by numerical dissipation ef-
fects in a manner of Eq. (28). It is worthy of noting that the term

cosh k (z+h)
cosh kh

cosh [(k+δ) (z+h)]
cosh [(k+δ)h]

cosh [(k + δ) (z+ h)]
cosh [(k + δ)h]

→
cosh k (z+h)

cosh kh
+O

(
δ
)

 in Eq. (28a) should technically be .

Y e t  i t  c a n  b e  e a s i l y  p r o o f e d  t h a t  

 under both deep and shallow water depth,

and therefore only the leading term is reserved in Eq. (28a).

3.3  A simple method of depressing energy dissipation
The dominate reason which leads to the troubling numerical

damping effects is the additional terms on the right side of Eq.
(14). For the purpose of declining numerical dissipation (namely,
declining the right side of Eq. (14)), the simplest way is to use a
denser mesh and a shorter time interval. In addition, one can
also try to use high-order differencing schemes. However, both
means require high computational costs and more computer
memory. Besides, high-order differencing schemes can increase
the risk of numerical instability.

Instead of using high-order differencing schemes or small
spatial and temporal division upon the solution region, an altern-
ative method is adding additional terms to the original Euler
equations (i.e., Eq. (1)), which counteract the damping effect in-
duced by numerical dissipation. These additional terms had bet-
ter contain no derivatives, since realizing derivatives numerically
will again cause additional computational cost and numerical
dissipation or dispersion, which is much in common with the
method of using high-order schemes.

cu c
u

Let us consider a simple source term , where  is a small
constant and  is the velocity vector. By involving this source
term, the Euler equations are modified as

∂u
∂t

+ (u · ∇)u = −
ρ
∇P+ g+ cu. (29)

The corrected PDEs of the system read

∂u
∂t

+∇P =
Δt


∂u
∂t

+ cu. (30)

Within potential theory, the combined free surface boundary
condition is transformed into

∂Φ

∂t
+ g

∂Φ

∂z
− Δt


∂Φ

∂t
− c

∂Φ

∂t
=  on z = . (31)

The dispersion relationship is thus rewritten as

− iΔt

ω − ω + icω + gk tanh kh = . (32)

c = Δtω/

In Eq. (32), one can find that the dispersion relationship is
identical to the one of a monochromatic linear wave when

. This indicates that by reasonably selecting the
strength of the source term, the numerical dissipation effects can
be greatly declined or even be nearly eliminated.

k = k + δBy letting  and adopting Eq. (26), Eq. (32) gives the
solution as follows

k = k +
i

Cg

(
−c+

Δt

ω


)
. (33)

The expression of velocity potential and surface elevation are
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eventually written as

Φ = −a
ig
ω

e


Cg (c−

Δtω

)x cosh k (z+ h)
cosh kh

ei(kx−ωt), (34a)

η = ae


Cg (c−

Δtω

)xei(kx−ωt). (34b)

It is worth noting that numerical dissipation is helpful to the
stability of the solution. Therefore, the magnitude of the source
term should not be too strong, otherwise unphysical energy boost
will be induced and numerical instability occurs. In addition, the
nonlinear and high-order terms of Eq. (9) can also affect the dis-
sipation behavior of the corrected PDEs. Although the influence
is not significant for small-amplitude waves, it cannot be neg-
lected once the wave amplitude becomes large. For above reas-
ons, Eq. (34) can be further written as

Φ = −a
ig
ω

e
(

c
Cg

−ε
)
x cosh k (z+ h)

cosh kh
ei(kx−ωt), (35a)

η = ae
(

c
Cg

−ε
)
x
ei(kx−ωt). (35b)

ε
Δtω

/Cg

where  represents the contribution of numerical dissipation,
which needs not to be  if nonlinear and high order ef-
fects are taken into account.

