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Advancements in dynamic modeling methods of robotic manipulator are critical to the effective implementation of model-based
control. Traditional approaches rely on rigorous first-principles-based dynamic modeling and precise parameter identification,
while this paper explores an alternative through data-driven model reconstruction. To tackle the curse of dimensionality in the
model reconstruction of a serial robotic manipulator with multi-degree-of-freedom, a relative activation indicator is proposed.
Based on this indicator, the k-means clustering algorithm is utilized to classify the data under different working conditions. Sub-
sequently, we leverage the fundamental prior knowledge to find the dynamical characteristics of each cluster and reconstruct the
dynamic model in a stepwise manner using the method of sparse identification of nonlinear dynamics (SINDy). For the library
generation of SINDy, the strategy of double-feature-set for serial manipulators with common joint types is proposed. Simula-
tion results show that the stepwise model reconstruction approach not only reduces the size of the library of candidate functions
but also decreases the impact of data noise on the reconstruction results. Finally, controllers based on the reconstructed mod-
els are deployed on the experimental platform and the experimental results demonstrate the improvement in trajectory tracking
performance and the potential of the proposed method in engineering applications.
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1. Introduction

At present, serial robotic manipulators have been widely ap-
plied in various industrial fields, where the demands for high
speed and precision have placed stringent standards on the
control performance of such manipulators [1,2]. Extensive
research on robots has underscored the crucial significance
of dynamics in guiding the design of model-based control
laws, thereby improving control performance [3-5]. Reliable
dynamic models can effectively leverage the advantages of
model-based control whereas inaccurate models limit the ap-
plication of model-based control methods to industrial serial
manipulators.

*Corresponding author. E-mail address: zhangshu@tongji.edu.cn (Shu Zhang)
Executive Editor: Yanqing Wang

In the traditional approach, obtaining a reliable dynamic
model for a serial manipulator involves two main steps: dy-
namic modeling by means of first-principles and parame-
ter identification based on the developed model. For multi-
degree-of-freedom (multi-DoF) serial manipulators, the pro-
cess of first-principles modeling requires expertise and in-
evitably involves ideal assumptions. Some factors present
in serial manipulators, such as joint friction and nonlinearity
with respect to control variables, greatly challenge the pro-
cess of accurate modeling [6, 7]. Additionally, dynamic pa-
rameters of many robotic manipulators cannot be accurately
provided and are difficult to measure directly, so a reliable
dynamic model requires the identification of a bunch of pa-
rameters such as geometry, mass, rotational inertia, friction
coefficient, etc [8-10]. On the basis of the dynamic model
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formulated by first-principles, many cases have successfully
identified the dynamic parameters of robotic manipulators by
designing optimized excitation trajectory and then estimating
the parameters with least squares method [11-13]. However,
the parameter identification process still relies on the formu-
lated model [14], whose precision bounds the overall accu-
racy of theoretical prediction on dynamics [15]. In contrast,
data-driven model reconstruction formulizes the dynamic be-
havior of the manipulator based on data rather than first-
principles, avoiding the ideal assumptions as well as math-
ematical derivation and parameter identification in modeling
process [16-18], and has received widespread attention in re-
cent years.

Data-driven modeling approaches are generally classified
into two categories in accordance with the form of the es-
tablished models, i.e., machine learning methods leading to
black-box models and symbolic regression methods leading
to white-box analytical models [19-21]. The former have
powerful fitting capabilities to handle complex nonlinear re-
lationships in modeling robotic manipulators. However, the
inherent black-box properties prevent the machine learning
methods from providing a tangible physical perspective on
the established models [22-24]. In contrast, the latter seeks to
obtain an analytic model with physical interpretability, facil-
itating further theoretical analysis and model-based control
evaluation [25]. For example, genetic programming (GP), as
a symbolic optimization technique, enables the regression of
symbolic models for nonlinear systems from data [26, 27].
Currently, GP-based symbolic regression methods have been
successfully applied in various studies involving robotic ma-
nipulators, such as finding closed-form solutions for inverse
kinematics [28], reconstructing the dynamic model [29], and
designing the controllers [30]. However, the gradient-free
learning process of GP poses often results in code bloat along
with bizarrely complicated terms (e.g., sin (sin (sin x)) [29]),
hence prevents establishing a mathematically concise and
physically meaningful model.

Sparse identification of nonlinear dynamics (SINDy) [31]
is also an effective symbolic regression method of find-
ing governing equations of dynamics of nonlinear systems.
Sparse identification has been successfully applied in find-
ing the variational law [32] and the Lagrangian from learned
energy [33] hidden in physical systems, and reconstructing
Jacobian matrix [34] and gravity term [35] of robotic manip-
ulators. The core of SINDy lies in the integration of domain
knowledge so as to construct a suitable library of candidate
functions that serves to adequately describe the dynamic be-
havior of the system, ending up with a favorable model when
the symbolic form of the target model is relatively concise.
However, SINDy also suffers from excessively large library
of candidate functions when dealing with high-dimensional
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nonlinear systems. Optimization methods such as SINDy-PI
[36] have been proposed to tackle such issues. For instance,
SINDy-PI has been successfully used for the library reduc-
tion in SINDy-based modeling of serial manipulators [37].
However, the number of DoF for the serial robotic manipula-
tors addressed in Ref. [37] is stuck at two and consequently
the main obstacle of applying SINDy is still not bypassed.

