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Abstract

The Equatorial Undercurrent (EUC) plays an important role in ocean circulation and global climate change. Near
the equator, as the Coriolis parameter goes to 0, equatorial currents cannot be described by geostrophy in which
the pressure gradient force term is balanced by the Coriolis force term. Many previous studies focus on the
relationships  between  the  EUC  and  El  Niño-Southern  Oscillation  (ENSO),  the  thermocline,  sea  surface
topography,  the distribution of  equatorial  wind stress and other atmosphere-ocean factors.  However,  little
attention has been paid to the northward pressure gradient (NGT), which may also be important to the EUC. The
pressure can be regarded as a complex nonlinear function of terms including temperature, salinity and density.
This study attempts to reveal the connection between a function of the northward pressure gradient (FNP) and
the EUC. The connection is derived from primitive equations, by simplifying the equations with using scaling
analysis, and shows that the beta effect may be the main reason why the FNP is important to the EUC. The vertical
structure of the EUC can be partially described by the FNP. The NGT has an obvious influence on the EUC while
the eastward pressure gradient has a relatively smaller effect.
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1  Introduction
The Equatorial Undercurrent (EUC) is the last major oceanic

current discovered by Cromwell, and is also known as Cromwell
Current. Although easterly winds blow over the equator, the EUC
is a strong and steady eastward flowing current and is closely re-
lated to the upper-ocean conditions (Wang and Müller, 2002;
Wang et al., 1993, 2009), the Indian Ocean dipole (Swapna and
Krishnan, 2008) and other atmosphere-ocean phenomena (Yu
and Mcphaden, 1999; Kessler, 2006; Constantin and Johnson,
2015; Holmes and Thomas, 2015; Zheng and Li, 2017; Zheng et
al., 2018a, b). However, there is no complete theory for under-
standing the EUC. With the development of observational tech-
nology and numerical simulations, increasing amounts of data
are available for research into the EUC (Brandt et al., 2014; Dren-
kard and Karnauskas, 2014; Izumo, 2005; Johns et al., 2014). The
characteristics of the EUC are much clearer, but there is no dia-
gnostic relation for the EUC, and it is still hard to explain the
mechanism that drives the EUC. Crawford (1982), Pedlosky
(1987), Pedlosky and Samelson (1989), Yin and Sarachik (1993)

and many other researchers have focused on theoretical meth-
ods to explain the EUC, in terms of the β-effect or potential vorticity.

Another approach is to use numerical methods or models,
such as oceanic general circulation models (OGCMs) (Qiu et al.,
2013), large-eddy simulation models (Pham et al., 2013), ocean
circulation and climate advanced model (OCCAM) (Hazeleger et
al., 2003), and hybrid coordinate ocean model (HYCOM) (Wang
et al., 2016). Most of these studies have focused on the temperat-
ure, eastward pressure gradient (EGT), relations with El Niño-
Southern Oscillation (ENSO), sea surface height, and so on, but
very few mentioned the NGT. The relationship between the func-
tion of the northward pressure gradient (FNP) and the EUC can
be derived from the primitive equations; this relationship is in es-
sence a balance between the pressure and the EUC. The relation-
ship may explain part of the EUC as the FNP is also affected by
the sea surface height, temperature and salinity.

Starting from the primitive equations, the relationship
between the FNP and the EUC is derived in Section 2 and the dia-
gnostic results based on the relationship are shown in Section 3.  
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Conclusions and a discussion are provided in Section 4.

2  Relationship between the FNP and EUC
We consider that the EUC is given by nonlinear partial differ-

ential equations (the primitive equations):
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where ρ is the sea water density; p is the sea water pressure; f is
the Coriolis parameter; AZ is vertical eddy diffusivity; AH is horizontal
eddy diffusivity; u and v are the zonal and meridional compon-
ents of the velocity vector; and ∆ is the two-dimensional Laplacian.
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¶As the Coriolis parameter becomes very small, going to 0 at

the equator, β  becomes large and reaches its maximum.

