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Abstract

For acoustic detection of internal waves, the core issue is to obtain the temporal and spatial distribution of the
sound speed profile (SSP). In the inversion process, the SSP is usually expressed by a few parameters through
expansion. However, information about internal waves may sometimes be hard to read directly from the inversion
results. The aim of this paper is to characterize the internal waves directly though expansion coefficients. By
deducing the dynamic equations of the internal waves, an orthogonal basis called the hydrodynamic normal
modes (HNMs) can be extracted from a certain number of SSP samples. Unlike the existing widely used empirical
orthogonal functions (EOFs), the HNMs have a more explicit physical meaning that is directly related to internal
wave activity. The HNMs are then used to expand the SSP time series, and the expansion coefficients are derived.
Eventually, information about internal waves can be read directly from the time derivative of the expansion
coefficients of the first two modes. In this study, this method is applied to thermistor string profiles from the
northern shelf of the South China Sea, where the SSP shows evident spatial and temporal variations due to
internal waves. The results show that the SSP can be described approximately by the first two modes with
adequate precision. The special oscillation structure of the time derivative of the expansion coefficients can be
used to detect internal solitary waves. The expansion coefficients can also give information on internal solitary
wave amplitude and width. According to theoretical and experimental analysis, it can be concluded that the
internal waves monitoring method introduced in this paper is effective. The HNMs method is simple to apply and
depends less on sample data than EOFs. It could be used as an efficient alternative to EOFs to expand the use of

the SSP in highly variable areas, where internal waves are intensive.
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1 Introduction

Internal wave activity in shallow seas has a significant effect
on sound propagation, resulting in an abnormally large attenu-
ation in propagation (Zhou and Zhang, 1991), variation in the
range-frequency interference striation slope (Yang, 2014; Yang et
al., 2016), decorrelation of normal mode amplitude (Rouseff and
Turgut, 2002), fluctuations in sound arrival time (Li et al., 2013),
and a decrease in the radius of correlation time in matched field
processing (Ji et al., 2008; Ren et al., 2010). By measuring these ef-
fects, disturbances in the sound speed profile (SSP) structure can
be inverted and then used to monitor internal waves.

Theoretically, SSP variation in time and space can be de-
scribed by a matrix. However, such a matrix requires a large
number of parameters, which makes it difficult to invert the SSP.
Hence, empirical orthogonal functions (EOFs) have been widely
used to solve inversion problems related to SSP (Tolstoy et al.,
1995; Yu et al., 2010; Li et al., 2015). Using EOFs and projection
coefficients, the number of inversion parameters can be greatly

reduced, making stable and convenient inversion possible.
However, when the inversion results are used to monitor intern-
al waves, it is difficult to explain the internal wave intuitively us-
ing several projection coefficients obtained from the inversion.
Moreover, the EOFs method is restricted by the completeness
and measurement time of the data sample, which presents a dif-
ficult challenge for monitoring internal waves.

To establish a direct relationship between the inversion res-
ults and internal waves, an orthogonal basis called the hydro-
dynamic normal modes (HNMs) was used in this study. Unlike
the method involving feature extraction from EOFs, the HNMs
are derived from hydrodynamic equations. The basis of EOFs re-
flects the principal components of SSP samples and is the result
of mathematical statistics. Differently, the basis of HNMs reflects
the motion law of water particles and is the result of oceano-
graphic dynamics analysis. Because the HNMs are derived from
the internal-wave mode and discloses the hydrodynamic mech-
anism which is the cause of SSP’s change, the HNMs are directly

Foundation item: The National Natural Science Foundation of China under contract No. 41406041; the Natural Science Foundation of
Guangdong Province under contract No. 2014A030310256; the Project of Enhancing School with Innovation of Guangdong Ocean
University under contract No. GDOU2016050246; the Excellent Young Teachers Program of GDOU under contract No. HDYQ2015010.