Data clustering, an unsupervised learning method facili-
tating grouping based on similarity or correlation in data, has
been widely applied in data analysis, pattern recognition, and
information processing [38-40]. Recently, researchers have
recognized the potential of employing clustering algorithms
in applications of symbolic regression. For example, Fernex
et al. [41] introduced a cluster-based network method for
data-driven modeling of complex nonlinear dynamics from
time-resolved snapshot data. Additionally, Bramburger et al.
[42] identified the slow timescale characteristics of a system
with multiple timescales using clustering techniques and ex-
tracted the slow timescale dynamics via SINDy. Combined
with unsupervised clustering techniques, the partition of cer-
tain library of candidate functions according to data features
which arise from various working conditions may reduce the
complexity of reconstructed models, and consequently pro-
vides a promising path to symbolic-regression-based model-
ing of multi-DoF serial manipulators.

This research aims to provide a stepwise data-driven ap-
proach for dynamic model reconstruction of multi-DoF se-
rial manipulators. Compared with previous studies, the main
contributions of this paper are as follows:

(1) A relative activation indicator (RAI) is introduced to
classify the data features of multi-DoF serial manipulators,
enabling the development of a stepwise SINDy method for
dynamic model reconstruction.

(2) A double-feature-set library generation (DLG) method
is proposed to enhance SINDy-based symbolic regression,
reducing redundancy and generalizing for serial manipula-
tors with common joint types.

(3) Simulations on a 4-DoF selective compliance assem-
bly robot arm (SCARA) manipulator and a three-axis serial
manipulator demonstrate the improvements of the stepwise
SINDy in terms of library size and computational efficiency.
Under noisy data conditions, the reconstructed model shows
better sparsity and predictive accuracy.

(4) Experimental validation shows the effectiveness of
the proposed method in accurately predicting torques and
enhancing trajectory tracking, highlighting its potential for
practical applications.

The remainder of this paper is organized as follows. In
Sect. 2, the motivation of this paper is briefly introduced
and the data clustering based on RAI is performed. Section
3 proposes the stepwise approach of model reconstruction,
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i.e., stepwise SINDy, based on the clustering results, and two
simulation platforms are employed to showcase advantages
of the stepwise SINDy. Section 4 presents experimental re-
sults of a three-axis manipulator. The conclusion of this pa-
per is presented in Sect. 5.

2. Data clustering

2.1 Motivation

The dynamic model of a serial manipulator, relating robot
motion to joint driving torques, plays a crucial role in design-
ing advanced control laws. For an n-DoF serial manipulator
composed of rigid links, the dynamic equation can be derived
through first principles, such as the Lagrangian method. Ig-
noring external disturbances and joint frictions, the dynamic
model can be generally expressed in the following form:

M(@g4+C(q.9q+G(g@ =T, ey

where q € R", q € R", { € R" are the vectors of gen-
eralized coordinates, generalized velocities, generalized ac-
celerations, respectively; M, C, respectively represent the
mass, the Coriolis and centrifugal matrices; G represents
the gravity term; T € R" is the vector of generalized
torques/forces. For the n-DoF serial manipulator, the pro-
cess of first-principles modeling is tedious and skillful, and
inevitably involves ideal assumptions. In contrast, SINDy-
based model reconstruction formulizes the dynamic behavior
of the manipulator using data, avoiding the ideal assumptions
as well as mathematical derivation and parameter identifica-
tion in modeling process.

The model of the n-DoF serial manipulator has the follow-
ing property.

Property 1. The left side of Eq. (1) is linear with respect
to system parameters [43], i.e.,

M(@G+Cq.9q+G(q=1(q.4.9 6, @

where 1 represents the regression matrix and © the vector
of system parameters. The fundamental principle of SINDy
is to sparsely represent a function as a linear combination of
nonlinear terms. To this end, 1 is to be replaced by the li-
braries of candidate functions, namely

V(@946 - Y(Qq4E, 3

where Y (q, q, {) is the library of candidate functions, & =
{E), B, ..., §,} is the sparse matrix of coefficients. Ac-
cording to the characteristics of rotational joints and joint
frictions of the serial manipulator, Y (q, 4, §) consists of con-
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stants, trigonometric functions, exponential functions, and
polynomials. Subsequently, by recording the signals of robot
motion and joint torques, we obtain
&in
7 (1) Yi(t) -+ Yp(t1)
2
Ti(t) | = | Vi) -+ Yp2) |||, 4

é:i P

where Z; = [g,-l En - & ]T is the sparse vector of coeffi-
cients of ith joint, p the number of candidate functions, and
i=1,2, ..., n. Atlast, E is determined by solving Eq. (4)
in different regression strategies.

As the DoF of the serial manipulator increases, more can-
didate functions with complicated form will appear in the
library and the size of Y (q,q, {) will grow exponentially,
eventually leading to curse of dimensionality especially for
the case where q, q, and { all have significant measured val-
ues. Furthermore, signals of higher time-derivative measure-
ment are more vulnerable regarding the signal-to-noise ra-
tios (SNRs), implying that the regression may be severely
disturbed by the noise if the signals of q, , and { are simul-
taneously taken into account for regression. In other words,
separately collecting data according to different working con-
ditions may facilitate efficient model reconstruction.