4  Numerical tests
This section investigates numerical dissipation phenomena

during wave propagation by generating a series of waves in
NWTs. To verify the theory and method proposed in this work,
unless otherwise specified, the NWTs utilize the same methods
and parameters as those in Section 2. To be specific, the NWTs
solve Euler equations with FDM and staggered grids, convective
terms and the pressure gradient are discretized with CDS, the ve-
locity-pressure system is de-coupled with a projection method,
and time advancement is realized by a forward Euler scheme. It
is worth noting that the instability induced by discretizing con-
vective terms with CDS can be avoided by a typical deferred-cor-
rection approach (Ferziger and Peric, 2012). Wave generation is
accomplished by directly assigning the boundary condition of the
left-side boundary of the NWT with analytical solutions of corres-
ponding waves. A conserved absorption method (Hu et al., 2015)
is adopted at the right end of the tank for wave damping. The
length of the wave absorption region equals the wavelength of
the generated waves. A schematic sketch of the NWT is illus-
trated in Fig. 2.

4.1  Numerical dissipation of linear waves
In this test, small-amplitude linear waves are generated and

propagating in a long NWT where the convective terms are dis-
cretized with CDS. The length and water depth of the NWT are
180 m and 0.5 m, respectively. Three groups of tests are conduc-
ted, with wave numbers (k) of 1.112 m–1, 2.223 m–1 and 3.335 m–1,
respectively. Wave amplitudes (a) of these tests range from 0.003
m to 0.015 m, and time advancing intervals change from 0.000 5 s
to 0.005 s. The x-th and z-th grid number are 4 000 and 25, re-
spectively.

Figure 3 shows contours of an example wave (k=2.223 m–1,
a=0.009 m) simulated with various time steps. Noted that the
wave absorption region offers additional damping effect which is

y = a · exp
(
− Δtω



Cg
x

)

not of interest here, all contours within the wave absorption re-
gion are truncated and erased hereinafter. For comparison, the
wave envelope shapes predicted by Eq. (28) are also displayed in
red lines in Fig. 3. It can be clearly observed that the amplitudes
of waves are reduced after long distance of travelling. The rate of
reduction is relatively high in the vicinity of the wave generator,
and becomes low when the wave is travelling away from the wave
generator. Besides, with the growth of simulation time step, the
damping effect becomes more and more distinct. The reduction
curve of wave amplitudes can be well approximated by equation

 which is extracted from Eq. (28).

To reveal the spatial-frequency variation of wave energy, a
widely-used wavelet tool, i.e., the Gabor Transformation, is per-
formed upon the wave contour results. The Gauss function is se-
lect as the window of Gabor Transformation. The Gabor trans-
formation is formulated as (Daubechies, 1992)

(Gf) (b, k) =
∫

f (x)g∗ (x− b) e−ikxdx, (36)

f (x) ∗
g (x)

/
√
πα · exp

(
−x/α

)where  is the signal (wave contour) and  denotes complex
conjugate. Function  is the window of Gabor transformation
and is taken as  in this article. The Gabor
Transformations of the generated wave contours are shown in
Fig. 4. The wave number (k=2.223 m–1) of background carrier
waves is also drawn with white dash-dot lines in Fig. 4. It is found
that the wave energy shows clear reduction during propagation.
With the increasing of the time advancing step, the speed of en-
ergy dissipation presents a remarkable boost. One can also find
in Fig.4 that no frequency shift occurs after long distance of
propagation, indicating that the key behavior of the numerical al-
gorithm is numerical dissipation rather than dispersion.

Figure 5 displays numerical-predicted wave amplitudes at
various positions, and contrasts the results against the wave en-
velope outlines calculated by Eq. (28). From Fig. 5, one can ob-
serve that Eq. (28) is capable of giving good approximation on the
wave amplitude spatial distributions calculated with different
time steps. However, it should also be noted that Eq. (28) slightly
over-predicts the effect of numerical dissipation, thus under-es-
timating the wave amplitudes at the end of the tank. In addition,
the deviation between numerical results and Eq. (28) becomes
more evident with the growth of distance from the wave generat-
or.

