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Abstract

Although the complex Wishart distribution has been widely used to analyze the statistic properties of quad-pol
SAR spatial data, the applicability of this complex distribution to the time series of sea clutter is rarely discussed.
The measured data of the quad-pol X-band marine radar demonstrate that the time series of the sea echoes are
also satisfied the circular Gaussian distributions if the low intensity signals, which are mainly dominated by a
radar noise, in the shadow regions of the large-scale waves are removed. On the basis of this fact, the probability
density functions (PDFs) of the intensity as well as the phase, the real and the imaginary parts of the sea echoes
obtained by the marine radar have been derived, and the theoretical models are all expressed in closed forms. In
order to validate the theoretical results, the PDFs are compared with the experimental data collected by the
McMaster IPIX radar. And the comparisons show that the PDF models are in good agreement with the

experimental data.
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1 Introduction

The statistical characterizations of the radar clutter scattered
from the sea surface have always attracted many researchers’ at-
tention due to the importance for radar signal processing, espe-
cially the detection of targets (Kuttikkad and Chellappa, 1994;
Vachon et al., 1997; Brusch et al., 2011). The complicated sea
state has a significant impact on scattering properties, and the
backscattered sea echoes always have spikier noise that would
increase the false alarm rate in a target detection algorithm. In re-
cent years, the X-band marine radar which is usually mounted at
the top of a ship or on the seacoast has been widely used to de-
tect ocean targets and ocean waves (Lee et al., 1995; Greco et al.,
2004; Hwang et al., 2008; Johnson et al., 2009; Cui et al., 2010;
Wang et al., 2015). Therefore, in order to improve the target de-
tection algorithm (Posner, 2002), it is necessary to analyze the sea
clutter statistically. The earlier researches were mainly focused
on the statistic properties of scattering intensity (Farina et al.,
1986; Conte et al., 1991). In the most recent two years, the statist-
ical properties of sea cluster time-series have also been investig-
ated (Yang et al., 2017; Zhu et al., 2017). Yang et al. (2017) found
that the amplitude of the sea clutter and the phase difference
between HH and VH channels could respectively satisfy log-nor-
mal and Gaussian distributions well. However, there is a flaw in
this work because of the wrong solution of the phase difference.
Zhu et al. (2017) presented the statistical properties of the sea
clutter obtained by a Ka-band coherent radar. And the assess-
ments of the suitability of the different theoretical distributions,

such as K, Weibull, Pareto, and compound inverse Gaussian
(CIG) distributions, to the sea clutter amplitude probability dens-
ity functions (PDFs) were discussed. For the Ka-band coherent
radar, the fitted results reveal that these three distributions sim-
ultaneously provide good fits to the data in most range cells for
the different radar channels. Recently, with the development of
the polarimetric SAR technology, the statistical analysis of polar-
ization parameters has also been studied utilizing the polarimet-
ric synthetic aperture radar (SAR) data. In the earlier works (Lee
etal., 1994a, b), based on the complex Wishart distribution the-
ory, the PDFs of the intensity and phase difference between dif-
ferent polarimetric channels had been derived and the theoretic-
al results were compared with pol-SAR data. Up to now, however,
less effort has been made to research the polarization features of
the sea clutter time-series using the Wishart distribution model.
Just as discussed in Goodman (1963), in order to research the
statistical properties of the polarimetric radar signals by the com-
plex Wishart distribution model, the circular Gaussian assump-
tion (i.e., the real and imaginary parts of each radar channels are
both random Gaussian variables) should be satisfied. Fortu-
nately, the polarimetric data acquired by the McMaster IPIX
radar (Farina et al., 1997) show that the sea clutter time series at
grazing angles also satisfy the circular Gaussian distributions. On
the basis of this fact, in the present work, the PDFs of the intens-
ity and phase difference as well as the real and imaginary parts of
the elements in a covariance matrix have been derived. The com-
parisons with the experimental data show that the shadow of
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large-scale wave will cause significant effect on the statistical
properties of the IPIX radar signals. However, if we remove the
low intensity signals in the shadow regions, the remainder sig-
nals can fit the theoretical distribution well. Furthermore, the in-
fluences of the inhomogeneity of the sea clutter on the PDFs are
also discussed in detail. The remaining of this paper is organized
as follows: the analysis of the polarimetric sea clutter sequences
acquired by the McMaster IPIX Radar is carried out in Section 2,
the theoretical PDFs are derived in Section 3, and the comparis-
ons with the measurements and the conclusions are shown in
Sections 4 and 5, respectively.