*Corresponding author, E-mail: fqzhu_07@163.com



184

related to internal wave activity and have a more explicit physic-
al meaning than EOFs. Based on a simple analysis of the expan-
sion coefficients obtained from the inversion, the basic features
of the internal wave can be obtained. For each occurrence of in-
ternal solitary wave, the time derivative of the first two orders of
expansion coefficient has a typical double-oscillation structure.
By analyzing the change rates of the first two orders of expansion
coefficient with time, the internal solitary waves can be neatly
identified. The double-oscillation structure also gives informa-
tion about the wave duration and strength, by measuring the dur-
ation and amplitude of the oscillation structure. This novel meth-
od was applied to the SSP collected on a thermistor string on the
continental shelf of the northern South China Sea. It was shown
that the first two orders of expansion coefficient captured enough
variability in the SSP to monitor internal waves and their time de-
rivative took higher absolute values during internal wave events.
The first two orders of expansion coefficient also provided the
double-oscillation structure as a good detector of internal solit-
ary waves, and each internal solitary wave can be straightfor-
wardly identified. As the duration and amplitude of the oscilla-
tion structure can be easily measurable, the wave duration and
strength were estimated. The internal wave was well identified,
thus verifying the validity of the method.

2 HNM method

In regions with frequent internal wave activity, the SSP of sea-
water possesses a prominent time-varying property. In accord-
ance with the cycle length, the SSP variation can be divided into
seasonal time variation at large time scale and time variation of
ocean dynamic activity at small time scale. The seasonal vari-
ation mainly affects the steady-state characteristics of the SSP,
such as layer depth and thickness, over a long time period,
whereas the mesoscale dynamic activity of the internal wave can
induce a change in the SSP within a short time, but has no effect
on the background steady-state properties of the SSP (Jensen et
al., 2011).

In this study, the set of HNMs was solved based on the back-
ground steady-state SSP. It is worth noting that the background
steady-state SSP is usually unknowable, the most common meth-
od is to use the average SSP to approximate the background SSP.
There are many techniques to reduce dependence on samples to
obtain the average SSP. Using the average cycle of fluctuations in
the SSP or the SSP at slack tide, the orthogonal basis could be
solved. Compared with the traditional EOFs method, this ap-
proach was less dependent on sample size.

After this, simple derivation was conducted for the HNM
method; for a detailed introduction, the reader is referred to Song
et al. (2014). Taking into account the disturbances caused by
ocean dynamic activity, the following formula can be derived:
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where w is the vertical velocity of a water particle, w is the fre-
quency, and N is the buoyancy frequency, which can be approx-
imately expressed as a gradient function of temperature T along
the vertical direction z:
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where o is the thermodynamic compressibility and g is the gravit-
ational acceleration. Assuming that the linear internal wave at
the measurement point is the principal factor in SSP disturb-
ances, w can be written as

w= Wei(kxerkyy—wt) ; (3)

where k, and k, are the horizontal wavenumbers in the x- and y-
directions, and Wis the amplitude. The motion equation of a wa-
ter particle under the linear internal wave is obtained by substi-
tuting Eq. (3) into Eq. (1) to yield:
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where k = /k2-+k? is the horizontal wavenumber of the intern-

al wave. At the sea surface and on the seabed, because w must
satisfy the boundary condition, that is, be equal to 0, the eigen-
function ¢; of the linear internal wave can be solved. Assuming
that the change in the eigenfunction with frequency can be ig-
nored (Song et al., 2014), Eq. (3) can be expressed as the modal
superposition of the linear internal wave as follows:

W= Z I/Vjijei(k{;x+k{,y—wt)7 (5)
j

where W, is the amplitude of the eigenfunction ¢; for mode j. If
the movement of the internal wave is regarded as adiabatic mo-
tion, then the temperature gradient and the vertical movement of
water particles are the main causes of variation in temperature
with time ¢, and the following formula is obtained:
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When Eq. (6) is substituted into Eq. (5), the result is
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Temperature is expressed as the disturbance variable AT

caused by the internal wave superposed over the seasonal

steady-state temperature profile T;. It can be approximately as-

sumed that:
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By integrating Eq. (7), the following can be obtained:
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where A=W,/iw. The temperature can be expressed as the super-
position of n-order normal modes:
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where the basis function is ¢,:

dT,
Up = EO Pn- (11)
The n-th coefficient B, is:
B, = Apexpli(kix+k)y — wt)]. (12)