RW = a/a a a

RW

a

RW

The propagation of waves with other amplitudes shows simil-
ar patterns as are illustrated by Fig. 3, Fig. 4 and Fig. 5, which are
therefore not listed in the paper. By defining the wave amplitude
reduction factor as , where  and  represents wave
amplitudes nearby the wave generator and in front of the wave
absorption region respectively. Figure 6 gives an overall descrip-
tion on the effect of numerical dissipation with various paramet-
ers. In Fig. 6, all obtained with various time steps, wave num-
bers and initial wave amplitudes ( ) are displayed together in a
scatter diagram. One can find that  is significantly impacted

wave

generator

wave

absorber
working region

still water line

 

Fig. 2.   Sketch of the numerical wave tank.
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RW

by length of time steps and wave numbers, whereas initial amp-
litudes barely affect . The theoretical prediction by Eq. (28) is
also plotted in Fig. 6, showing good agreement with the numeric-
al simulation in a global sense although deviation exists.

c = Cgε
ε Δtω

/Cg

ε

c

c = Cgε

As is proved by Eq. (35), the strength of the source term
should be  to completely eliminate the influence of nu-
merical dissipation.  can be approximated by  only

when nonlinear effects and high-order truncation error are ig-
nored. In realistic applications, one can calculate  in advance by
simulating the free dissipation of waves with no compensation
for numerical damping, which certainly accounts for nonlinear
and high-order effects.  can subsequently be determined using
formula . Following this idea, we adopt source terms
with strengths listed in Table 1 to compensate for the numerical
damping effect. Figure 7 displays the simulation results of the ex-
ample wave (k=2.223 m–1, a=0.009 m), where one can observe an
apparent decrease of the numerical dissipation effect. In Fig. 8,
the wave energy is barely changed after long term of travel, indic-
ating that the influence of numerical damping is tiny. Figure 9

summarizes the wave amplitude reduction factors of all simula-
tion results. All wave amplitude reduction factors calculated with
source terms are close to 1, which demonstrates that the source
terms works well for waves of various amplitudes, wave numbers
and time step sizes.

4.2  Numerical dissipation of nonlinear Stokes waves
This subsection investigates the influence of numerical dis-

sipation upon waves when nonlinear terms are taken into ac-
count. In tests of this subsection, 5-order Stokes waves are simu-
lated under a water depth of 0.5 m. The wave number is 2.223 m–1,
the time step size is 0.003 2 s and wave heights are 0.06 m, 0.08 m
and 0.1 m, respectively. Figure 10 shows the wave outlines of
various moments when no source terms are used. The wave en-
velope predicted by Eq. (28) is also plotted in red dashed lines.
Figure 10 reveals that numerical dissipation of nonlinear Stokes
waves is stronger than that of small-amplitude linear waves.

The spatial energy distribution of the Stokes waves is dis-
played in Fig. 11. Similar to Fig. 4, clear energy consumption can
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Fig. 3.   Contours of small-amplitude linear waves (k=2.223 m–1, a=0.009 m), simulated with time steps equaling (a) 0.000 5 s, (b) 0.001
s, (c) 0.002 5 s and (d) 0.005 s.
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be observed in Fig. 11. Besides, one can find deviation between
actual wave frequencies (or wave numbers) and the intended
ones (i.e., white dashed lines). With the growth of distance from
wave generators, the deviation seems more and more palpable.
The wavelengths of the simulated waves seem to slowly increase
during propagation, which is more probably induced by a nu-
merical dispersion effect. This indicates that numerical disper-
sion may also have to be considered in addition to numerical dis-
sipation when simulating large-amplitude nonlinear waves.

According to Eq. (35), the strengths of source terms are taken
as c=0.055, c=0.058 and c=0.063 with respect to Fig. 10a, Fig. 10b
and Fig. 10c, respectively. Taking into account the influence of
source terms, the simulated wave contours are drawn in Figure 12.

Figure 13 shows the spatial energy of the generated waves.

Figure 12 and Fig. 13 reveal that the existence of source terms can

effectively balance the numerical dissipation during nonlinear

wave simulation.
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Fig. 4.   Gabor transformation of contours of small-amplitude linear waves (k=2.223 m–1 in white dash-dot line, a=0.009 m), simulated
with time steps of  0.000 5 s (a) , 0.001 s (b), 0.002 5 s (c) and 0.005 s (d).