Near the equator, f ≈ βy (Pedlosky, 1987; Pedlosky and Samelson,
1989; Yin and Sarachik, 1993). In many studies, such as the pa-
pers listed in the references, it is assumed, both for diagnosing
potential vorticity and interpreting observations, that the zonal
velocity and meridional derivatives are specified. Such assump-
tions simplify the equations and make the structure of the EUC
clearer; however, they do not reveal the relationship between
pressure and the EUC. But the pressure is a very important factor,
it is an important force in the primitive equations and can be re-
garded as a response to the whole ocean environment. In this
context it seems obvious that the EGT is the main cause of the
EUC since the Coriolis force goes to 0 at the equator. However,
this idea may be not correct.

In the primitive equations, at the equator, the terms contain-
ing f will be neglected. However, there is another important
factor—β will be neglected with f. If we neglect this parameter or
focus on the potential vorticity, the relationship between the
pressure and the EUC may not be clear.

The hypotheses in this paper for the EUC are stated here: (1)
the EUC is eastward-flowing, with weak meridional flow; (2) near
the equator, as f→0, β→maximum: this means that the β-effect
cannot be neglected; and (3) at the equator, there is large variab-
ility in the sea surface temperature (Stewart, 2008), so we cannot
take the density as a constant.

These assumptions mean that although the Coriolis force
goes to 0 at the equator, the β-effect (Hughes, 1981) cannot be
neglected. The β-effect is very important for equatorial velocity
diagnosis (Sudre and Morrow, 2008), and in the primitive equa-
tions, if the Coriolis force term was initially neglected, we cannot
draw any conclusions about how the β-effect works in the EUC.

Differentiating Eqs (1) and (2) with respect to y, and substitut-
ing Eq. (3) into Eqs (1) and (2) gives:
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Substituting Eq. (4) into Eq. (5), and as this is at the equator,
we neglect the Coriolis parameter and high orders of differential
and nonlinear terms with respect to y:
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Equation (6) clearly shows that the EUC is related to the pres-
sure. In Eq. (6), both the EGT and the NGT contribute to the EUC.
After scaling, Eq. (6) can be simplified to
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to give the relationship between the FNP  and the

EUC. Throughout Eqs (1) to (7), the wind stress is not taken into
consideration. In Eq. (7), there is no dependence on the EGT. Is
that right? Back to Eq. (1), and taking the geostrophic approxima-
tion into consideration, anywhere except on the equator, the EGT
contributes to v; as the latitude decreases, the EGT is balanced by
wind stress and nonlinear and diffusion terms, which may make
the EGT do less work on the EUC directly.

In the tropical deep ocean, the equation of state for sea water
can be written as

½ = ½0 [1¡ ® (T¡ T0) + ° (S ¡ S 0)] ; (8) 

where ρ0 is the sea water density at the reference temperature T0

and the reference salinity S0; α is the thermal expansion coeffi-
cient; and γ is the salinity coefficient. At T0=20°C, α attains a value
of 2.5×10–4 °C–1, and γ is 8×10–4. Differentiating Eq. (7) with re-
spect to z:
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where g is the acceleration due to gravity; and q=lnρ. Substituting
Eq. (8) into Eq. (9), the relationship between the FNP and the
EUC can be translated into a relationship between the sea tem-
perature, sea salinity and the EUC, which gives information on
the effect of the thermocline on the EUC.

As some theories take the wind stress into consideration, the
control equation Eq. (7) can be extended to
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where the surface condition can be written in terms of the wind

stress .
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3  Numerical method and diagnostic results
In this section, using SODA (Carton and Giese, 2010; Drenk-

ard and Karnauskas, 2014; Sun et al., 2004) data sets, a diagnostic
experiment is setup for comparison. Because calculating u from
Eq. (7) requires calculating the difference operator twice, the
open boundary conditions (OBC) are more important in the ex-
periment, in order to maintain accuracy in the numerical
scheme. In Section 3.1, the numerical method is presented to
show that useful OBCs can be found; and the diagnostic current
velocity calculated from the temperature and density from the
SODA and comparison result with the SODA currents are shown
in Section 3.2.