2 Data analysis

In this work, the time series of the sea echoes acquired by the
McMaster IPIX radar are analyzed. The radar frequency and the
pulse repetition frequency (PRF) are 9.39 GHz and 1 kHz, re-
spectively. As an example, the intensity of the 17th data
(19931107_135603_starea.cdf) is shown in Fig. 1. Along a range
direction, there are 14 resolution cells which ranged from 2 574 to
2769 m. Along the time axis, the sampling frequency of the radar
is 1 kHz. The 8th to 11th cells are the range bins including targets
and the other range cells are corresponding to the sea clutter.
The warmer color (red) stripes denote the high scattering sea
areas where were illuminated by a radar beam. On the contrary,
the cooler color (blue) stripes denote the scattering from the
shadow regions where the intensity of the scattering fields is ob-
viously lower and mainly dominated by the radar noise (Fig. 2a).
Therefore, in order to analyze the statistical properties of the
scattering echoes from the sea surface, the pseudo signals in the
shadow regions should be removed. Without loss of generality,
the short-time normalized Doppler spectrum of the sea clutter
from the second range cell is shown in Fig. 2b. In Figs 2a and b,
the possible shadow regions are labeled by symbols S1 to S14. It
is well known that the Doppler spectrum of the sea clutter always
has a spectral peak around the mean Doppler frequency. Never-
theless, the powers of the radar signals in the possible shadow re-
gions are spread over a wide frequency region because the phase
differences of the radar noises are randomly distributed in a
range of [-m, n]. In Fig. 3, the spectra of the signals from the illu-
minated and shadow regions are shown. From this figure, we can
find that the powers of the scattering fields from the illuminated
regions are concentrated around the mean Doppler shift. Thus,
the sea clutter can be distinguished from the radar noise by the
properties of the Doppler spectrum. Here, we defined a paramet-
er Ras
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Fig. 1. The range-time distribution of intensity for HH polariza-
tion sea clutter.
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Fig. 2. The intensity (a), the normalized short-time spectrum of
the sea clutter time series backscattered from the second range
cell (b) and the value of the parameter R (c).
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where P(f) is the Doppler spectrum of the radar signals, and S(#)
denotes the actual scattering field, and the time length of S() is
setto 0.2s,i.e,, T=0.2s.In Eq. (1), the Doppler shift f;, and the
band width Afcan be expressed as

500 500

fo= [ PUDRY /[ PUPY. G
and
Af:J [ =LY PO L [P @

The parameter R reflects the degree of the concentration of
the echo power. And more concentrated the echo power, the
greater the value of the parameter R. Just as shown in Fig. 3c, in
the illuminated regions, the evaluated mean value of the para-
meter R is above 0.9. However, the mean value of the parameter
R in the shadowed regions labeled by symbols S1 to S14 is only
0.29. Thus, the parameter R can be used as an indicator to distin-
guish the actual sea clutter from the radar noise. Here, a simple
threshold of R is set to be 0.3. Then, we have

S;q =S,, when R>0.3 and S:q =S,, when R<0.3, 3)
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Fig. 3. The mean spectra intensity of the signals from the illu-
minated and shadowed regions.

where S is the raw data acquired by radar. S; and S’ denote

the actual sea echo and the noise of radar system, respectively.

In order to study the statistical properties of the polarimetric
radar signals by the complex Wishart distribution model, the cir-
cular Gaussian assumption (Goodman, 1963), i.e., the following
conditions, should be satisfied

(s, . =08, [0, (6)
52,82, 050, @

5:, S B8, S0, 0 ®)
08,,.. S, = - 08, .S, .0 )

where the symbol [4[is an averaging operator. S’

~..and S . de-
note the real and imaginary parts of the actual sea echoes. To
verify this assumption, the estimated values from the copolar-
ized actual sea clutter from the second range cell are displayed in
Table 1. And the estimated values demonstrate that the actual
sea clutters obtained by the IPIX radar satisfy the circular Gaussi-
an assumption well.