2.2 Data clustering based on RAI

Considering typical tasks of serial manipulators, stages with
different data features will appear alternatively, indicating the
possibility of quantifying such data features according to the
activation of different signals. To this end, we first define the
RAT as follows:

I(a) =S (a)+ Wijallsign [Z ai), )

i=1

where a € R" can be substituted by the vector of generalized
velocities q or generalized accelerations {, ||-||; is the sum of
the magnitudes of the vector in space, and W is the weight-
ing coefficient of the activation level. S (:) is the function of
activation switch that takes the form

1 — e,

S (a) = tanh (kja]|;) = 1 + el

(6)

where £ is the coefficient that adjusts the sensitivity of the ac-
tivation switch. After processing the generalized velocity and
generalized acceleration signals with RAI, the collected data
can be clustered using the k-means method. The procedure
of the data clustering based on RAI is presented in Algorithm
1.
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Algorithm 1 Procedure of data clustering based on RAI

Input: Acquire m sets of data, i.e., sample the data
at m discrete moments
Data processing:
Assign values to W and h

Caleulate 2 = | 1@()) 1(i(t) | for
i=1,2,....,m
Data clustering: k-means method
Input: { Z) Zy Iy } number of clusters k, and
randomly initialize clustering centers
{ Hp Mo oo My ]
Repeat
LetC;=0, j=1,2, ...,k
fori=1,2, ..., m do
Calculate d;; = ||z,~— il =12, ...,k
Lety = argminje(1, 2, .., gydij, C, = C, U {z;}
end for
Letr=0
forj=1,2,..., k do
Denote c; as the number of elements of C;
Calculate the gravity position of C;:

Yaec; Z
W=t
if p} # p; then
uj=u
else
r=r+1
end if
end for
until r = k

Output: Classified clusters { Cy C -+ Cy }

Figure 1 illustrates the process of data clustering based on
RAI as sketched in Algorithm 1. Firstly, the n-DoF serial ma-
nipulator performs a sorting operation that involves typical
states of the joints such as static, uniform velocity, and vari-
able velocity. To simulate the noise in measurement, we add
Gaussian White noise with SNRs of 60 and 50 dB to the sig-
nals of generalized velocities and generalized accelerations,
respectively. Signals from each joint are collected during the
operation of the robotic manipulator. Subsequently, the col-
lected data is pre-processed by calculating RAI for the vector
of generalized velocities q and generalized accelerations ¢

h=1@-= :—fﬁ * W1||q||1sign(z q,-), )
i=1

and

I = (i 1 — Ml . < 8

2 =1(§) = 1+ ol + "Vz||q||1518n(i:1 611), 3

where the parameters are chosen as # = 60, W; = 0.6, and
W, = 0.32. Finally, the k-means method is employed to clus-
ter the processed data as detailed in Algorithm 1. It’s worth
noting that the number of clusters k& is selected by the elbow
method. Here the within-cluster sum-of-squares (WCSS) is
introduced as an evaluation index of clustering, which is de-
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fined as [44]

k
wess =y Zc Iz — .- )
i=1

where |||, is the distance of the vector coordinate from the
origin of the vector space. As shown in Fig. 1, the elbow
point of the number of clusters arises when k = 3. Addition-
ally, Algorithm 1 is run 20 times with randomly initialized
clustering centers, and the maximum number of iterations is
12 while the average number of iterations is 5.75, indicating
the effectiveness of the data clustering.

Remark. The reason that RAI defined by Eq. (5) is termed
as “relative” is as follows. The first term on the right-hand
side of Eq. (5), i.e., S (a), appears as a filter that deter-
mines which signal is considered as activated, and the second
term quantifies the activation level based on which the post-
clustering data is uniformly distributed around S (a). There-
fore, Eq. (5) indicates the relative magnitude of the activa-
tion. However, it should be noted that the first term in RAI is
still dominant if a proper value is assigned to W.

2.3 Physical interpretation of clustering patterns

In this subsection, we aim to elucidate the physical interpre-
tation of the clustering results observed in the last subsec-
tion. Backtracking from three clusters to collected data, they
respectively represent the static state, constant velocity mo-
tion, and variable velocity motion as shown in Fig. 2. Data
in the first cluster leads to the least significant RAI and de-
pends almost only on generalized coordinates, implying that
the library of candidate functions that reconstructs the model
for the static case has the simplest form and the smallest size.
Meanwhile, data in the second and third clusters activate re-
spectively the functions involving generalized velocities and
generalized accelerations, indicating that the complexity of
candidate functions will be growing in the corresponding
cases.

Revisiting the dynamic equation of the serial manipulator
and ignoring the joint frictions, the motion signals in the three
cases, namely, the static state, motion with constant velocity,
and motion with variable velocity, will sequentially activate
the gravity terms, the Coriolis and centrifugal terms, and the
inertia terms, respectively. Consequently, reconstructing the
dynamic model of the serial manipulator in a stepwise man-
ner, based on the recognition of the aforementioned cases,
can effectively reduce the complexity of symbolic regression
for (i) the regression results of the current step can be inher-
ited by the subsequent step, and (ii) the complexity of matrix
operations, essentially abundant in the SINDy regression, can
be significantly reduced. Furthermore, since the signals of
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Figure 1 Flow diagram of data clustering based on activation indicator where I is the data collection of the multi-DoF serial manipulator, II the processing of
the collected motion signals using RAI, and III the clustering of the processed data using the k-means method.

generalized velocity and generalized acceleration are sepa-
rately used in different steps, this approach can effectively
mitigate the impact of noise on the reconstruction results.

3. Stepwise model reconstruction

Previous analyses and clustering results have shown the fea-
sibility of stepwise reconstruction of the dynamic model of
a serial manipulator. In this section, we will illustrate the
stepwise model reconstruction approach in terms of library
generation, data collection, and regression strategy.