The sound speed increases about 4 m/s for every 1°C rise in
seawater temperature, while every 1 rise in seawater salinity just
increase the sound speed about 1.14 m/s. In general, water tem-
perature is considered to dynamically vary with depth. On the
contrary, salinity remains relatively constant over ocean zones
(Lii et al., 2004). Therefore, the sound speed change caused by
salinity is much smaller than that caused by temperature in the
general case of shallow water. The SSP can also be expanded by
the set of orthogonal bases as follows:

(&

Ct)=Cotr[m M ] dfz , (13)
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where C, is the background SSP and can usually take on the value

of the average SSP. The expansion coefficient 7, can be obtained
by SSP inversion in practical application.

Based on the HNM method in Eq. (13), the orthogonal hydro-
dynamic basis can be obtained by simply measuring the temper-
ature and calculating the temperature gradient and the internal-
wave modes. Because the orthogonal basis is established on the
basis of the hydrodynamic equations of particles in the linear in-
ternal wave, it is the mode that represents the physical proper-
ties of the internal wave and naturally has a direct relationship
with the internal wave characteristics. When the orthogonal basis
is used, the results obtained in the SSP inversion will establish a
good relationship with the internal wave properties. In the exper-
iments described below, this process can be clearly seen.

3 Data processing

3.1 Experimental data

This research used a set of thermistor string data at location
(21°33'N, 117°21'E) on the continental shelf of the South China
Sea in spring of 2001. The measurement time extended from
12:00 on May 16 to 12:00 on May 19. The sampling interval was 1
min. The thermistor string was composed of 13 measurement
units at depths from 21.7 to 135.1 m, with an average vertical res-
olution of about 10 m. Because the deepest unit of the temperat-
ure series was close to the seabed, it can be assumed that its
depth was the depth of the sea at that point.

Figure 1 shows obvious linear internal wave and high-fre-
quency internal solitary wave activity. The deepest internal wave
can descend to about 120 m and almost reaches the seabed. The
thermocline covers the water body below 20 m.
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Fig. 1. Temperature data series obtained from 12:00 on May 16 to 12:00 on May 19.
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Figure 2 shows the background temperature profile and the emperatire alinity
average salinity profile. As proved in an earlier experiment (Song 0 15 20 » 30 033 036 342 348

et al., 2014), the average temperature profile can be used to ap-
proximate the background temperature and to calculate the
background SSP. The average temperature profile was mainly
calculated from the thermistor string data. Eleven CTD casts,
which were within 100 km of the thermistor string, performed
during the research period. As the thermistor string data were
just available between 21.7 and 135.1 m in depth, the average
temperature profiles were then extrapolated for the layer up to
the surface based on the CTD profiles. Because the average depth
of the mixing layer was about 13 m in the CTD measurement, the
average temperature profile from surface to 13 m was approxim-
ated to the average temperature of the mixing layer as measured
by the CTD. Form 13 m to 21.7 m, the average temperature pro-
file was obtained by cubic interpolation. The average salinity pro-
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Fig. 2. Background temperature and average salinity profiles.
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file was calculated from the CTD profiles. Salinity showed no ob-
vious change during measurement. Temperature still played a
decisive role in the SSP.

It is worth noting that the background temperature profile
outside the range of the thermistor string measurement may
have some deviation. The small numbers of the CTD casts are
difficult to represent the background temperature profile. Simil-
arly, the sea depth used (135.1 m) may result a certain error due
to temporal variations in depth. In the experiment, the intended
depth of deployment was 125 m, but the actual depth of deploy-
ment was 139 m. Strong tides were also observed at the time. The
small errors of water depth and temperature extrapolation may
lead to slight deviation of internal-wave mode in the depth near
the sea surface and bottom. For these reasons, the expansion and
reconstruction of the SSP in the following sections were both
based on the data within the range of the thermistor string meas-
urement. The SSP reconstruction results were able to prove that
the HNMs calculated from the background temperature are ef-
fective under the temperature extrapolation and depth assump-
tion used.