0 20 40 60 80 100 120 140 160 180

0

0.002

0.004

0.006

0.008

0.010

0.012

W
av

e 
am

p
li

tu
d
e/

m

x/m

dt=0.000 5 s, simulation dt=0.000 5 s, Eq. (28)
dt=0.001 0 s, simulation dt=0.001 0 s, Eq. (28)
dt=0.002 5 s, simulation dt=0.002 5 s, Eq. (28)
dt=0.005 0 s, simulation dt=0.005 0 s, Eq. (28)

 

Fig. 5.   Spatial wave-amplitude distributions of small-amplitude
linear waves (k=2.223 m–1, a=0.009 m), predicted by numerical
simulation  (lines)  and  theoretical  formula  Eq.  (28)  (marker
points).
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Fig. 6.   Wave amplitude reduction factors of small-amplitude lin-
ear waves, simulated with various amplitudes, wave numbers
and time steps.

Table 1.   Strength of source terms, used for suppressing the nu-
merical dissipation of small-amplitude linear waves

Time step size/s
Source term strength c/s–1

k=1.112 m–1 k=2.223 m–1 k=3.335 m–1

0.000 5 0.000 84 0.002 66 0.004 62

 0.001 0   0.002 22 0.007 06 0.012 26

0.002 5 0.005 92 0.018 87 0.032 76

 0.005 0   0.012 39 0.039 45 0.068 50
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During wave simulation, vertical grid dimension is a crucial
reason affecting the quality of the generated waves. Figure 14
simulates the same 5-order Stokes wave (k=2.223 m–1 and wave
height=0.06 m) with various vertical grid dimensions and no
compensating source term. Figure 15 simulates the same waves
as Fig. 14, but with compensating source terms equaling 0.055,
0.028 and 0.027 for subplot (a), (b) and (c), respectively. Table 2
lists the wave heights of Fig. 14 and Fig. 15 at position x=5 m and
x=10 m, and contrast the simulation results against theory.
Figure 14 and Table 2 reveal that denser vertical grid size can im-
prove the simulation precision, yet the rate of improvement be-
comes slow once the vertical grid size has been enough. Figure 15
and Table 2 show that the compensating source term works well
under various vertical grid densities.

In order to test how the proposed method works for waves
with very large steepness, we try to generate a high 5-order Stokes
wave whose height almost reaches the breaking limit. The wave
number and wave height are 2.223 m–1 and 0.32 m, respectively.
Fig. 16 shows the wave outlines at various moments computed a

without any source term and Fig.16b with a source term whose

strength equals 0.092. Table 3 lists wave heights at various loca-

tions and their relative error with respect to the target value. One

can find that large-height wave are more easily affected by nu-

merical dissipation, and the reduction of wave height is signific-

ant. It should be mentioned that the wave-height reduction rate

can be declined by using various techniques, to name but a few,

using denser grids or high-order difference scheme. However,

these methods are not of concern in this paper, and we reserve

the large dissipation effect to give a clearer observation on the

dissipation reduction ability of the source term. By using the

compensating source term, the dissipation effect is significantly

weakened which can be seen from Fig. 16b and Table 3, despite

that an error of about 20% still exists. One can try larger source

strength to make the result closer to the theory. However, this is

not recommended since larger source strength brings more in-

stability factors to the solution, and the solution may diverge eas-

ily under certain situations.
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Fig. 7.   Contours of small-amplitude linear waves (k=2.223 m–1, a=0.009 m), simulated with time steps equaling 0.000 5 s (a), 0.001
s (b), 0.002 5 s  (c) and 0.005 s (d). Black solid lines denote wave contours simulated with source terms, and red filled circles wave
amplitudes simulated without any source term.
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4.3  Numerical dissipation of irregular waves
Irregular waves consist of wave components with various fre-

quencies, wave numbers and amplitudes. The numerical dissipa-
tion of irregular waves is more complex due to the fact that the
strength of damping is different for each wave component.
Moreover, the focusing of wave components may induce a huge
wave crest, and therefore lead to significant enhancement in
nonlinearity. Without loss of generality, this subsection studies
the numerical dissipation behavior of irregular waves by simulat-
ing the P-M spectrums in a 90 m-long numerical wave flume with
a water depth of 0.5 m. The zero-crossing period of the spectrum

T = HSis 1.5 s, and the significant wave heights are  = 0.01 m, 0.03
m and 0.05 m, respectively.