3.1 Double-feature-set library generation

Combined with the domain knowledge, the library of candi-
date functions i.e., Y (q,q, q), is assumed to be constructed
by the elementary functions including generalized veloci-
ties, generalized accelerations, generalized coordinates, and
trigonometric functions of generalized coordinates as build-
ing blocks. Due to the kinematic constraints inherent in

multi-DoF serial manipulators, expressions concerning gen-
eralized coordinates in the dynamic model typically ex-
hibit greater complexity when contrasted with expressions in
terms of generalized velocity and generalized acceleration.
To fully describe the constituents of library and reduce non-
essential candidate functions, DLG is proposed. For the li-
brary generation of SINDy, the first feature set is given as

Ny
71 = {HCU}. (10)

i=1

In Eq. (10), c¢y; is the elementary function, the basic com-
ponents for feature set 77, and

cii € {1} U{E} ULEL} - -~ ULE,), Y

where E; = {sing;,cosg;} if the ith joint is a revolute joint
and E; = {g;} if the ith joint is a prismatic joint. N, repre-
sents truncated order of the elementary functions, which de-
termine the complexity of features in ;. Since the kinematic
relations are simpler in the latter, prismatic joints are more
friendly to library generation. {1} in Eq. (11) is to ensure that
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Figure 2 Physical interpretation of clustering results.

as N increases, the feature set ¥ still contains some simple
terms. For instance, if Ny = 3 in Eq. (10), the complex fea-
tures in 7 may be {sin qlcoszqz} and the simplest feature is
{1}. We define

ay = {1} U{E} U{EL} - U{E,], (12)
where ||, called cardinality of the set, denotes the number of

elements of the set. The number of features (i.e., elements)
in ¥ can be calculated as

N,
Fil=1+ > Ch iy (13)
i=1

Then, the second feature is given as

Ny
F> = {ﬂcz,}, (14)

i=1

where

i € {3V, 42, -0 g} UGS G2, -, ) 15)
We define

a = {1} Utgr, g2, -\ gud ULG1, Gos -y Gl (16)

The number of features in %, can be calculated as
Ny
Fal =1+ > Chiy. 17
i=1

Finally, the complete feature set then has the following
form:

12T

qi

dn
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_ Y(a)

Time

Each term on the right-hand side of Eq. (2) can be repre-
sented by a linear combination of the features (i.e., elements)
in ¥, therefore all features in ¥ make up the library of can-
didate functions. The procedure of DLG is presented in Al-
gorithm 2. DLG excludes non-essential candidate functions
containing higher-order generalized velocities and higher-
order generalized accelerations, which is beneficial for both
SINDy and the stepwise SINDy.

Algorithm 2 Procedure of DLG

Input: Truncated orders N and N,
1 Generate feature sets 71 and 7>
2 Leta=|Fil,b=|F2l,F =0

3 forj=1,2,...,ado

4 fork=1,2, ..., bdo

5 F = F UIF () T2 k)
6 end for

7 end for

| | | |
Y=|F1) FQ) Fa-b)

| | | |
Output: Library Y

=]

3.2 DLG for stepwise SINDy

Inspired by the clustering results together with the terms ap-
pearing on the left-hand side of Eq. (2), we conclude that
the model of the n-DoF serial manipulator has the following
property.

Property 2. The right-hand side of Eq. (2) can be rewrit-
ten as

Y (q.4.4) 0 =P3(q,4) 03+, (q, ) 02+, (q) 0. (19)
————

M(@)4 Cle.9)q G(q)

With this, the dynamic model of the n-DoF serial manipu-
lator can be reconstructed in three steps. Herein, we denote
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the symbols in the ith step by {-}°' with i = 1, 2, 3. In SINDy-

based model reconstruction, 1; is replaced by the libraries of

candidate functions, namely

P60, - YSES, i=1,2 3. (20)
When performing DLG in stepwise SINDy, elementary

functions of the first feature set is the same as Eq. (11) and

we have

75 = l_[cli , i=1,2,3. 1)

Meanwhile, elementary functions of the second feature set
require a specific design for each step.

(1) Step I

In the first cluster, data with the least significant RAI de-
pends almost only on generalized coordinates, implying that
the library of candidate functions that reconstructs the model
for the static case has the simplest form and the smallest size.
Therefore, we choose the data collected from the static case
for the first step of the model reconstruction. Then we have

PO =1,(q)0, . (22)
| ——

G

In this step, we use the following replacement:

P, (@) 0, > Y ES. (23)
N————

G(@)

Therefore, the elementary function of the second feature
set in Step I is selected as c‘;.‘ = {1}, and the second feature
set is determined as

N1

7 =1 =10 (24)

i=1

(2) Step 1T

In the second cluster, the data activates functions involv-
ing generalized velocities. The data of motion with uniform
velocities is collected for the second step of the model recon-
struction. Then it is clear that

PO =1, (q,q) 62+, (q) O, (25)
N N————
C(q.9)q G(q)

where 1, (q) 0, is inherited from the regression results of the
first step. In this step, we use the following replacement:

P, (q,q) 6, - YOE, (26)
—_————

Cla.9)q
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with a particular form of the second feature set given as

S2
N,

Frr =1 |52t @7)

i=1

where cgf e{l}uiq, 9, ...
(3) Step III
In the third cluster, the data further activates the functions
involving generalized accelerations. The data of motion with
variable velocities is collected for the final step of the model
reconstruction. It is clear that

5 q.il}'