To further verify the circular Gaussian assumption, the para-
meters skewness and kurtosis are also introduced in this work.
These two parameters (Conte et al., 2004) are defined as follows:

B (10

_ <(x—u)4>2 .
(=)

where x is the real or imaginary part of the scattering field; and
u =[k[, denotes the mean value. The skewness and the kurtosis

rA

, (11

are usually adopted to measure the asymmetry and tailedness of
a stochastic process. If a stochastic process satisfies the Gaussian
distribution, parameters r; and r, are both equal to 0. As an ex-
ample, the histograms of the real and imaginary parts of the HH-
polarized clutters scattered form the second range cell are shown
in Fig. 4. Meanwhile, the values of the skewness and the kurtosis
are also estimated. From Figs 4a and b, it is found that the coefti-
cients of the skewness and the kurtosis estimated by the actual

s

sea clutter ( S}, ) are both small and the Gaussian distribution
model can fit the histograms well. However, just as expected, the
skewness and kurtosis evaluated by the raw data (Sy;;) are relat-
ively larger and the histograms in Figs 4c and d do not satisfy the
Gaussian distributions. Here, it should be pointed out that the
same conclusions can also be obtained for the data of the other
three polarization channels.

From what has been discussed above, it is concluded that the
real and imaginary parts of the actual sea clutter satisfy the Gaus-
sian distribution approximately. Thus, for the actual sea clutters,
the circular Gaussian assumption is reasonable and the statistic-
al properties could be analyzed by the complex Wishart distribu-
tion model.

3 Statistical model
The scattering matrix S of the acquired by the quad-pol
radar can be written as

5., @) S, (0

S =
D=5, s, (12

where S, (), S,,(#), S,,(¢) and S, (¢) denote the time-series
of different polarization channels. Defining a bivariate vector
i as

. 5,0
u(t)=p™ 13
ENOE -
Then, the n-look covariance matrix is defined as
1&
Z(r)=72u(tk)u(tk) (k=1,2,-,n), (14)
ni=

where 7=, -t , and the superscript *T denotes complex con-
jugate transpose.
Supposing the real and imaginary parts of the complex ele-

Table 1. The estimated values of the parameters mentioned in Eqs (6)-(9)

Parameters Estimated values Parameters Estimated values
(St 1) 0.0141 ) 0.026 6
(St St ) 0.1198 (S3v.iStv. 1) 0.0523
(St eS¥v. ) 2.3638 (St 1S3y, 1) 24718
-0.9151 1.092 4

<Si{H. SV, i>

<SIS-IHA, iSvv, r>
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Fig. 4. The histograms of the real (left) and imaginary (right) parts of the sea clutter data. The above and below patterns correspond to

the real sea clutter Sf;; and the raw data Sy, respectively.

ments of scattering matrix are both satisfying circular Gaussian
distribution (Goodman, 1985), based on the complex Wishart
distribution model, the distribution of the n-look covariance

matrix Z(7) is derived as

n=-m+1

Z

" exp E—ntr(C"Z)E, is)
K(n, m)‘C

n

P (2)=

1
where tr(+) denotes the trace of C™'Z ; K(n, m):rrzm(m l]F(n)

I' (n - m + 1), mis the dimension of vector % , and () denotes
the Gamma function; and Cis the complex covariance matrix
and it can be written as

0,008,008

O r
¢=maey =0 B :
s, (' 0

3., (1S, (00

For the case of m=1and 7=0, using Eq. (15), the one-di-
mensional n-look intensity distribution can be simplified as

n" ‘Z“

" exp Bn(z,/C,)H

P (2.)= e
11

an

For the case of m=2 , if we set A=nZ and ¢'=t+71, using
Eqgs (13) and (14), it is obtained that
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C:D 11 11 zz‘p‘e D

chllczz ‘p‘eij; sz E

(18)

4 04, ae’0d 19)
=d B}
e A, Q

where C, =(S, (t+7)S,,(t+7)) ; C,, =(S,,()S., (1)) ; aeit=A,,=

A,, +jA,, ,and @=Arg &SN (t, + T)Suv(tk)ﬁdenotes the phase

difference; the normalized>cross—complex correlation coefficient
pis
B8, (t+7)S,, ()0

Pq
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Substituting Eqs (18) and (19) into Eq. (15), the joint probabil-
ity density function of A,,, A,,, 4,,, and A,,, is obtained that