3.1  Numerical method

Á 2 C n
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The diagnostic program includes the OBCs, whose formula-
tions are derived from Taylor’s theorem (TT). Suppose 
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where  is the model variable and  are the regional bound-

aries for the model. The OBCs can be written as
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¶On the basis of Eqs (11) and (12), the numerical solutions of a

1-D advection equation  were performed: one

with sine wave forcing at the left boundary and starting from a
zero initial condition (Fig. 1), another starting from a sine wave as
the initial condition but without forcing (Fig. 2). The results are
shown below:

The discrete equation in linear ocean currents diagnosis
scheme is the Sylvester equation which is very useful in oceanic-
atmospheric numerical technology. The OBCs can also be used
in diagnosing currents (Chen et al., 2017) in the ocean (Fig. 3; in
this experiment, the bottom layer is the vertical boundary, and
the geographic bounding coordinates are 6.25°–30.25°S,
80.25°–97.75°E); the results show that useful OBCs can be found
in this study.

3.2  Diagnostic results and comparison
In this section, we will compare the diagnostic results (ud)

with the SODA data (uS) by calculating the correlation coefficient
(CC, r) between them from Eq. (13):
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where the subscript i indicates the spatial grid index (or the tem-
poral index for the set from January 1978 to December 2008) in
the tropical Pacific Ocean (140°–180°E) from the surface to 300 m
depth; σ is the standard deviation for the velocity by the same
subscript. All calculation results have been tested for signific-
ance.

On the basis of the SODA data and Eq. (7), the EUC was calcu-

160
a

u
2
/m

2
·s

-
2

120

80

40

0

0 1 2 3 4

Time/ks

5 6 7 8 9 10

second numerical model first numerical model

b
2.5

2.0

1.5

1.0

0.5

0 50 100 150 200 250 300 350 400

0

u
/m

·s
-
1

-0.5

c

0 1 2 3 4 5 6 7 8 9 10

first numerical model
Length/m

Time/ks

the color of each line represents the time of each wave (0 → 10 ks)

second numerical model

 

Fig. 1.   The numerical results for the nonlinear 1-D advection equation. a. Time variation of the total energy, the black line is for the
second numerical model, and the red line for the first numerical model; b. time evolution of the shape of the wave, the dashed line at
200 m is the boundary of the first model, but the middle of the second model. The color of each line represents the time of each wave
as shown in the Fig. 1c, as the upper set of colors for the first model, and the lower set for the second model.
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lated in this section. At first, taking these data sets (SODA_2.2.4_
200001 and SODA_2.2.4_200007) as examples, the calculation
area was the tropical Pacific Ocean. The diagnosed results of Eq.
(7) are shown in Figs 4 and 5. All experiments include the data
sets from January/1978 to December/2008 (Figs 6 and 7).

The CC between the FNP and the EUC in Figs 4 and 5 are
about 0.881 3 and 0.832 5, respectively. Figures 4 and 5 show that
the basic features of the EUC are retained in the diagnosed res-
ults: in Fig. 4, both the diagnosis and the SODA have two areas
with eastward currents and three centers with maximum velocity
in about the same position. Within the range of about 165°–172°E
at a depth of about 150 m, both currents are westward. In Fig. 5,
the velocities below 50 m are weak at 169°E in both diagnosis and
SODA. In both cases, the diagnosed results retain the same basic
features of the EUC as the SODA data sets.

The FNP is not independent of other processes; the pressure
is a linear integral function of density, but the density is a com-
plex nonlinear function of the pressure (or depth approximately),

the sea temperature, and the salinity. So, we compared the EUC
with the FNP, sea temperature, salinity, and the EGT, as all these
factors are important in driving oceanic motion. In this study, we
do not use output from any ocean models, such as HYCOM, so
the influence of the wind stress on the EUC is difficult to evaluate
as SODA only provides monthly wind stress data; the temporal
resolution may be insufficient. The results of this comparison
(the range of the SODA and the diagnostic results are same) in
the experiments are shown in Fig. 6.