PO =13(q. )03+, (q,q) 62+, (q) 04, (28)
————
Mg Cla.9q G(@)

where 1V, (q) 8; and P, (q,q) O, are inherited from the re-
gression results of the first and second steps, respectively. In
this step, we use the following replacement:

Y5 (q, §) 03 — Y ES, (29)
N———

Mg

with a particular form of the second feature set given as

S3

NZ

7 =1 (30)
i=1

where c‘;’:‘ e {1} U{gr, gz, ---» du}-

3.3 Model reconstruction

In this subsection, the complete procedure of model recon-
struction for the n-DoF serial manipulator is presented, and
the flow diagram is shown in Fig. 3. At first, signals con-
forming to the three different clustering patterns are collected
separately after determining the range and number of data
collections, and the strategies for the data collections are pro-
posed. In the data collection of the third clustering pattern,
the form of Fourier-series-based trajectories is given as

qi(t) = ky cos(wt) + ky sin(wst) + k3 cos(wst), 31

where i = 1, 2, ..., n, k and w are randomly generated.
Next, the optimal truncated orders of feature sets need to
be determined. The guiding principle for selecting the op-
timal truncation order is to minimize it while ensuring an ad-
equate description of the dynamic behavior of the system,
and we will give examples in the next section. Then, li-
braries of SINDy and stepwise SINDy are generated by us-
ing DLG. Finally, the reconstructed models of SINDy and
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Figure 3 Flow diagram of the dynamic model reconstruction for the n-DoF serial manipulator.

stepwise SINDy are obtained by solving the regression prob-
lem. Herein, the Lasso regression with L1 norm penal-
ties/constraints [45] is employed for finding sparse solutions
to regression problems. The problem is formulated as

E = min|It - YE|, + AE];,

=

(32)

where A is the sparsity promoting parameter. For stepwise
model reconstruction, the reconstructed model obtained in
the current step needs to be passed along to the next step, and

the reconstructed model in the ith step is given by

i

ZYSfESf, i=1,2, 3. (33)
j=1
4. Method validation

In this section, two simulation platforms, including a 4-
DoF SCARA manipulator with a prismatic joint and a three-
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axis serial manipulator, are employed to demonstrate the ad-
vantages of the proposed stepwise model reconstruction ap-
proach. In addition, the proposed approach is further vali-
dated on a three-axis experimental platform. The details are
as follows.

4.1 Simulation of SCARA manipulator

SCARA is a prevalent industrial robot system that is widely
recognized for its high rigidity and positioning accuracy in
the horizontal plane [46]. The SCARA robot features a kine-
matic structure where the first two revolute joints have par-
allel axes, enabling planar motion of the end effector in the
horizontal plane. Additionally, the vertical position and ori-
entation of the end effector are independently controlled by
the third prismatic joint and the fourth revolute joint, result-
ing in minimal kinematic coupling among the four DoFs and
a simplified dynamic model. In this subsection, a typical 4-
DoF SCARA manipulator with three revolute joints and one
prismatic joint is presented as the first example to test the
performance of the proposed stepwise model reconstruction
approach. The configuration and parameters of the SCARA
manipulator are shown in Fig. 4 where the simulations of
inverse dynamics are performed in MATLAB-Robotic Tool-
box.

The dynamic model of the SCARA manipulator is recon-
structed following the procedure shown in Fig. 3. At first,
the motion range of data collections is prescribed as shown
in Table 1, and the numbers of data collected for the step-
wise SINDy across three steps are 2000, 4000, and 4000, re-
spectively. Then, for the SCARA manipulator with a simple

qs |
7 L C:Lb
| L %B =
qi I |
S hzTI_!_ _______ :
_______ _Y_'_l
qs3
I8

|
|
|
|
hy :
|
|
|
|
|

Figure 4 Geometric model of the SCARA manipulator. The geometrical
parameters of the mechanism are chosen as 7; = 0.12 m, iy = 0.03 m, [
=0.18m, , =0.14 m, and /3 = 0.1 m. From base to end, the masses of
the three homogenized links are 1.98, 1.95, and 0.2 kg, respectively, and the
rotational inertia of the third link is 0.07 kg - m.
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dynamic model, the optimal truncated orders of the feature
sets are small and can be selected in accordance with the
guiding principle. The comparison between SINDy and step-
wise SINDy of the SCARA manipulator is shown in Table
2. Under the optimal truncation orders, the total number of
candidate functions for stepwise regression is 168, and for
SINDy is 360, representing a decrease of 53.33%. The re-
duction in the size of the library of candidate functions is ac-
companied by an improvement in computational efficiency.
Performing a single calculation of least squares regres-
sion, the total time consumption for the stepwise SINDy is
0.1165 s, whereas for SINDy it is 1.48 s, representing a de-
crease of 92.13%.