227 12R 121
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Because the covariance matrix A is positive-definite, the in-

tegration domain is constrained by (4,,4,, —A?%,, —A?,,)>0 . Thus,

The PDF P(A,,,, 4,,,) can be obtained by

12R
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Then integrating Eq. (22) respectto A, and A,, , after a tedi-
ous but direct mathematical derivation, we can obtain that
n-1
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where K, _, is the second kind modified Bessel function of n - 1

order. Because A = nZ, the joint PDF of Z,,; and Z,,; can be ob-
tained directly by the identity P(Z,,,, Z,,,)dZ,,,dZ,, = P(A,,x, 4,
dA 1,rdA 121 @s
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Then integrating Eq. (24) with respect to Z,,, yields
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Applying an integration identity from Gradshteyn and Ryzhik

(2007), Eq. (25) can be simplified as
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In the same way, integrating Eq. (24) over Z,,, , the PDF of the

and the parameter a =

parameter Z,,, is derived as
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Using the identities P( =l

9)d|2,.|dg=P (2., 2.,,)d7,,,42
and dz,,,dZ,,, = |Z,|d|Z,|de, the polar form of Eq. (24) is ob-

tained as
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Then integrating Eq. (28) over |Z,,| (or @), the PDF of the

(28)

phase difference ¢ (or the intensity|Z,, | ) is obtained as
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where ﬂ:\p\cos(¢—q;) ; and F(n, 1;1/2; ,6’2) is a Gauss hyper-

(30)

-1

geometric function. Forn =1, F(l, 1;,1/2; ﬁ’z)z(l—ﬁz)

[1 + [j;%gl I, represents the 0-order modified Bessel func-
tion of the first kind.
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4 Comparisons of theoretical PDFs with measurements

In Fig. 5, the statistics of the phase differences are estimated
from the actual sea clutter data obtained by different radar chan-
nels. In the left graphs, the theoretical results (dash lines) evalu-
ated by Eq. (29) are compared with the measurements (solid
lines). From Fig. 5, we can find that the theoretical contour lines
have the same shapes with the measurements in spite of the
small deviation. For the same time lag, the measured phase dif-
ference is slightly lower than the theoretical results evaluated by
Eq. (29). This deviation between the theoretical result and the
measurement is mainly caused by the inhomogeneity of the actu-
al sea clutter. Because the correlation defined by Eq. (20) aver-

ages over all the valid sea clutter, the correlation coefficient |p|
and the mean phase difference @ would be dominated by the
signals whose intensity is higher. Therefore, in order to eliminate
the impact of the inhomogeneity of the sea clutter, instead of Eq.
(20), the correlation function average over a short-time interval is

used to estimate |p| and ¢ (Chapman et al., 1994). The short-

time correlation function is defined as

p’(f)=\/<

(8, (t+)S2 ()],

sueof ) of )

(€D

o Syy(t +1)SW(0) a

St +1)Siu() b
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o/rad o/rad
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Fig. 5. The contour lines of the theoretical (dash) and measured (solid) phase difference distributions. In the theoretical models, |p|
and ¢ are evaluated by Eq. (20) (Figs 5a-f) and Eq. (31) (Figs 5g-1), respectively.
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where (- >T denotes average overtime interval T. In the present
work, the time interval T is set to 0.1 s. Substituting || and

@ evaluated by Eq. (31) into Eq. (29), the theoretical model of the
phase difference should become more reasonable. From the right
graphs of Fig. 5, we can find that the theoretical model is some-

what improved. For the time series (such as S, (¢+7)S, (1),
Sy, (t+1)S5, (1), S5, (¢+1)S;, (D), S;

VH VH HV

(t+7)S;, (¢) ) obtained by a
radar channel, just as expected, there are no phase differences at
time lag 7=0 . However, with the increase of the time lag, the ab-
solute values of the mean phase differences (i.e., the phase differ-
ences at the peaks of the PDFs) are linearly increased. Here, the
mean phase differences are negative because the waves propag-
ated far away from the radar. Of course, if the waves propagated
toward the radar, the mean phase differences would be positive.
Form the figures it is also found that the PDFs are also broadened
with the time lag, and in the limit of long lag time the scattered
field would de-correlate and the phase differences would be uni-
formly distributed between - mand 1. From Fig. 5, we can find
that the limit decorrelation time lag is about 20 ms for X-band
radar.