Qu Ke et al. Acta Oceanol. Sin., 2019, Vol. 38, No. 4, P. 183-189

SSP is calculated from the background temperature profile and
the average salinity profile. Based on the HNMs, the expansion
coefficients can be calculated. In practical application, the ex-
pansion coefficients are directly acquired by SSP inversion

Table 1 shows the root-mean-square errors (RMSE) between
restructured and real SSP for different orders. The results show
that the RMSE of the two methods were close. The RMSE of the
EOFs method was slightly smaller than that of the HNMs meth-
od. Comparing with the previous work of SSP reconstruction in
the continental shelf of the South China Sea (Shen et al., 1999), it
has been found that the first two orders of HNMs can provide a
reasonable precision. Because the method of internal wave mon-
itoring in this study is based on the expansion coefficients of the
first two modes, the first two orders of HNMs were selected for re-
construction. Figure 4 shows examples of representative SSPs re-
constructed by the first two orders. These suggests that the HNMs
can accurately describe the thermocline disturbance character-

3.2 Expansion of the sound speed profile

Using the background temperature profile in Fig. 2, the linear
internal-wave normal modes (LIWNMs) and the HNMs were cal-
culated, as shown in Figs 3a and b.

To illustrate the advantage of the HNM method for monitor-
ing internal waves, the expansion coefficients were calculated
directly. The sound speed ¢(z) as a function of the depth z is giv-
en by Medwin’s formula (Medwin, 1975):

(T, S,z) =1449.2+4.6T — 0.055T2+0.000 29T+

(1.34 — 0.01T)(S — 35)40.016z, (14)

where T'is the temperature and S is the salinity. The background
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Fig. 3. Eigenfunctions and HNMs of the linear internal wave.

Table 1. The root-mean-square errors (RMSE) between restructured and real SSP for different orders

1 order 2 orders 3 orders 4 orders 5 orders
The RMSE of the HNMs method/m-s™! 1.41 1.09 0.80 0.59 0.43
The RMSE of the EOFs method/m-s! 1.25 0.97 0.59 0.46 0.35
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Fig. 4. Reconstruction of the SSP. From left to right, the thermocline locates in the average position, is shifted up, and is shifted down.
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istics of the SSP at steady-state depth (Fig. 4a), with an upward
shift (Fig. 4b), and even with a drastic downward shift of the in-
ternal solitary wave (Fig. 4c). Hence, internal wave monitoring
was performed mainly using the expansion coefficients of the
first two orders of HNMs, as described below.

3.3 Internal wave monitoring

Unlike the traditional EOFs method, the HNMs are directly
obtained by differentiating the linear internal wave, and there-
fore it is easy to establish a relationship between the projection
coefficients and the vertical oscillation of the equal sound-speed
line in the internal wave activity. To illustrate the connection
between the projection coefficients and internal wave activity, a
six-hour period from 21:00 on May 18 to 03:00 on May 19 was se-
lected for analysis. Figure 5 shows that during the measurement
period, there was obvious sound speed disturbance resulting
from internal waves, particularly two internal solitary wave
series. The two internal solitary waves had larger amplitudes and
were followed by a period of downward small displacement of
isotherms. By comparing the variations over time in the first two
orders of expansion coefficient, a relationship between the amp-
litude variations of the expansion coefficient and the internal sol-
itary waves was found. In particular, the variation curve of the
first-order coefficient was almost consistent with the variation
curve of depth over time at a sound speed of 1 525 m/s. Physic-
ally, the first-order HNM represents the vertical oscillation of the
equal sound-speed line. The solid line in the SSP map in Fig. 5 is
very similar to A,. By calculating Pearson correlation coefficient,
it could be found that the difference between these two solid
lines came from the errors between the restructured and real
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SSP. The correlation coefficient between the real depth at the
sound speed 1 525 m/s and the value of the first-order coefficient
was 0.89, which means that these two sold lines were strongly
correlated. For the restructured SSP, the correlation coefficient
between the depth at the sound speed 1 525 m/s and the value of
the first-order coefficient was 0.98, the vertical oscillation of the
equal sound-speed line would be almost identical with the vari-
ation curve of the first-order coefficient. Figure 3 shows that the
first-order mode is mainly distributed in the range of 20-80 m
and is mainly caused by internal wave activity. When internal sol-
itary wave activity occurs, higher amplitudes for both the first-or-
der and second-order modes are observed.