In addition, we study the performance of the stepwise
SINDy in the presence of data noise. To simulate the noise
in measurement, Gaussian White noise with SNRs of 60, 40,
and 20 dB are added to generalized coordinates, generalized
velocities, and generalized accelerations, respectively. The
sparse vectors of coefficients, i.e., E;, i = 1, 2, 3, 4, are
solved from Eq. (32) where A is chosen to be 0.02. Compo-
nents in Z; with an absolute value exceeding 0.001 are con-
sidered as the active items. As shown in Fig. 5, the number
of active items in the reconstructed model of the stepwise
SINDy is significantly reduced compared to that of SINDy,
by 87.1% for &, 64.3% for E,, 88.6% for 3, and 88.2%
for E4. The fewer number of active items indicates that the
reconstructed model is more concise, which generally makes
the model more predictive. To compare the predictive ability
of the reconstructed models of the two methods, a trajectory
outside the range of data collection is used for torque/force

150 15
® 100 10
e
[O)
-
— 50 5
(V)
=
T o0 0
E El EZ
O 150 60
—
()
Q0
e 100 40
>
P
50 20
0 — 0
=3 E,
SINDy Stepwise SINDy
Figure 5  Comparison of active items of reconstructed models obtained

by SINDy and stepwise SINDy, where the numbers of active terms in Z for
SINDy and the sum of the numbers of active terms in =51, 552 and E53 for
the stepwise SINDy.
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Table 1 Motion range of the SCARA manipulator in data collections

524250-10

Joint Generalized coordinate Generalized velocity Generalized acceleration
1 [ -2 72 | (rad) [ -4 4 | (radjs) [ -2 72 | (rad/s?)
2 [ —11/2 /2 ] (rad) [ —m/4 /4 ] (rad/s) [ —11/2 /2 ] (rad/sz)

3 [002]m) [-0.1 0.1 |mys) [-02 02 ](mss?)
4 [ /2 72 | (rad) [ /4 74 | (radjs) [ -2 72 | (rad/s?)

Table 2 Comparison between SINDy and the stepwise SINDy of the SCARA manipulator

Method Optimal Optimal Number of . Number . Computati9nal
Ny N candidate functions of data time-consuming (s)
SINDy 1 2 360 10000 1.48
Step I 1 0 8 2000 0.0015
Step 1T 1 2 120 4000 0.09
Step I1I 1 1 40 4000 0.025

predictions. As shown in Fig. 6, the reconstructed model us-
ing the stepwise SINDy provides a better predictive ability
than the reconstructed model using SINDy.

4.2 Simulation of three-axis serial manipulator

To conveniently compare with the experimental results ob-
tained from a serial manipulator with three revolute joints,
a three-axis serial manipulator is introduced to validate the
effectiveness of the stepwise model reconstruction. The dia-
gram and parameters of the three-axis serial manipulator are
shown in Fig. 7 where the simulations of inverse dynamics
are performed in MATLAB-Robotic Toolbox.

Similarly, the dynamic model of the three-axis manipula-
tor is reconstructed following the procedure shown in Fig. 3.
The motion range of data collections is presented in Table 3

0.2 0.06

= o Z 004
Z 902 z 0% -
- >} 0 7
« 04 B « 2002 &
06 < 0.04 -
06 -04-02 0 02 -0.0 0 004
71 (N'm) T2 (N'm)
. 02 "
—~ /// = /'//
z . g . v
o 19 g
19 024
19 1.95 2 -0.2 0 02
73 (N) 74 (N'm)
SINDy o Stepwise SINDy —-— Zero-error reference line

Figure 6 Comparison of the predictive ability of reconstructed models ob-
tained by SINDy and stepwise SINDy, where torque/force predictions for a
trajectory outside the range of data collections where the trajectory is given
by ¢; (t) = % + % sin(7t), i = 1, 2, 4, and g3 (¢) = 0.2 + 0.05 sin (71t).

and the numbers of data points collected for the stepwise
SINDy across three steps are 1000, 10000, and 10000, re-
spectively. Despite having only three degrees of freedom,
the three-axis serial manipulator involves multidimensional
motions, thus leading to a dynamic model more complicated
than that of the SCARA manipulator. To find the optimal
truncated orders, we generate libraries of candidate functions
for SINDy and the stepwise SINDy at different truncated or-
ders, and then calculations of least squares regression for the
collected data sets are performed. The regression errors at
different orders are shown in Fig. 8. The figures show that
the errors of least squares regression decrease rapidly when
the orders reach a certain value, and no longer decrease re-
markably when the orders keep increasing, implying the ex-
istence of optimal truncated orders. The comparison between
SINDy and stepwise SINDy of the three-axis manipulator is

Figure 7 CAD model of the three-axis serial manipulator. From base to
end, the lengths and masses of the three homogenized links are 0.2, 0.4,
0.35 m and 0.5, 0.83, 0.72 kg, respectively, and the masses of the three joint
motors are 0.97, 0.43, 0.43 kg.
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Table 3 Motion range of the three-axis manipulator in data collections

524250-11

Generalized acceleration

Joint Generalized coordinate (rad) Generalized velocity (rad/s) (rad/s?)
1 [-m2 m2] [-m2 m2] [-mn]
2 [ -3 73 | [-m2 m2 | [-mm|
3 [—7'[ 7'(] [—7'[/2 7(/2] [ 7171]

shown in Fig. 9. Under the optimal truncation orders, the to-
tal number of candidate functions for stepwise regression is
2968 and SINDy is 5880, representing a decrease of 49.52%.
Performing a single calculation of least squares regression,
the total time consumption for the stepwise SINDy is 32.3 s,
whereas for SINDy it is 499.9 s, representing a decrease of
93.54%.