It is well known that for the backscattered fields the reci-

procity theorem is satisfied, i.e., S, (t)=S;, (¢) . Thus, at the time

VH
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lag 7=0 s, the equation argf,, (t)Si'H(t)EFO should be true.
However, the PDFs in Figs 5i and j show that at a time lag of 0 ms
the mean phase difference between §;,(¢) and S;, (¢) is not

equal to 0 and the value of it is about 0.65 rad. The deviation with
the reciprocity theorem is probably caused by the original phase
difference between the horizontal and vertical polarized pulses.

Of course, from the mean phase difference between S;, (¢) and

S., (t) in Figs 5g and h, the original phase difference between the
horizontal and vertical polarized pulses can also be found. On
the basis of the Bragg theory, there will no phase differences
between S,

results shown in Figs 5i and j, at a time lag of 0 ms the mean

and S;, at the time lag 7=0 s. However, just as the

s
vV

phase difference between S;,, and S;, is also about 0.65 rad. In

this work, the distributions of the phase differences between the
co- and cross-polarization channels are also discussed. However,
for the sake of saving space, only the distributions of the phase
differences between S;,, and S, are presented in Figs 5k to .
Just as we expected, the co- and cross-polarization channels are
uncorrelated with each other, and then the phase differences
between co- and cross- polarization channels are almost uni-
formly distributed in the interval from -t to TT.
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Fig. 6. The PDFs of the intensities in the complex covariance matrix.

The distributions of the intensities of the elements in the
complex covariance matrix are shown in Fig. 6. The theoretic PD-
Fs are simulated by Eq. (30). As shown in the figures, the theoret-
ical PDFs fit the measured data well. On the other hand, we can
also find that the curves in Fig. 6 just like the negative exponen-
tial distributions. This conclusion is consistent with the theoretic
result obtained in Lee et al. (19944, b).

The theoretical PDFs of the real and imaginary parts of the
elements in the complex covariance matrix are illustrated in Fig.
7. Here, the value of the time lag 7 is set to 0. In Figs 7a-h, from
the distributions between the co- and the cross- polarizations
channels it is found that whether the distributions of real parts or
the distributions of imaginary parts are all symmetric around 0.

This symmetry is due to the fact that the phase differences
between co- and cross-polarization channels are almost uni-
formly distributed in the interval from - mto 1. However, the
distributions in Figs 7i-1 are not symmetric around 0. The curves
in Figs 7i-1 show that the real and the imaginary parts of

S (0S5, (1) and S,

HV

(t)S:., (t) are mostly greater than 0. This

VH

paradoxical phenomenon is mainly induced by the original
phase difference between the horizontal and vertical polarized
channels of the IPIX radar. Just as shown in Fig. 5, this original
phase difference is about 0.65 rad. Here, we should point out
that, in view of the limited space, the comparisons between the
theoretical results and the measurements for the case of 7#0 are
not shown in this paper.
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Fig. 7. The theoretical PDFs of the real and imaginary parts of the elements in the complex covariance matrix. The dashed line and
the circles correspond to the theoretical and measurement results, respectively.

5 Conclusions

The statistical characterizations of the pol-radar signals
backscattered from the sea surface have been investigated. The
probability density distribution functions of the intensity, the
phase difference, the real and imaginary parts of the elements in
the covariance matrix have been derived theoretically. The res-
ults presented in this work demonstrate that the shadow of the
large-scale waves will cause remarkable influence on the statistic
properties of the echoes backscattered from the sea surface at
low grazing angles. In the shadow regions of large-scale waves,
the echoes are mainly dominated by the noise of the radar sys-
tem. Just as expected, the theoretical models can fit the measure-
ments well if we remove the echoes from the shadow regions. On
the other hand, the results also show that the inhomogeneity of

the real sea clutter will also cause somewhat effect on the statist-
ic properties. The accuracy of the theoretical models can be im-
proved slightly if we evaluate the correlation coefficient and the
mean phase difference by the short-time normalized correlation
function.

In this work, the real sea clutter and the noise of the radar sys-
tem are simply separated by a plausible threshold value.
However, how to strictly judge where are the shadow regions
should be further investigated.
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