HS

HS

Figure 17 displays surface elevations of the irregular wave
with =0.05 m at x=0 m (i.e., at the wave generating boundary), x=9 m
and x=18 m. From Fig. 17, one can clearly observe the energy
damping phenomenon during wave propagation. Furthermore,
the damping of large-amplitude components is severer. For in-
stance, the maximum wave height of subplot (c) is much smaller
than that of subplot (a), indicating that nonlinearity seems to
strengthen the numerical damping effect. The conclusion is also
proved by Fig. 18, where energy spectrums of the simulated
waves at various locations are plotted. In Fig. 18, the simulated
spectrums show well agreement with the target spectrums
nearby the wave generator. However, the entire energy of the
wave spectrum is rapidly declined with the growth of x coordin-
ates. The rate of decline becomes faster under larger  values. It
is worthy of noting that the simulated wave spectrums become
narrower than the target spectrums due to the reason that high-
frequency wave components are more sensitive to numerical dis-
sipation, thus making the high-frequency portion of the spec-
trum decline significantly.

In comparison with regular waves, the compensation for nu-
merical dissipation of irregular waves requires additional treat-
ment. The relationship between the energy of the simulated
waves and the simulated spectrums reads

E′ =

∫ ∞


S′(ω)dω =

N∑
i=



A
i , (37)

E′ S′where  and  are wave energy and wave spectrum with the in-
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Fig. 8.   Gabor transformation of contours of small-amplitude linear waves (k=2.223 m–1 white dash-dot line, a=0.009 m), simulated
considering the influence of source terms, with time steps of  0.000 5 s (a),  0.001 s (b),  0.002 5 s (c) and 0.005 s (d).
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Fig. 9.   Wave amplitude reduction factors of small-amplitude lin-
ear waves, simulated with (scatter points) and without (lines) the
influence of source terms.
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Aifluence of source terms, respectively,  is the amplitude of the i-
th wave component and N the number of composing waves. Us-
ing Eq. (35), the right side of Eq. (37) is written as

N∑
i=



A
i =

N∑
i=



ai

e

(
c

Cgi
−εi

)
x
. (38)

Under the hypothesis of narrow-band spectrum, Eq. (38) is
further simplified as
 

N∑
i=



A
i = e

c
Cg

x
N∑
i=



ai

e−εix = e
c
Cg

x
∫ ∞


S(ω)dω = e

c
Cg

x
E, (39)
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Fig. 10.   Wave outlines of 5-order Stokes waves with k=2.223 m–1 and wave heights equal to 0.06 m (a),  0.08 m (b) and 0.10 m (c) . Red
dashed lines denote envelopes calculated by Eq. (28).
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Fig. 11.   Gabor transformation of outlines of 5-order Stokes waves (k=2.223 m–1 white dash-dot line), with wave heights of 0.06 m (a),
0.08 m (b) and 0.1 m (c).
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Fig. 12.   Wave outlines of 5-order Stokes waves with k=2.223 m–1 and wave heights equal to 0.06 m (a),  0.08 m (b) and 0.10 m (c).
Source terms are involved during simulation.
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Fig. 13.   Gabor transformation of outlines of 5-order Stokes waves (k=2.223 m–1 white dash-dot line), with wave heights of 0.06 m (a),
 0.08 m (b) and 0.1 m (c). Source terms are involved during simulation.
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E S

E′ = E

where  and  are wave energy and wave spectrum simulated
without using any source term (only affected by numerical dis-
sipation). The main principle for the determination of the
strength of the source term is to ensure the energy of simulated
waves to be equal to the energy of target spectrums, namely

. Therefore, by combining Eq. (37) and Eq. (39), the
source strength if finally decided by

c =
Cg

x
ln

E

E
=

Cg

x
ln

∫ ∞


S(ω)dω∫ ∞


S(ω)dω

, (40)

S Ewhere  and  are the target wave spectrum and its energy.