Furthermore, we discuss the performance of the stepwise
SINDy under data noise through the following three cases.
In Case I, all collected data is noise-free. In Case II, we add
Gaussian White noise with SNRs of 70, 50, and 30 dB to
the signals of generalized coordinates, generalized velocities,
and generalized accelerations, respectively. In Case III, the
collected data is added with stronger Gaussian White noise
with SNRs of 60, 40, and 20 dB to the signals of generalized
coordinates, generalized velocities, and generalized acceler-
ations, respectively. The sparse vectors of coefficients, i.e.,
g, i =1, 2, 3, are solved from Eq. (32) where A is chosen
to be 1. Components in Z; with an absolute value exceed-
ing 0.01 are considered as the active items. As shown in Fig.
10, the number of active items in the regression results of the
stepwise SINDy is close to that of the traditional SINDy in
Case I, indicating an equal level of sparsity of applying the
two methods in the absence of noise. In Case II, the num-
ber of active items in the regression results of the stepwise
SINDy is significantly reduced compared to that of the tradi-

(a) (b)
1k
e u SN ]
: un T2 3
1 2 3 4 5 N
Ny
(c) (d)
1
| LI
N;*2 Ii' Ny
u 2 1L
3 m e
4 5

.\', 1
N, 1

B )

=12 =108 -8 -6

Figure 8 Optimal orders of the elementary functions in the feature sets
of SINDy and stepwise SINDy: regression errors at different orders for (a)
SINDy, (b) Step I of stepwise SINDy, (c) Step II of stepwise SINDy, and
(d) Step III of stepwise SINDy, where the optimal orders are marked in blue
boxes.

tional SINDy, by 75.62% for E, 83.81% for Z,, and 50.00%
for E3. With the enhancement of the noise as in Case III, the
sparsity of regression results of stepwise SINDy turns out to
be more pronounced as reductions of 8§3.34% for E;, 85.57%
for E,, and 85.78% for 5 are observed. A reduced number
of active items in the reconstructed model signifies a higher
level of sparsity, thereby typically enhancing its predictive
capability. To compare the predictive ability of the recon-
structed models of the two methods, a trajectory outside the
range of data collection is used for torque predictions. As
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Figure 9 Comparisons between the two methods with respective optimal
truncated orders in (a) the number of candidate functions and (b) the com-
putational efficiency of regression where the regions magnified in the figure
are enclosed within the green boxes.
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[[] Stepwise SINDy

Number of active items
N
o
o
o

Case lll
Case Il
Case |

Figure 10 Numbers of active items in regression results of the two methods
for cases with different noise intensities, where the numbers of active terms

in & for SINDy and the sum of the numbers of active terms in =51, 252 and
=53 for the stepwise SINDy.

shown in Fig. 11, the reconstructed model using the step-
wise SINDy still provides promising prediction in Cases II
and III, while the reconstructed model using the traditional
SINDy fails to accurately predict the torques in Case III with
the strong noise.

4.3 Experiment of three-axis serial manipulator

As shown in Fig. 12, an experimental platform of three-axis
serial manipulator is built to further validate the effective-
ness of the proposed method under realistic working con-
ditions. The manipulator is equipped with three Elephant®
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joint modules, each of which is integrally composed of a ser-
vopack, encoder, and reducer. The produce numbers of joint
modules are MS32 for joint 1 and MS20 for joints 2 and 3.
The SpeedGoat® Unit is implemented as the programmable
controller. In the experiment, we collect data for model re-
construction and verification in the speed mode of the joint
modules. Based on the reconstructed model, we design the
control law which is experimentally deployed in the torque
mode to guarantee the performance of trajectory tracking.
The sampling frequency of joint angles and joint velocities
is 1000 Hz.

In the experiment, one has to consider the friction in the
joint module in which the reducer may cause complicated
frictional behaviors. In addition to the aforementioned pro-
cedure of data-driven model reconstruction (as shown in Fig.
3), the friction is modeled by the typical Stribeck model [47],
given by
FO) = [fe+ (= f2 & | sign () + fiv. (34)

Note that the sign function and exponential function in Eq.
(34) are difficult to handle in constructing the library of can-
didate functions. For this reason, we include in the model
reconstruction the following treatments: (i) for the sign func-
tion, we categorize the collected data into the forward stage
and backward stage according to the direction of the joint
motions and then perform the stepwise SINDy for either

60| Casell rd rd 20 A
~ 40 //'/ ~~ //'/ ~~ /,/'/
€ % - g0 P g " o~
Z »”° Z g i Z 0 _//
N— 0 // — 20 // N— //
< 20 7 & 74 & 0l
40 ’ 4 & &
40 -20 0 20 40 60 -20 0 20 -10 0 10 20
71 (N'm) T2 (N'm) 73 (N'm)
100 Casellll - 20 o7
0 Lo eSSE e
~ PN /_,/”' ~ /,/'/
g %0 a5 & L~ = 0 537
Z . RS Z, 50 zZ P
N //.// & «& 20 '
“ -100
-40 -20 0 20 40 60 -20 0 20 -10 0 10 20

71 (N'm) T2 (N'm 73 (N'm)
SINDy Stepwise SINDy — — — Zero-error reference line
Figure 11  Torque predictions for a trajectory outside the range of data collections where the trajectory is given by ¢; (f) = 5 + Zsin(m), i = 1, 3, and

q2 (1) = Zsin(rr) — 5. The figures in the top row are the torque predictions for Case II, and those in the bottom row are the torque predictions for Case III.
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stage of the data, and (ii) for the exponential function, we
add exponential functions of joint velocities with different
coefficients, i.e., e"@/")" where i = 1, 2, 3 and v,
0.01, 0.02, ..., 1, to the library of candidate functions. It
is worth mentioning that even in the static state the friction
may also incorporate with the gravity, resulting in the diffi-
culty of experimentally acquiring effective data for Step I in

Vol. 41, 524250 (2025) 524250-13
the stepwise SINDy. Alternatively, in this step the joint mod-
ules are actuated at a very low constant speed, i.e., 0.1 °/s,
to overcome the coulomb dry friction. As a complement to
Fig. 3, Fig. 13 illustrates the procedures of data collection
and model reconstruction for the first two steps of stepwise
SINDy in the experiment.