Figure 6 shows that the FNP is more closely associated with
the EUC than are the temperature, the salinity, or the EGT. This
result means that the EUC is a large-scale process; the β-effect is
also important in this process. In some theories, the EUC may be
driven by the EGT as a consequence of the sea surface topo-
graphy being higher in the west of the Pacific Ocean, which
causes the EGT along the equator. From Eq. (7), we find that
there is no EGT term driving the zonal flow, only the FNP term.
By comparing the diagnosed results and an analysis of the deriv-
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Fig. 2.   The numerical results for the nonlinear 1-D advection equation. a. Time variation of the total energy, b. time evolution of the
shape of the wave, and the color of each line represents the time of each wave as shown in Fig. 2c.
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Fig. 3.   The comparison between the diagnosed currents and SODA currents.
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ing process, we find that the β-effect may be the main reason that

the FNP is the only factor in Eq. (7).

From Eq. (7), a linear relationship between the FNP and the

EUC can be written as
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relation is  in all the data sets used in this

study. In the area of eastward flow, the CCs and the regression

coefficients for each grid point are presented in Fig. 7. Figure 7

shows that for the equatorial Pacific Ocean, the EUC is approxim-

ately equal to the FNP except in the western equatorial Pacific

Ocean: west of about 143°E and below 150 m. The mean of the re-
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Fig. 4.   Zonal velocity (m/s). a. Diagnosed result, and b. SODA_2.2.4_200001. u < 0 dashed contours, u = 0 thick solid contours, u > 0
solid contours; the contour interval is 0.2 m/s.
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Fig. 5.   Zonal velocity (m/s). a Diagnosed result, and b. SODA_2.2.4_200007. The contour lines are the same as in Fig. 4.
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gression coefficient (b in Eq. (14)) is about 0.07, and the maxim-
um absolute value of the regression coefficient (b in Eq. (14)) is
less than 0.22. So, this relation is reliable.

4  Discussion and conclusions
Starting from the primitive equations, we have derived a rela-

tionship between the FNP and the EUC. With the numerical
methods in Section 2, a method has been developed calculating
the EUC. The results show that the FNP is closely associated with

the EUC.
In essence, the relationship (Eq. (7)) is a balance between the

pressure and the EUC. The FNP is not independent of other pro-
cesses; the pressure is a linear integral function of density, but
the density is a very complex nonlinear function of pressure (or
depth approximately), sea temperature, and salinity. Many stud-
ies have considered the relationships between the sea surface
height, the thermocline, the wind stress and other factors, such
as the balance between a zonal wind stress and a depth-integ-
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results.
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Fig. 7.   Results of the comparison. a. The CC between the diagnosed results and the EUC in the SODA at each grid point, the CC is less
than 0.8 dashed; b. the regression coefficient a in Eq. (14) in each grid, the regression coefficient a is less than 0.8 and greater than 1.2
dashed.
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u = ¡ 1
¯y

(p=½)
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rated zonal pressure gradient (Yu and McPhaden, 1999), and the
relationship between the wind stress and the EUC (Constantin
and Johnson, 2015). For the equations controlling equatorial mo-
tion, the Coriolis force is replaced by βy (Hughes, 1981), and the

zonal geostrophic balance was given as . But

this function is an approximation to the relationship between the
NGT and the EUC.

Figures 6 and 7 show that the FNP is highly correlated with
the EUC, which indicates that the meridional differences of the
temperature and the salinity are very important to the EUC. The
FNP not only has an important influence on the EUC, but is also a
response to the meridional difference of the primary factors
(temperature, salinity, density and pressure). The distributions of
the primary factor are influenced by the wind stress, solar radi-
ation, and evaporation; all these meridional property differences
have an impact on the EUC.

The relationship between the FNP and the EUC shows that
the FNP may be more important than the EGT or other atmo-
sphere-ocean factors to the EUC, as the FNP includes informa-
tion on the temperature, the salinity, the thermocline, the depth
and other factors that may be the density and the pressure. The
FNP also represents the meridional differences of the temperat-
ure and the salinity, as the density and the pressure are calcu-
lated from both these properties. Because the FNP also includes
information from the zonal differences of the temperature and
the salinity, this relationship can also be used to study how the
thermocline affects the EUC even when tendency terms are in-
cluded.
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