As for the first two orders of expansion coefficient when in-
ternal solitary wave activity occurs, they both exhibit larger amp-
litudes. An evaluation method for the internal solitary wave is
further proposed here. First, the change rates of the first two or-
ders of coefficient with time are obtained by differentiating with
respect to time. When the internal solitary wave appears, there is
considerable oscillation in the amplitude of the thermocline.
Hence, a large-amplitude pulse waveform appears for the first-
order expansion coefficient. The amplitude of the derivative in-
creases rapidly and then decreases to a small amplitude after
reindexing. When the internal solitary wave occurs, the second-
order coefficient also shows a similar increase in amplitude, and
therefore its derivative will also exhibit a similar change pattern.
Through observation of the first two HNM mode orders, it can be
established that only when the projection coefficients have op-
posite sign can orthogonality be ensured. Therefore, the derivat-
ives should have opposite sign. Taking both these effects into ac-
count, when an internal solitary wave appears, the derivatives of
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Fig. 5. SSP and variations in the first-order and second-order expansion coefficients with time. In the SSP map, the black line shows

the depth variation with time at a sound speed of 1 525 m/s.
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the first-order and second-order coefficients with time will exhib-
it a similar oscillation structure, that is, increased amplitude, op-
posite sign, and decreased amplitude. Furthermore, the first-or-
der and second-order oscillation structures have opposite sign.
Here, this structure is defined as a double-oscillation structure.
Figure 6 shows the monitoring of the internal solitary wave
using the double-oscillation structure. When two internal solit-
ary waves with larger amplitudes appear, a double-oscillation

Qu Ke et al. Acta Oceanol. Sin.,
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structure arises. With the downward shift in the thermocline at
smaller amplitude, a shock structure with smaller amplitude can
also be observed.

In summary, by observing the time derivatives of the first-or-
der and second-order expansion coefficients, the internal solit-
ary wave can be monitored by the double-oscillation structure.
The duration and strength of this wave can also be monitored by
the duration and amplitude of this structure.
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Fig. 6. Evaluation of an internal solitary wave by the double-oscillation model.

4 Conclusions

In this study, the HNM method has been used as an ortho-
gonal basis to expand the SSP. Moreover, a measurement meth-
od based on the double-oscillation structure was proposed to ob-
serve internal solitary waves.

Similarly to the EOFs method, the orthogonal basis of the
HNMs can also describe SSP disturbances with a small number
of parameters. In the internal wave environment of the northern
South China Sea, the SSP can be accurately reconstructed using
two orders of coefficient. Although the HNM method was de-
rived based on the linear internal wave, due to the internal rela-
tionships of water particles, a definite connection between the
expansion coefficient and the internal wave, including internal
solitary waves, could be established. Based on the double-oscilla-
tion structure, internal solitary waves could be analyzed effect-
ively.

Overall, this proposed method could be interesting for acous-
tic monitoring of internal waves. It can be used in poorly known
or highly variable areas because the orthogonal basis used in the
novel method is less dependent on sample size than EOFs and
can provide a good description of SSP. In addition, the double-
oscillation structure is a conspicuous sign of an internal solitary

wave and therefor can be used as a simple and efficient internal
solitary wave detector. Because only the first two order coeffi-
cients are needed, the complexity of acoustic inversion is greatly
reduced. This method can be used to build an early-warning sys-
tem for internal solitary waves, to develop situation awareness for
undersea surveillance, and for other purposes.
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