The reconstructed models are employed to predict torques

(a) (b) Reducer |
"9 | (Il) Controller Encoder ) Measuring
e Servopack =3 .
(1 Platform _
Joint3 :
). ¢ <! Commanding
= > * SpeedGoat
Joint module Unit
Joint2 Commanding
..... “
< — Feedback 44,
- =
Joint1

Figure 12 Illustration of the three-axis experimental platform:
devices.

(a) the experimental setup; (b) the diagram of the information interchange between the main
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Figure 13 Flow diagram of data collection and model reconstruction for the first two steps of stepwise SINDy in the experiment.
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and the results are shown in Fig. 14. The reconstructed
model in the first step captures the characteristics of the grav-
ity and the joint dry frictions of the mechanism, so the torque
predictions for the first and third joints, being less affected
by gravity, are closer to the dry friction. The model re-
constructed in the second step further predicts the velocity-
dependent dynamics of the mechanism, such as the velocity
terms in the friction and the Coriolis and centrifugal terms.
The last step reconstructs the complete dynamic model of
the three-axis serial manipulator. The experimental results
demonstrate that as the number of steps increases, the recon-
structed model obtained at each step of the stepwise SINDy
becomes more accurate in predicting the joint torques. Addi-
tionally, we design the corresponding control strategies based
on the reconstructed models obtained from Step I and Step III
of stepwise SINDy, respectively given by

!
T=er+Kif edT + Kqe + Y5125, (35)
0

where e is the vector of tracking error of joint angles, and Ve
is calculated from the reference signals (RS). The controller
with the model reconstructed in Step III is designed as

!
T:K,,e+K,-f edT+K e+ Y5 251+ 15225+ Y5185, (36)
0

where ?S‘, ?52, and Y5 are also calculated based on the
RS. To demonstrate the effectiveness of the proposed model
reconstruction method, controllers Eqs. (35) and (36) are to
be compared with the classic PID control in the torque mode.
The gains of all controllers are identically chosen as K, = 80,
K; = 8, and K; = 2. The external trajectory tracking perfor-
mance of the three controllers is shown in Fig. 15 where the
time axis does not represent continuous time. The interval
1-20 s represents stable trajectory tracking under PID con-
trol, 20-40 s under the controller in Eq. (35), and 40-60 s
under the controller in Eq. (36). The results of the first pe-
riod of trajectory tracking show that the PID controller has
difficulty in overcoming the dry friction during the joint ve-
locity commutation, leading to the overall tracking perfor-

mance degradation. Denote by ; = 3 e /n, i =1,2,3
i=1

the average of absolute tracking errors of three joint angles
with unit of deg. Compared to the model-free PID controller
(m = 110,73, = 121,753 = 1.23), the controller that
uses the reconstructed model in Step I of stepwise SINDy to
generate the dynamic compensation significantly improves
the trajectory tracking accuracy (71 = 0.73, 72 = 0.50,
n3 = 0.81), which is further improved after implementing
the reconstructed model obtained from Step III of stepwise
SINDy in forming the dynamic
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Figure 14 Torque predictions of the reconstructed model obtained in each
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compensation (7; = 0.25,7, = 0.25,and 3 = 0.27). It
is worth noting that the interpretability of the reconstructed
models in the stepwise SINDy supports the design of ad-
vanced model-based control laws.

5. Conclusion

This research has proposed a stepwise data-driven approach
for the dynamic model reconstruction of multi-DoF serial
manipulators. The primary contributions of this study are
summarized as follows:

(1) Clustering of data features: A relative activation indi-
cator is proposed to classify the data features of multi-DoF
serial manipulators, revealing the physical meaning of each
cluster. This classification forms the basis for the stepwise
SINDy method.

(2) Proposal of double-feature-set library generation: To
improve the SINDy-based symbolic regression, DLG is pro-
posed to reduce unnecessary candidate functions and gen-
eralize across serial manipulators with common joint types,
such as revolute and prismatic joints.

(3) Method validation: Simulations on a 4-DoF SCARA
manipulator and a three-axis serial manipulator show that
stepwise SINDy reduces library size and improves computa-
tional efficiency. In noisy data conditions, the reconstructed
model shows better sparsity and predictive accuracy. Ex-
perimental validation on a three-axis platform, considering
nonlinear joint frictions, demonstrates accurate torque pre-
dictions and promising trajectory tracking, highlighting po-
tential for practical applications of the method.

In conclusion, the contributions of this research include
the development of RAI-based data clustering, the proposed
stepwise SINDy approach, and the proposal of DLG, all
of which address the limitations of existing techniques and
demonstrate improvements in dynamic model reconstruction
of multi-DoF serial manipulators. There are two perspectives
that require further refinement in the future work. Firstly, an
exploration of the potential applications of data mining algo-
rithms in the dynamic modeling of robotic manipulators will
be pursued. For instance, utilizing data noise and correla-
tion as parameters for unsupervised learning offers innova-
tive possibilities for data-driven model reconstruction. Sec-
ondly, addressing dimensionality challenges in model recon-
struction for industrial robotic manipulators remains critical.
Strategies will be devised to address high-dimensional sys-
tem complexities in a more concise and efficient manner.
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