By applying Eq. (40), the strengths of compensating source
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Fig. 14.   Wave outlines of 5-order Stokes waves with k=2.223 m–1 and wave heights=0.06 m, with z-th grid number equaling 25 (a), 50
(b) and 75 (c).
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Fig. 15.   Wave outlines of 5-order Stokes waves with k=2.223 m–1 and wave height=0.06 m, with z-th grid number equaling 25 (a),  50
(b) and 75 (c). Source terms are involved during simulation.
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Fig. 16.   Wave outlines of 5-order Stokes waves with k=2.223 m–1 and wave height=0.32 m, without (a) and with (b) the compensating
source term.

Table 2.   Wave heights of 5-order Stokes waves (k=2.223 m-1 and target wave height=0.06 m), simulated with various vertical grid
numbers, with and without the compensating source term

Vertical grid number

Simulation without compensating source term Simulation with compensating source term

Absolute wave height/m Error against theory/% Absolute wave height/m Error against theory/%

at x=5 m at x=10 m at x=5 m at x=10 m at x=5 m at x=10 m at x=5 m at x=10 m

25 0.051 4 0.046 7 14.3   22.2 0.055 4 0.053 3 7.7 11.2  

50 0.054 3 0.052 7 9.5 12.2 0.056 6 0.056 4 5.7 6.0

75 0.055    0.052 9 8.3 11.8 0.056 9 0.056 7 5.2 5.5
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terms are c=0.011 2, c=0.017 8 and c=0.057 2 for subplots Fig. 18a,
Fig. 18b and Fig. 18c, respectively. Appending these source terms
to Euler equations as is expressed in Eq. (29), the irregular waves
of this subsection are regenerated, and the spectrums of various
waves at different locations are depicted in Fig. 19. In Fig. 19, the

spectrums at various positions exhibit similar shapes. By com-
paring Fig. 19 against Fig. 18, it is clear that numerical dissipa-
tion is effectively weakened.

5  Conclusions
On the basis of above simulations and discussions, the follow-

ing conclusions can be drawn.
(1) Equation (28) can be used to describe the dissipation law

of small-amplitude linear waves. Yet palpable deviation can be
found if Eq. (28) is utilized for description of the dissipation of
nonlinear Stokes waves.

(2) Compared with long waves, short waves are more likely to
be affected by numerical dissipation effects, namely are easier to
be dissipated.

(3) Due to Conclusion (2), the spectrum shapes are changed
during wave propagation.

(4) Due to Conclusion (2), large-amplitude nonlinear Stokes
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H S T0Fig. 17.   Surface histories of an irregular wave based on the P-M spectrum ( =0.05 m and =1.5 s), at x=0 m (a),  x=9 m (b) and  x=
18 m (c) .

Table 3.   Wave heights of 5-order Stokes waves (k=2.223 m–1 and
target wave height=0.32 m) at various positions, simulated with
and without the compensating source term

Distance from wave
generator/m

No source term
With compensating

source term
Wave

height/m
Error against

theory/%
Wave

height/m
Error against

theory/%
      0.1 0.308   3.8 0.311   2.8

  5 0.173 45.9 0.256 20.0

10 0.123 61.6 0.250 21.2

15 0.095 70.3 0.253 20.9
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waves are easier to be damped in contrast with small-amplitude
linear waves, as high-frequency terms (i.e., nonlinear terms) are
sensitive to numerical dissipation.

(5) The proposed method is capable of effectively reducing
the effect of numerical dissipation during the simulation of
small-amplitude linear waves, nonlinear Stokes wave and irregu-
lar wave spectrums.
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